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Abstract 
There has been a growing trend in component miniaturization in light-weight machines. This has 
opened new areas of micro-engineering and nano-technology, with diverse applications. The 
separations in load bearing surfaces in relative motion have become vanishingly small. Lubricated 
contact characteristics, usually due to elastohydrodynamic lubrication, have given way to films of a 
few to tens of nanometre thickness. Aside from bulk properties of lubricant, resulting in viscous 
action, the effects of surface forces and molecular interactions have become significant. These 
conditions can occur in some high performance gears and hard disk drive systems. The high storage 
density required in modem rigid disk drives can be achieved by the use of very smooth surfaces of 
thin-film rigid disks that allow ultra-low flying of read/write head sliders. The meniscus contribution 
to the friction can be very large to a point that adhesion may occur. 
The main aim of this thesis has been to develop a general solution for the problem of isothermal 
elastohydrodynamic lubrication (EHL) of point contacts under transient conditions and to understand 
the mechanism of film thickness formation in such narrow conjunctions. The operating conditions; 
load and speed of entraining motion are selected, to promote the formation of ultra-thin films with 
lubricants with appropriate physical chemistry. 
Methods of analysis have been traditionally based upon the Newtonian continuum mechanics, where 
the viscous flow of fluids is described by the relative motion of hard spherical molecules, with a 
thickness in excess of two molecular diameters of the intervening fluid as manifested by Reynolds' 
equation. A new approach taking into account surface energy interactions and physical chemistry of 
medium is required. Therefore, lubricant film formation is governed by a mUlti-physics phenomenon, 
which includes many-body interactions, as manifested by molecular interaction of intervening fluid 
such as Van der Waals' force and those of fluid/solid interactions as manifested by surface forces 
such as solvation. In addition to these, there exists in many cases the meniscus action of the fluid as a 
dominating force for certain fluid media for solids in contiguity of the order of their roughness. A 
combined solution, taking into account all kinetics interactions for the point contact configuration in 
the case of ultra-thin film thickness, including steady state and transient behaviour of the lubricated 
contact is provided in the thesis. Transient analysis of the lubricated contact particularly in impact, 
stop-start and acceleration-deceleration motions is investigated throughout the thesis. 
The approach is novel for transient contacts, as well as for a mUlti-physics solution. All important 
kinetic actions have been taken into account, those promoting continuum such as viscous and 
meniscus action and those inducing dispersion such as solvation and structure less molecular action. 
Hitherto such an approach has not been reported in literature. The boundary between Newtonian 
physics and the dominance of surface and rnolec.ular actions has been highlighted, including the 
construction of a new map of lubricll;l,iqn, acti~ for nano-technological applications. In addition, 
impact dynamics in narrow conjunctiP!1~ is s~lIdied; 'which includes the effect of all interacting 
kinetics. The numerical predictions ha.v~ been shown to agree with other numerical work and existing 
experimental evidence to a high deg/-.ee 6.(cpp,fl;lImj)nce. (within a few percent). 
The major findings of the current work are the load and speed dependency of lubricant discretization, 
where in such narrow conjunciions;'tne-'s'olvaiion 'pre~sure dominates and discretization of film 
thickness takes place due to the action of structural solIVation force in a diminishing gap of the order 
of a few to several diameters of the 1nte~n.tng41uid between the adjacent solid surfaces that are 
molecularly smooth, This discretized form of film thickness appears to be semi-quantum mechanical 
in nature (Lubricant film layers.~t,.ghlW.~.rgy~_I .. y~I~.);/urthermore, the convergence of various 
kinetic actions to a uniform kinetic framework at the double layer molecular limit is seen throughout 
the study. 
Keywords: Transient lubricated contact dynamics, Ultra thin lubricating films, 
Elastohydrodynamic lubrication, Solvation pressure, Meniscus action, Van der Waals' force 
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Chapter 1 
Introduction 
1.1 General 
Elastohydrodynamic lubrication (EHL) is a form of hydrodynamic lubrication, where the 
pressure between mating surfaces is significant, reaching values as high as 3 GPo in some 
cases. In such circumstances, the elastic deformation of the contacting surfaces and the 
effect of pressure on lubricant rheology such as density and especially viscosity can no 
longer be considered negligible. This condition can occur in engineering applications 
such as between rolling elements and their races in ball and roller bearings, and between 
pairs of teeth in gear contacts. Generally, there are two types of contact experienced in 
EHL problems; point contact, in which two solids touch at a single point, as in ball 
bearings, and line contact, in which two solids touch along a straight or curved line, as in 
roller bearings. 
The birth of this regime of lubrication (i.e. EHL) took place in the I 940s, when the 
interactive effect of pressure upon both the viscosity and local elastic deformation was 
found to result in spectacular increases in the predicted film thickness in many lubricated, 
highly stressed machine elements. Since then, there has been considerable advances 
towards theoretical and experimental understanding of the physics of the problem. In fact, 
most of the research attention has been focused upon determining the film thickness, 
since this is necessary in order to ensure adequate separation of the rolling and/or sliding 
machine elements, if adequate durability is to be ensured. Film thickness equations 
concerning minimum and central film thickness for both line and point contact 
conjunctions are now available at least to the accuracy required for most engineering 
situations, for nominally smooth surfaces. 
The majority of these solutions, developed to date for the EHL problem have been 
concerned with steady state solutions. In fact, many lubricated components operate, 
where the load varies cyclically, as in gears and rolling element bearings, or where the 
speed changes, as in piston rings and synovial joints, or even where the contact geometry 
alters, as in cams and followers. The absence of wear under such conditions, in which 
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steady state analysis predicts zero or exceedingly small film thickness has remained a 
source of curiosity. The initial approaches to the solutions of film thickness under these 
conditions were based upon quasi-static assumptions, which is based upon a constant 
squeeze-film velocity in the normal approach or separation of contiguous bodies in 
contact. This approach leads to an approximation for the dynamic behaviour of the 
lubricated contact under cyclic loads. It was shown that the quasi-static assumptions 
considerably enhanced the thickness of the lubricating film. This enhancement in the 
thickness of the lubricant film, as opposed to steady state entraining motion, provided a 
physical explanation for the absence of wear in cessation of entraining motion, or in cases 
where the mating surfaces were subject to stop-start or reciprocating relative motion. 
However, since also such sequences of solutions indicated that the film thickness was 
changing with time, it was clear that the influence of the squeeze film action would have 
to be investigated in any complete solution to the problem. It then became apparent that 
transient, rather than quasi-static, solutions to the Reynolds equation are required to fully 
explain the mechanism oflubrication in a wide variety of situations. 
When the early theoretical solutions to the elastohydrodynamic problem were being 
compared with the experimental measurements of disk machines in the 1960s, the film 
thickness considered was of the order of 10-' m or even 10-4 m. As confidence in the 
predictions improved and interest in increasing the efficiency and the overall performance 
of machines was required, the effective operating film thickness reduced significantly in 
the latter years of the twentieth century, owing to the notable improvements in design and 
manufacture. These developments, which have been outlined by Dowson (1992) and 
described as the thinning film has resulted in further evidence for elastohydrodynamic 
action with films of nanometre rather than micrometre proportions. Attention has, 
therefore, been focused upon the issue facing these developments in the fields of thin film 
EHL. It has been shown that the development in the field ·of thin film 
elastohydrodynamics is now at the very interface between the limits of continuum 
mechanics and molecular behaviour, the latter being concerned with both the physics and 
the physical chemistry of fluid lubricants. It is, therefore, clear that the thickness of 
effective lubricating films, as indicated by Dowson (1992), Dowson and Ehret (1999) and 
Spikes (1999,2000) has been falling spectacularly throughout the twentieth century. The 
working film between the contiguous surfaces has thinned by several orders of magnitude 
throughout this period in the order of nanometres (i.e. of the order of the molecular 
diameter of the intervening liquid). Therefore, knowledge concerning the characteristics 
------ ----
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of very thin lubricant films will be indispensable as the basis of key technologies in the 
near future. 
1.2 Regimes of fluid film lubrication 
The types of lubrication, taking place within the contact are influenced by two major 
physical effects: the elastic deformation of the solid surfaces under an applied load and 
the increase in fluid viscosity with pressure. There are four main regimes of fluid film 
lubrication, depending on the magnitude of these effects and on their importance. These 
four regimes are defined as follows: 
I. Iso-viscous rigid: In this regime, the elastic deformation of the surfaces is an 
insignificant part of the thickness of the fluid film separating them, therefore, it can be 
neglected, and the maximum pressure in the contact is too low to significantly increase 
fluid viscosity. Therefore, the classical hydrodynamic lubrication theory as found by 
Tower (\883) and Reynolds (\886) is adequate for the purpose of analysis. Typical 
examples are the hydrodynamic lubrication of some journal and thrust pad bearings. 
2. Piezo-viscous rigid: If the pressure within the contact is sufficiently high to 
significantly increase fluid viscosity within the conjunction, it may be necessary to 
consider the pressure-viscosity characteristics, while assuming that the solids remain 
rigid. For the latter part of this assumption to be valid, it is necessary that the 
deformation of the surfaces remains an insignificant part relative to the fluid film 
thickness. This form of lubrication may be encountered in contacts in moderately 
loaded cylindrical tapered rollers and between some piston rings and cylinder liners. 
3. Iso-viscous elastic: In this regime, the elastic deformation of the surfaces is a 
significant part of, and may be many times greater than, the thickness of the otherwise 
rigid fluid film separating them, but the maximum hydrodynamic pressure within the 
contact is quite low and insufficient to cause any substantial increase in bulk viscosity 
of the fluid. These conditions occur in lubricated contact of materials with low elastic 
modulus such as some industrial seals, cushion bearings and synovial joints. EHL of 
this form is often called soft EHL, since the bearing surfaces are highly deformable. 
4. Piezo-viscous elastic: In this regime, the generated hydrodynamic pressure is high 
enough to significantly increase the lubricant viscosity, and the elastic deformation of 
the contacting surfaces is usually a significant part of the thickness of the fluid film 
separating them. Most machine elements, for example, ball and roller bearings, cam 
and followers and gears usually operate under this regime of lubrication. Because the 
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bearing materials for such applications are generally metallic or ceramic, EHL of this 
type is often known as hard EHL. 
1.3 Problem definition 
In recent years there has been a growing trend toward component miniaturisation in the 
manufacture of increasingly compact and lightweight machines. This has opened new 
fields of engineering endeavour such as micro-engineering and nano~technology, with 
diverse applications. As a consequence of this downsizing, the separation between 
surfaces that move relative to each other has become smaller and smaller under the 
operating conditions; such as load and entraining speed of contiguous bodies. Lubricated 
contact characteristics that were dominated by the elastohydrodynamic mechanism of 
lubrication, with oil films tenths of micrometre thick, have given way to a few to tens of 
nanometre separations. Under these conditions the lubricant behaviour is no longer 
governed purely by its bulk properties, such as density and viscosity. Liquid molecules 
are arranged in layers in the vicinity of a solid wall, and the viscosity of an intervening 
liquid between solid surfaces can be much larger than the bulk viscosity, when the two 
surfaces approach to within several nanometres. Thus, when the applied load is very 
small and the lubricant film is very thin, the surface force becomes comparable with the 
hydrodynamic viscous force, and thus the molecular interaction must be taken into 
consideration in solving the lubrication problems. Therefore, lubricant film formation is 
governed by a new mUlti-physics phenomenon, which includes the physical properties of 
the solid surfaces and the molecular chemistry of the lubricant. Typical examples of 
mechanisms in which nano-tribology plays an important role include high performance 
gears, and the circumstances where this might occur are in the case of a hard disk drive 
system of a computer in which the flying height of a magnetic head over a disk surface 
approaches a few or several nanometres. In this system, the high storage density required 
in modem rigid disk drives can be achieved by the use of very smooth surfaces of thin-
film rigid disks that allow ultra-Iow flying of read/write head sliders. A protective 
overcoat with a lubricant overlay is used over the soft metallic magnetic film in the 
construction of disks to maintain low friction, low wear and corrosion resistance. During 
disk operation, the head slider slides on the disk surface during start-up and stop 
operations. In fact, the tribological study of disk durability is of interest to the computer 
industry. Specifically, as the demand for larger storage density grows, the need for lower 
head flying height increases. Lower flying height, however, increases the potential for 
asperity contacts at the head-disk interface, which results in higher wear rates. Figure 1.1 
I 
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shows a general cross-section of a thin film disk. In general, the thickness of liquid 
lubricant on thin film disks ranges from I to 3 nm. The thickness of this lubricant layer 
must be chosen carefully to provide maximum wear protection of slider and disk and to 
guarantee acceptable life perfonnance. [fthe lubricant film is too thick, excessive stiction 
and mechanical failure of the head-disk interface is observed during start-up. On the other 
hand, if the lubricant film is too thin, an insufficient protection for the head-disk interface 
is provided, and tribological failure of the head-disk interface can occur early on. 
However, this thin layer of liquid lubricant over the disk and head slider surfaces could 
result in the formation of meniscus bridges around the asperity contacts at the head-disk 
interface. The meniscus contribution to the friction can be very large to a point that the 
head slider may get stuck over the disk surface. 
___ Lubricant 
1-3 nm 
, ___ HaTd OveTcoat 
. 10-20 nm 
\~ ___ Magnet·ic LayeT 
" 25-100 nm 
""----- Substrate 
0.63-1.3 71l:rn 
Figure 1.1: Cross-section of a typical tbin-fiIm disk 
It is, thus, clear that the separation between the surfaces in such cases is in a nanometre 
scale (i.e. of the order of the molecular diameter of the intervening liquid). Therefore, 
knowledge concerning liquid properties in the vicinity of a solid surface and the interface 
of two solid surfaces that approach to within a very small separation intervened by a 
liquid (especially knowledge concerning tribological characteristics) will be 
indispensable. 
As a consequence of operation of the machinery with very thin films, the question often 
arises, as to whether the conventional lubrication theory and the conventional Greenwood 
chart ([969) are still applicable to predict the minimum and central film thickness and to 
identify the prevailing conditions by a given regime of lubrication, respectively, in such 
narrow conjunctions. Within the region, where Newtonian continuum mechanics holds, 
the relatively slow viscous motion of the fluid renders the use of the Reynolds equation 
valid for the determination of the gap size, together with the use of the elasticity equation. 
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Therefore, in such cases, the question arises about the fundamental mechanism, which is 
responsible for creating such a gap. 
In addition, for micro-engineering and nano-technology applications, where the devices 
are subjected to small oscillations due to remote cyclic loads, a transient solution is 
essential for such cases. Recent applications in the precision, mechatronics industry 
involve components that undergo intermittent or reciprocating motions produced by 
stepper motors, for which bearings have to support load under varying speed. It is often in 
such transient conditions that breakdown of lubrication films occur, which eventually 
gives rise to failure of the lubricated surfaces. Thus, it is extremely important from a 
practical point of view to study non-steady state behaviour of EHL films. In fact, the 
structural and molecular interaction forces have a transitory nature, which may be 
represented in terms of the instantaneous gap size, as shown by Israelishvili (1992). This 
gap size is determined by the elastic deformation of the contiguous bodies in contact and 
the relative entraining motion of the surfaces. This approach, combining the effect of the 
transient EHL, the structural surface and molecular forces has not hitherto been 
undertaken. 
1.4 Overall aim and objective 
The main aim of this work is to study the behaviour of EHL point contact problems under 
steady state and transient condition for two cases. The first case, where the Newtonian 
viscous flow action holds, whereas the second case for ultra-thin films with significant 
surface force contribution in a narrow conjunction. 
There are six fundamental objectives undertaken throughout the thesis. These are: 
I. To develop a steady state numerical solution to solve EHL point contact problems in a 
narrow conjunction, including the effect of surface and molecular interaction. 
2. To provide an improvement to the Greenwood chart (\969) under conditions that 
promotes the formation of ultra-thin film in narrow conjunctions. In fact, this chart 
was based on the Newtonian viscous flow action and does not include the effect of the 
molecular interactions. This chart would be amended to take into account the new 
trends in tribology. 
3. To develop a numerical algorithm to solve EHL point contact problems for transient 
events in such narrow conjunctions, including the effect of surface and molecular 
I 
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interactions in a number of different types of non-steady state motions. This approach, 
combining the effect of the transient EHL, the structural surface and molecular forces 
has not hitherto been undertaken. 
4. There still exists a significant gap between observations and predictions, on the one 
hand, and a fundamental explanation about the nature of the kinetics of solvation 
effect in ultra-thin films in lubrication. This thesis attempts to contribute to the on-
going process of understanding of ultra-thin film lubrication. The mechanism of 
solvation is not in accord with classical physics, but is little understood in the 
structureless environment that ensues beyond the continuum that is usually promoted 
by viscous action. 
5. To obtain a numerical solution for solving the impact EHL problems. A full solution 
of the problem of the ball bounce investigated by Safa and Gohar (1986) would be 
obtained within the bounds ofNewtonian continuum mechanics. The methodology is 
then extended to the case of ultra-thin films with significant surface force contribution 
as well as the effect of meniscus force in such diminishing gaps. 
6. To compare and validate the results against numerical and experimental works 
reported by others. In particular, to explain some of the physical phenomena that are 
observed under such experimental measurements. 
1.5 The structure of the thesis 
The layout of this thesis is as follows: 
Chapter 1 (i.e. this chapter) provides an overview. The problem is introduced and 
explained. 
Chapter 2 contains a literature review of the work reported by other research workers, 
including those reported for steady state cases, nano-tribology and transient EHL 
solutions for point contact problems. 
Chapter 3 introduces the theoretical basis and the basic governing equations for EHL 
problems. In addition, it includes the theoretical and experimental basis for determination 
of surface force and molecular actions. 
Chapter 4 provides solutions for EHL with surface and molecular forces for 
counterformal point contact problems under isothermal conditions. A finite difference 
approximation is used to discretize the Reynolds equation, which is then solved by 
employing low relaxation Newton-Raohson method. The results are discussed and 
compared with numerical and experimental findings. An amendment to the Greenwood 
map (1969) is provided with regard to ultra-thin film conjunctions. 
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Chapter 5 describes a numerical solution for solving the transient EHL point contact 
problems for a number of different types of non-steady state motions, including 
acceleration/deceleration and stop/start motion. The results are discussed and verified 
against experimental and numerical findings of others. 
Chapter 6 extends the transient EHL solution procedure to the case of ultra-thin films 
with significant solvation effect. Furthermore, it discuses the mechanism of fluid film 
lubrication and a fundamental explanation about the nature of the kinetics of solvation 
effect in ultra-thin films in lubrication in terms of its conformity with quantum 
mechanical behaviour. The results have shed some light on the effect of various forces at 
the boundary between the structured continuum mechanics and the conditions, which 
promote molecular action in an unstructured manner. 
Chapter 7 provides a numerical solution for the impact EHL problem of a bouncing ball. 
A model of the bouncing ball problem, involving the squeeze film action is developed in 
the first instance. The methodology is then extended to the case of ultra-thin films with 
significant surface force contribution, as well as the effect of meniscus force in such 
diminishing gaps. It also provides the equivalence of squeeze film action under impacting 
conditions with that of a converging/diverging gap in pure entraining motion. The 
theoretical results are discussed and compared with the experimental findings of Safa and 
Gohar (1986). 
Chapter 8 contains the conclusions, critical assessment and recommendations for future 
work. 
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Chapter 2 
Literature Review 
2.1 Introduction 
It is now well established, both theoretically and experimentally, that machine elements 
having concentrated contact, and in relative motion, can be separated by a coherent liquid 
lubricant film. If the load is high enough to locally distort their surfaces and increase the 
lubricant viscosity in the gap between them, elastohydrodynamic lubrication (EHL) 
conditions result. This can occur in engineering applications such as between rolling 
elements and their races in ball and roller bearings, and between pairs of teeth in spur 
gears under load. Practical evidence that EHL does indeed occur is shown by the absence 
of wear in precision ball and roller bearings. The Formulae obtained From numerical 
solutions to the EHL problem are, thereFore, a useful design tool For Forecasting the 
minimum lubricant film thickness in the contact. 
In general EHL occurs in relatively heavily loaded contacts. The pressures in these 
contacts are sufficiently high to cause significant elastic deformation of the contiguous 
bodies in contact, together with a large increase in the viscosity of the lubricant nuid. 
Thus, lTom a mathematical point of view, EHL is concerned with the simultaneous 
solution of the Reynolds equation of nuid film lubrication and the elasticity equations for 
deFormations of the contacting surfaces. 
The subject of EHL arose from studies of the physical mechanism of gear lubrication, but 
it was soon extended to ball and roller bearings and cams and Followers. I n such 
lubricated components the nominal line or point contact conditions are associated with 
near-Hertzian normal stresses and local elastic deformations, which are large compared 
with the lubricant film thickness. Under these circumstances the combined effects of local 
elastic deFormation of the solids and the increase in viscosity of the lubricant with 
pressure yield elastic lubricant film thickness, which are orders of magnitude greater than 
those predicted for rigid solids and for isoviscous nuids. These highly stressed machine 
components are now known to rely upon effective film thickness of a micrometre or a 
fractional of a micrometre proportion. 
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The origin of the EHL films lies in the behaviour of the lubricant in the converging inlet 
of the elastically flattened contacts. Lubricant is drawn into this region by the motion of 
one or both of the bounding surfaces. As the lubricant enters the contact inlet, it begins to 
experience a very rapid increase in pressure, which must rise from the atmospheric value 
up to the Gigapascal level as the inlet is traversed. Lubricant viscosity increases 
approximately exponentially with pressure. Therefore, within the inlet regIOn the 
viscosity of the lubricant rises to many times its normal value, which allows the 
entrainment of lubricant to form a film despite the opposing, very large, pressure 
gradients. 
2.2 Theoretical background 
2.2.1 Steady State EHL 
Osbome Reynolds (1886) established the foundations of fluid-film lubrication theory, 
following earlier experimental work on railway axle bearings by Petrov (1883) and Tower 
(1883). Reynolds provided the theoretical appreciation of the mechanism of fluid film 
lubrication, when he reduced the Navier-Stokes' equations to a form appropriate to 
creeping flow conditions and combined them with the basic equation of flow continuity 
and took note of the essential geometrical features of the clearance space between bearing 
components. The resulting second-order partial differential equation, governing the 
generation of pressure in fluid film bearings, is universally known as the Reynolds 
equation. This equation forms the basis of analysis and all design procedures for a wide 
range of lubricated machine components. 
The persistence of machining marks on gear teeth that have seen considerable service has 
indicated to engineers for over a century that a substantial film of lubricant must be 
present at the points of contact. Martin (1916) undertook an analysis of the lubrication of 
gear teeth. He assumed that the conjunction between the gear teeth could be approximated 
by two equivalent cylinders and solved the Reynolds equation for this geometry. His 
study took the lubricant to be isoviscous and the bounding solids to be rigid. The results 
of the analysis, which incorporated the well-known Reynolds boundary condition, 
predicted a magnitude of lubricant film thickness between gear teeth substantially less 
than the combined surface roughness of the solids. Clearly some significant aspect of the 
behaviour of such contacts had not been considered. 
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Attention became focused upon the possibility that elastic defonnation of the solids could 
be influential because of the high fluid pressures generated. In addition the prospect that 
such pressures could result in an enhancement of lubricant viscosity (i.e. the piezoviscous 
effect) was apparent. Peppier (1936,1938) and Meldahl (1941) made contributions to the 
analysis of such contacts, taking the lubricant to be isoviscous, but considered the elastic 
deflections of the surfaces. 810k (1952) and Kapitza (1955), while considering the solids 
to be rigid, pennitted the lubricant viscosity to be dependent upon· pressure. It was 
demonstrated that such relaxation of the assumptions made by Martin (1916) did indeed 
result in prediction of increased lubricant film thickness. However, in neither case was the 
enhancement sufficient to explain the observed characteristics of gear operation. 
A consideration of the lubrication of concentrated contacts, taking into account 
simultaneously the elastic defonnation of the solids and the augmentation of lubricant 
viscosity due to pressure resolved in the middle of the twentieth century (for nominal line 
contacts) the difficulty highlighted some forty years earlier by Martin (1916). The joint 
consideration of these physical phenomena -tenned EHL- led to the theoretical 
predictions of the lubricant film thickness in gear sets and rolling element bearings, which 
were consistent with practical experience. 
In the last quarter of the twentieth century spectacular developments in theoretical and 
experimental studies of EHL have taken place. The analysis of concentrated contacts, 
such as those occurring between gear teeth and the rolling elements-to-races contacts 
have been undertaken, based on an understanding gained through contributions from 
many scientists and engineers dating back to the early part of the twentieth century. 
The theory of EHL for line contacts is now well developed. The basic principles were 
clearly explained by Grubin (1949), when he presented an approximate analytical solution 
that took a.ccount of both elastic defonnation and pressure-viscosity effects. The resulting 
fonnula (2-1) predicted film thickness in the central region of the lubricated conjunction 
that were one or two orders of mal,'11itude greater than those predicted by the Martin's 
equation (1916). This fonnula reads as: 
H = I 95U'''IG'''"W'-lfll 
Cl''' • 
(2-1) 
After Grubin (1949), Petrusevich (1951) introduced the first numerical solution of the 
EHL line contact problem. which confinned the main conclusions of Grubin (1949) and 
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satisfied the elasticity and the Reynolds equations simultaneously throughout the contact 
conjunction. A substantial advance, clarifying the EHL theory, was presented by Dowson 
and Higginson (1959,1966). They introduced a refined numerical solution to the problem 
of EHL of loaded elastic cylinders, based upon the so-called "inverse procedure", which 
yielded a converged solution for a wide range of conditions. They developed an empirical 
minimum film thickness formula for lubricated line contacts by an incompressible fluid 
obeying the Barus (1893) pressure-viscosity law, which took the form: 
H . = 265G·o·"U·O.7W·-O.13 
mm . (2-2) 
Experimental validation of Dowson and Higginson (1959,1966) film thickness formula 
(equation (2-2)) for line contacts has been provided by Dyson et al (1965-1966). This 
generated confidence, for the first time, in the analysis of lubrication in many realistic, 
. highly stressed machine elements, which presented essentially line contact geometries, 
such as in spur gears, roller bearings and cams and follower pairs. This equation has been 
widely used in the analysis and design of systems represented by line contacts. 
The essential features of the pressure distribution and the film shape in lubricated line 
contacts by compressible fluids are shown in figure 2.1. Of particular note is the near 
constant film thickness throughout much of the Hertzian conjunction, since the lubricant 
is extremely viscous and Poiseuille flow is negligible compared with Couette action in 
this region. Thus, continuity of mass flow requires a near constant value of the product of 
density and film thickness in the central regions of the lubricated conjunction. The 
pressure distribution is close to Hertzian over much of the conjunction, as it must be in 
cases where the local elastic displacements are very large compared with the film 
thickness. At the exit conjunction, the pressure returns to ambient and, as the pressure 
rapidly declines towards the atmospheric level, the increased contribution to mass flow in 
the entraining direction from Poiseui1le flow necessitates a reduction in film thickness (to 
restrict the sudden flow) to yield a characteristic restriction in the film thickness to about 
80 percent of the central value. This geometrical form calls for a second, narrow pressure 
peak or spike to arise and this unusual distribution emerged as a characteristic feature of 
EHL conjunctions. 
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Figure 2.1: Features of elastohydrodynamic lubrication line contact 
It was reco!,'11ised that some machine components exhibited circular or elliptical point 
contacts, rather than line contact geometries, but the lack of adequate computing power 
delayed the generation of point contact EHL solutions until the I 970s. There was a 
particular need to develop solutions for ball bearings, which generally exhibited elliptical 
conjunctions, and this provided much of the impetus for the extension of the analysis in 
I 970s and 1980s. 
In the mid-1960s, a question has often been raised regarding the accuracy in using line 
contact theories to predict the film thickness in ball contacts. This question had been 
resolved both experimentally and theoretically by Archard and Kirk (1964) and Archard 
and Cowking (1965-1966) respectively. 
Archard and Cowking (1965-1966) obtained a solution for the point contact conditions. 
The results of their analysis led to the concept of side-leakage or the ellipticity factor, 
which is the proportional reduction in pressure attributed to the existence of side-leakage 
from the contact conjunction. They obtained a formula for minimum film thickness, 
which showed reasonably good agreement with experimental findings. The formula for 
the film thickness has approximately the form of: 
h . (a )3/4 R'/I2(W / E' )-1112 mma 1]o U , (2-3) 
Another numerical solution for a ball on a plane was obtained by Cameron and Gohar 
(1966). In their numerical solution, they used a polar co-ordinate system for solving the 
Reynolds equation, including the lubricant viscosity as a function of pressure and also 
taking into consideration the effect of pressure upon the elastic deformation of the 
contacting surfaces. They obtained a simple expression for the lubricant central film 
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thickness, which showed a reasonably good agreement with their experimental results, 
using optical interferometry. The comparison of their theoretical and experimental oil 
film thickness gave a strong evidence for a viscous surface layer some 500-1000 Aa 
thick, of viscosity up to about 3 to 4 times that of the bulk fluid. This layer plays an 
important role when the lubricant film is very thin. The thicker the film, the less the 
surface layer is operative. The formula that the authors obtained is: 
hem =-O.255(~) + 
R E'R2 
(2-4) 
Cheng (1970) developed a numerical solution for the EHL film thickness in an elliptical 
contact. By using a finite difference method, he solved the two-dimensional form of the 
Reynolds equation. In his analysis, the surface deformation of solids is calculated 
according to the classical Hertzian theory for elliptical contacts. His results are presented 
as side leakage film reduction factors, which are defined as the ratios of the film thickness 
for an elliptical contact to that calculated by the line contact theory, based on the same 
maximum Hertzian pressure, and showed the dependence of the film thickness upon 
speed, load, and lubricant parameters. Comparison of his results with the experimental 
data of Archard and Kirk (1964) indicated that his theory predicts a film thickness slightly 
higher than those measured by the experiment. 
Since 1970 numerical solutions for elliptical contact EHL have prospered, owing to the 
rapid development of more powerful digital computers, which have made full numerical 
solution to the problem possible. Using numerical iterative techniques, significant 
progress has been made in the solution of isothermal elastohydrodynamic point contact 
problem. In this manner, simultaneous' solution of the elasticity and the Reynolds 
equations has been made possible in order to give the elastic film shape and the 
corresponding pressure distribution. 
Therefore, full numerical solutions, based upon the direct iterative solution of the 
Reynolds equations for the point contact emerged in the mid-I 970s. Ranger et al (1975) 
developed a range of solutions for circular conjunctions and for various values of load, 
speed and pressure-viscosity coefficient. The well-known features of point contact EHL 
film shapes emerged and a regression analysis was used to develop an expression for the 
central film thickness equation (2-5). Their results were not widely used, however, since 
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the resulting expression unfortunately exhibited a puzzling positive, albeit small, 
exponent on the load parameter. 
H~-en = 1.44U"o.s67W·o.o35G*o.462 (2-5) 
A comprehensive numerical solution of the elastohydrodynamic elliptical and circular 
point contacts problem of this type was presented by Hamrock and Dowson (1976 a,b-
1977 a,b). They obtained extensive solutions for both fully flooded and starved 
lubrication conditions. They investigated the influence of ellipticity parameter, 
dimension less load, rolling speed and materials' parameters on the central and minimum 
film thickness. They presented a mathematical expression for calculating the central and 
minimum oil film thickness as: 
(2-6) 
(2-7) 
These expressions, equation (2-6) and 2-7), were found to be in reasonable accord with 
experimental findings over the range of variables considered and have been widely used 
in the desib'11 and analysis of machine elements presenting elliptical or circular lubricated 
conjunctions. They also studied the effect of lubricant starvation on the pressure 
distribution and the oil film thickness and obtained a simple expression for the critical 
dimensionless boundary distance at which lubrication starvation starts to become 
important. The fonnula that the authors obtained is: 
[ 2 ]0," m' =1+3.06 (; ) H«n (2-8) 
Evans and Snidle (1981) presented another numerical solution, based upon the forward 
iterative method for solving the point contact EHL problem under isothennal conditions 
at moderate loads. They obtained a fonnula for the central and minimum oil film 
thickness by analysing their results for a range of operating conditions as a function of 
Moes and Bosma (1972) non-dimensional groups. These fonnulae were given as: 
H . = 1.9M-o·17 Lo.34 
mm 
H = I 7 M-0026 Lo.40 
ccn • 
(2-9) 
(2-10) 
Although the lubricant film thickness and pressure distribution obtained by the previous 
authors such as Ranger et al (1975), Hamrock and Dowson (1976 a,b-1977 a,b) and 
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Evans and Snidle (1981) were in reasonable agreement with the results of experimental 
work, they are all restricted to relatively light loads, because of the instability of the 
forward iterative methods at heavy loads. For example, the highest maximum Hertzian 
stress for which it has been possible to obtain closely converged solutions by using the 
forward iterative technique is approximately 0.5 GPa, whereas in engineering practice 
stresses as high as 1.5 GPa are quite common. 
A major advance was achieved by Evans and Snidle (1981,1982), who presented a 
numerical solution, based upon the inverse solution of the Reynolds equation for solving 
the EHL problem at heavy loads. This technique is similar in principle to the well-known 
line contact elastohydrodynamic solution of Dowson and Higginson (1959). They used a 
combination of different materials such as steel-glass and steel-steel with mineral oil as a 
lubricant. The first of these combinations of materials has been extensively used in 
experimental work on point contact EHL and the second has been used most frequently in 
engineering practice. Their method has been applied successfully for maximum Hertzian 
stresses up to 1.4 GPa and showed a reasonably good agreement with previous work. 
Mostofi and Gohar (1982) presented a general numerical solution to the 
elastohydrodynamic point contact problem for moderate loads and material parameters. 
They obtained a regression formula, which describe how the pressure and the oil film 
thickness vary with geometry, material properties and load, when the rolling velocity 
vector is set at various angles to the dry contact ellipse's long axis. In addition, they 
studied EHL behaviour under spin condition. The theoretical predictions of film thickness 
compared favourably with the other numerical solutions of the point contact problem, as 
well as with experimental results, which use the optical interferometry method to find 
film thickness and shape. The formula that the authors obtained is: 
G' H m;n = 3.51(U' G")" (W' G")'" (1- 0.683e-<>669K )(1- 0.559cos' B) (2-11) 
Where 
n = (0.649 - 0.0875 cos' B) 
m = (0.0865 cos' B - 0.045) 
This equation (2-11) was later modified by Rahnejat and Gohar (1985) to include the 
influence of normal approach motion. 
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Chittenden et al (1985 a,b) obtained a general numerical solution to the 
elastohydrodynamic point contact problem, using basically the same method as that 
described by Hamrock and Dowson (1976 a,b-1977 a,b). In their solution they assumed 
that the direction of the rolling velocity vector to be at various angles to the semi-major 
axis of the elastostatic ellipse contact, in similar analysis to that was presented by Mostofi 
and Gohar (1982). Such results led to the prediction oflubricant film thickness for a range 
of different directions of rolling velocity vector of lubricant entertainment. They derived 
formulae for predicting the central and minimum oil film thickness for a wide range of 
loads, speeds, material parameters and direction of the rolling velocity vector. The 
formulae that the authors obtained when the lubricant entrainment coincided with the 
major axis of the elliptical contact are: 
H = 3 06U .. ·68G·O·"W·-O·073 {I- exp[- 3 36(R I R )n 
cen • . x y (2-12) 
H . = 3 OU·""G·0.49W·-O.073 J, - exp[- 0 96(R I R )n 
mm • 11 • x y (2-13) 
The same authors provided alternative expressions for conjunctions in which the lubricant 
entrainment was inclined to the principal axes of the contact ellipse as: 
( [ [ ]
213]) R I R COS' 8 + sin' 8 I H". = 4.3 IU'o68G·O.49W·-O·073 I-exp -1.23 « y x) ) 
(cos' 8 + (Ry I Rx)sin' 8) 
(2-14) 
( [ [ ]
213]) R I R cos' 8 + sin' 8 I Hmi. =3.68U .. ·68G·049W·-O·073 I-exp -0.67 « y x) ) 
. (cos'8+(RyIRx)sin'8) 
(2-15) 
Extensive research continued over the years with a view to improving the numerical 
predictions, but the proposed techniques were severely handicapped by both slow 
convergence and a high level of computation required to estimate the elastic 
deformations. At that time, Newton-Raphson strategies were developed to increase the 
convergence speed. Oh and Rohde (1977) solved the point contact problem for moderate 
loads by using a finite element procedure together with the Newton-Raphson method. 
They used a relatively small number of elements to avoid long computing time. The main 
reasons for the practical limit of the finite element to solve the EHL point contact 
problem is as follows: i) the convergence of the problem relies on a sufficient number of 
elements in the contact area. ii) At a higher load level, where the pressure varies sharply 
near the outlet region, the required number of elements and the cost of computation could 
become prohibitive. 
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Another numerical solution of the elastohydrodynamic contacts problem, based upon 
Newton-Raphson method was presented by Okamura (1982). He studied the relationship 
between the shape of oil film thickness and pressure distribution, and the non-
dimensional governing parameters in EHL. From his results, he found that the calculation 
of EHL could be achieved successfully by using the Newton-Raphson method. 
In the same period, novel numerical approaches emerged, multi-grid techniques, by 
Brandt (1977) as a way to accelerate drastically the convergence of non-linear elliptical 
equations. Lubrecht et al (1986,1987) were the first to develop line and point contact 
solutions using such a technique. However, highly loaded simulations were still limited 
by numerical instabilities. 
Fundamental progress has been made in recent years towards an understanding of 
numerical problems. As multi-b'fid techniques have been applied successfully for low and 
medium loads, the computing time in this algorithm is dominated by the computation of 
the elastic defonmation integrals, which are needed for the film thickness calculations. To 
overcome this difficulty, Brandt and Lubrecht (1990), and Lubrecht and loannides (1991) 
have developed a multi-levellmulti-grid integration algorithm for fast calculation of 
elastic defonmation. This algorithm was used by Venner and Napel (1992 a,b) for solving 
elastohydrodynamic lubricated circular point contact problem, and was extended by 
Nijenbanning et al (1994) for solving elliptical contact problems. They presented a 
fonmula for predicting the central oil film thickness as a function of load, lubricant 
parameters, and the ratio of radius of curvature of the surfaces. 
An advanced multi-level solution for EHL circular point contacts was presented by Hsu 
and Lee (1994). This advanced solver combined direct iteration, multi-grid, Newton-
Raphson, Gauss-Seidel iteration, and multi-Ievellmulti-grid integration methods into one 
working environment. They investigated the effects of dimension less loads, 
dimensionless speed, and dimensionless material parameters on the minimum film 
thickness and derived a fonmula for predicting the minimum oil film thickness for a wide 
range of loads, speeds, and material parameters. The fonmula that the authors obtained is: 
H = 0.756U",·8IG'0823W·-O.211 
mm (2-16) 
Recently, Jalali et al (1998) has developed a multi-grid solution for isothenmal EHL 
circular point contacts under pure entraining motion. From their results, they showed that 
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the multi-grid solutions allow rapid evaluation of contact pressure distributions and 
corresponding elastic film shapes. The using of multi-grid allowed them to employ a large 
number of elements, thus improving the accuracy of the numerical solution compared 
with that of conventional finite difference schemes. Their numerical results are compared 
with experimental measurements reported by Gohar (1971) and reasonable agreement has 
been obtained under a wide range of operating conditions. 
A further solution of EHL for elliptical point contact conjunctions under combined rolling 
and sliding motion, with the direction of lubricant entrainment being inclined to the 
principal axes of the Hertzian elastostatic ellipse, was reported by lalali et al (2000). They 
used an effective influence Newton-Raphson method and they showed that this method 
enables determination ofthe pressure distribution and film shape at high loads such as are 
encountered in many practical applications (the maximum pressure they are obtained in 
the region of 4 GPa). Their numerical predictions have been verified with the 
experimental work of Thorp and Gohar (1972) and the numerical results of Chittenden et 
al (1985 a,b) and extended to much higher loads. 
2.2.2 Nano-Tribology 
Throughout the twentieth century notable improvements in design and manufacture have 
been recorded alongside impressive progress in the understanding of the basic science of 
modes of lubrication to permit surfaces to be operated with ever-decreasing minimum 
film thickness. 
When Osborne Reynolds (1886) introduced his theory of fluid film lubrication, anchored 
to the fundamentals of continuum mechanics, the minimum film' thickness in many 
bearings was probably of the order of 10-' m or even 10-4 m. Throughout the twentieth 
century the designers of plain bearings have steadily reduced this figure to provide greater 
load carrying capacity per unit area, improved stability and enhanced efficiency. 
The recognition of the impressive mechanism of EHL in the latter half of the twentieth 
century, has made everyone familiar with minimum film thickness, which are only a 
fraction of a micrometre thick (10-6 m) in highly stressed components like gears, rolling 
element bearings, cams and followers. Indeed, as the understanding has advanced, the talk 
of submicrometre films in a number of situations; typically 10-7 m has become 
commonplace. as indicated by Dowson (1992). 
Chapter 2: Literature Review 20 
There is an increasing recognition that asperity or microelastohydrodynamic lubrication 
plays a major role in the effective lubrication of a number of components, involving both 
high and low elastic modulus materials and this is also drawing attention to 
submicrometre films. Indeed, in very severe circumstances, perhaps involving plastic, as 
well as elastic deformations, the effective fluid films might well have thickness recorded 
in terms of nanometres (10-9 m) rather than micrometre (10'" m). For example, the 
circumstances, where this might occur are in the case of a hard disk drive system of a 
computer in which the flying height of a magnetic head over a disk surface is approaching 
a few or a few tens of nanometres, and a system in which the head disk interface is 
immersed in liquid instead of air, and also some high-perfonnance gears. 
It is, thus clear that the thickness of effective lubricating films, as indicated by Dowson 
(1992), has been falling spectacularly throughout the twentieth century. The working film 
has thinned by several orders of magnitude throughout this period as indicated above in 
the nanometres order (i.e. of the order of the molecular diameter of the intervening 
liquid). Therefore, knowledge concerning the characteristics of very thin lubricant films 
will be indispensable as the basis of key technologies in the near future. With such thin 
films of molecular lengths, the question arises, as to whether the conventional lubrication 
theory is still applicable to predict the minimum film thickness. 
Chan and Horn (1985) have presented measurements of the oil film thickness as a 
function of time as the liquid films being squeezed between two molecularly smooth 
M ica surfaces. They studied three Newtonian, non polar lubricants: 
octamethylcyclotetrasiloxane (OMCTS), n-tetradecane, and n-hexadecane. From their 
results, they found that Reynolds' theory of hydrodynamic lubrication seems to be 
applicable down to a film thickness of 50 nm. They also found that, for thinner films the 
drainage is slower than the theoretical prediction, which can be accounted for by 
assuming that the liquid within about two molecular layers of each surface does not 
undergo shear. However, the authors did not claim that this rather simple-minded picture 
is a realistic model for very thin films. In the case of very thin films the continuum 
Reynolds theory breaks down, as drainage occurs in a series of abrupt steps, whose size 
matches the thickness of molecular layers, and qualitatively this stepwise approach of the 
surfaces can be understood in terms of the surface force. As the two Mica sheets 
approach, they encounter a series of repulsive barriers of increasing height, which have 
the effect of holding them almost stationary at certain separations. which are multiples of 
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the molecular layer thickness. However, when the applied load is very small and the 
lubricant film thickness is very thin, the hydrodynamic viscous force becomes 
comparable with the surface forces, and thus the molecular interactions must be taken into 
consideration in solving such a lubrication problems. Therefore, a lubrication theory 
considering the surface force is required. The solid surfaces will deform elastically, not 
only from the viscous force but also from the surface force effects. 
There are few theories or experiments related to the lubrication film thickness considering 
these naturally generated forces. Jang and Tichy (I 995) have presented a study of EHL on 
three candidate models: the classical case of EHL with viscosity-pressure variation, on an 
isoviscous model, which idealises porous layers on the solid surfaces, representing the 
molecular microstructure, and on an isoviscous EHL modelling, which includes Van der 
Waals' force and the solvation surface force from data of Chan and Horn (1985). All the 
three models include isothermal elastic deformation of the solid bodies. The numerical 
computing procedure of the simultaneous calculation of the elastic deformation and 
lubricant pressures is the same as that introduced by Hamrock and Dowson (1976 a,b-
1977 a,b) and is the same for all the three aforementioned models. From their results, 
they found that the latter two models predict behaviour similar to classical continuum 
mechanics theory. Actually, their results are not sufficiently sensitive to determine which 
model best predicts experimental results, but the authors feel that credence must be given 
to the latter two models, because experimental evidence suggests that the Reynolds 
equation is not valid for molecularly thin films. This finding was intriguing at the time, 
and not in accord with the conclusions of Chan and Horn (1985) and the works reported 
by other researchers such as Matsuoka and Kato (1997) and AI-Samieh and Rahnejat 
(2001). 
Matsuoka and Kato (1997) and Kato and Matsuoka (I999) have presented a new method 
for calculating the solvation pressure that acts between two solid surfaces when the 
surfaces approach each other to within a very small distance in a liquid medium. They 
appl ied the solvation pressure to the EHL problem in which the film thickness is very 
small and the solvation force and Van der Waals' force cannot be neglected. They used 
the same numerical algorithm of Hamrock and Dowson (1976 a,b- 1977 a,b) for 
simultaneous calculation of elastic deformation and lubricant pressures. They used three 
different kinds of lubricants; OMCTS, cyclohexane, and n-hexadecane. From their 
results, they found that the surface elastic deformation due to surface force cause a thicker 
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lubricant film, and cannot be neglected any more when compared to the ordinary fluid 
viscous force. An interesting conclusion from their result is that, the lubrication film 
thickness agrees well with the conventional lubrication theory (EHL theory) in case of the 
films larger than (7-8) nm, and deviation from the theoretical prediction and discretization 
of the film thickness is observed in case of a film thickness of several nanometres. They 
also found that their calculation results agree well with their experimental data. 
It is reported in some past studies, for example, by Dalmaz (1978) that a lubrication film 
thickness more than 50 nm agrees well with theoretical predictions of Hamrock and 
Dowson (1976 a,b- 1977 a,b) film thickness formula. Dalmaz (1978) used an optical 
interferometry technique to measure the film thickness in a small elliptical contact under 
EHL conditions. Johnston et al (1991) overcame the limitation of the conventional optical 
interferometry to make it applicable to measure separating films between a rolling steel 
ball on glass surface down to less than 5 nm by using a combination of a spacer layer in 
the optical flat glass with spectrometric analysis of reflected light from the contact. In 
their experimental work, they used different kinds of lubricants, including mineral oil, 
squalance, tri-tolyl phosphate, synthetic hydrocarbon, among others. From their results, 
they concluded that the standard circular point contact EHL film thickness equations of 
Hamrock and Dowson (1976 a,b- 1977 a,b) can be used with a range of fluids to predict 
central film thickness down to 15 nm, and for some fluids, the film thickness generated in 
the range 5-15 nm appears to be more speed-dependent than the EHL theory predicts. 
Another experimental work by Cooper and Moore (1994) showed that the Hamrock and 
Dowson (1976 a,b- 1977 a,b) expression for EHL film thickness accurately predicts the 
film forming behaviour of Newtonian liquids at film thickness down to 10 nm. Cooper 
and Moore (1994) used an optical interferometry technique, which described by Johnston 
et al (1991) to measure film thickness in the range of 1-100 nm. Their results include 
different kinds of lubricants with a range of temperature and viscosity. 
Guangteng and Spikes (1994) investigated the behaviour ofEHL film thickness formed in 
very thin film regimes under pure rolling condition. In their experimental work, a highly 
polished steel ball is loaded against the underside of an optically smooth glass disc, 
coated with a semi-reflecting Chromium layer and a Silica spacer layer. The composite 
roughness of the undeformed surfaces was II nm. They used different classes oflubricant 
types. All tests were carried out at a controlled temperature of 25 "C, under a constant 
load of 20 N and at various rolling speeds, ranging from 0.0002 to 0.2 mlsec. From their 
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results, they found that the Hamrock and Dowson (1976 a,b- 1977 a, b) EHL central film 
thickness formula is valid for the tested base fluids down to 20 nm film thickness, and in 
the case of very thin film regime, departure of film thickness from the EHL equation has 
been found, the extent of which depends upon the type of fluid. For hexadecane, the 
equation is valid down to a film thickness of 0.5 nm, which is about the same size as a 
monolayer of hexadecane on each solid surface. They tried to explain this departure of 
experimental film thickness from theoretical predictions in the very thin films, and found 
that, a number of possible reasons that may contribute to this departure as: i) adsorbed 
film on each surface, ii) enhancement of viscosity near the solid surface due to the layer 
of fluid in the immediate vicinity of a solid surface are less mobile, iii) breakdown of 
assumption of fluid continuum. All these possible reasons may operate individually or in 
combination. 
Another experimental work developed by Smeeth and Spikes (1995) to investigate the 
film-forming behaviour for a range of polymer solutions to very thin film thickness. Their 
experimental work was based upon ultra-thin optical interferometry technique described 
earlier by Guangteng and Spikes (1994) and Johnston et al (1991). From their results, 
they showed that the EHL theory was obeyed down to less than 2 nm film thickness for 
some fluids, and other polymers gave much thicker films than predicted from the EHL 
theory under very thin film conditions. It appears that these polymers form adsorbed 
layers between 3 and 15 nm thick on the two solid surfaces, and these layers have a 
viscosity many times higher than that of the bulk solution. Therefore, under slow speed, 
low film thickness conditions, the contact effectively operates within a viscous boundary 
layer, generating an EHL-type film, much thicker than that predicted from the viscosity of 
the bulk lubricant. As the speed is raised, the contact emerges from this boundary layer 
and reverts to EHL behaviour, based upon the viscosity of the bulk polymer solution. This 
is the same observation as that reported by Guangteng and Spikes (1994). 
Recently, Matsuoka and Kato (1996,1997) have developed a new apparatus, which can 
measure accurately surface forces and ultra-thin liquid lubrication film thickness at the 
molecular scale. They used Mica as the solid surfaces and OMCTS, cyclohexane and n-
hexadecane are used as intervening liquid. From their experimental measurements, they 
found that when the film thickness is more than (7-8) nm (seven or eight times as large as 
the molecular diameter of the intervening liquid), there is good agreement with the 
conventional continuum fluid lubrication theory of Hamrock and Dowson (1976 a,b-
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1977 a,b), and in the case of a film thickness less than (7-8) nm, deviation from the 
theoretical prediction and discretization of the lubrication film thickness is observed. 
Their experimental results compared well with their theoretical work. Analysis of their 
experimental data showed that the discretization of the lubrication film thickness is due to 
the solvation force (structural force), which is observed when liquid molecules intervene 
in a narrow space between solid surfaces and that the molecular effect cannot be 
neglected in such an ultra-thin lubrication film thickness. They also found that the interval 
of the film discretization corresponds to the molecular diameter of the intervening liquid. 
An interesting results from their experimental data that in the case of n-hexadecane, the 
discretization of the film thickness is not observed. This may be because long-chain 
molecules of n-hexadecane have flexibility and entangle in each other in the vicinity of a 
solid surface. Therefore, n-hexadecane shows little solvation force. This phenomenon is 
also observed by Christenson et al (1982) and Chan and Horn (1985). 
The contradiction between the experimental results presented by Matsuoka and Kato 
(1996,1997,1999) and that presented by Dalmaz (1978), Johnston et al (1991), Cooper 
and Moore (1994), Guangteng and Spikes (1994) and Smeeth and Spikes (1995) is in the 
film thickness discretization, which is observed in the experimental work of Matsuoka 
and Kato (1996,1997,1999) and not observed by the others. This contradiction may be 
interpreted as follows; i) the surface roughness in the previous work is very large about 
II nm compared with that used by Matsuoka and Kato in their experiment about (0.05-
0.6) nm, and the fact that surface roughness considerably reduces the layering etfect of 
fluid molecules adjacent to solid surface (i.e. it also reduces the solvation force generated 
by the layering effect) (see Gee and Israelachvili (1990), Christenson (1986) and Horn 
and Israelachvili (1981 »; ii) in the previous work, the authors used fluids, which have 
chain or branched molecules as lubricants whereas a fluid, which has spherical molecules 
is used in the experimental work of Matsuoka and Kato, and the solvation force is 
difficult to observe for fluids have chain or branched molecules (see Christenson et al 
(1982), Christenson (1983) and Chan and Horn (1985». 
Recently, AI-Samieh and Rahnejat (200 I) presented results of numerical prediction for 
lubricant film thickness and pressure distribution in concentrated counterformal point 
contact under isothermal conditions, using the low relaxation Newton-Raphson iteration 
technique, applied for the convergence of the hydrodynamic pressure. In their numerical 
solution. the operating conditions; load and speed of entraining motion, promote 
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fonnation of ultra-thin films that are formed under the combined action of EHL, surface 
contact force of solvation and molecular interactions due to presence of Van der Waals' 
force. They showed that, with separation decreasing from a value of 5 nm, the effect of 
surface force become dominant and film thickness discretization appears. They also 
showed that, under such conditions, the film thickness fonned is independent of the speed 
of the entraining motion. Their numerical predictions had been shown to conform well to 
the numerical work and experimental findings of other researchers such as Jang and 
Tichy (1995) and Matsuoka and Kato (1997). 
2.2.3 Transient EHL 
Transient EHL is commonly found in many machine components such as gear teeth 
contacts, cams and rolling element bearings during variations in load, entrainment speed 
or surface curvature radius. By changing one of these parameters, an additional motion 
arises and the contiguous surfaces start to move along their common normal. This 
phenomenon is widely known as squeeze film action. 
2.2.3 (a) Pure squeeze action 
Whenever any two surfaces approach each other along their common normal under a 
heavy load, highly localised pressures are generated by the squeeze film action within the 
conjunction. The detennination of the pressure distribution due to the squeeze action, 
considering the pressure-dependent viscosity of the lubricant and the surface deformation 
is known as the nonnal approach (pure squeeze) problem in EHL. The squeeze film 
action occurs frequently in many machine components such as gear teeth contacts, cams, 
and rolling element bearings during transient loading. Mathematically, the normal 
approach problem differs considerably from the conventional rolling and sliding EHL 
theories. In the rolling problem, the pressure and film distributions are in steady state, 
whereas for squeeze film problem they are time dependent and must be obtained by 
solving the transient Reynolds equation coupled with the elasticity equation. 
Christensen (1962) introduced the first numerical solution to the EHL problem of pure 
normal approach of two cylindrical bodies separated by a lubricating film. He provided a 
solution to the Reynolds equation for this case and obtained pressure distribution and load 
carrying capacity for squeeze film. In his solution, the lubricant was assumed to be 
incompressible, whilst viscosity varied with pressure. From his results, he showed that a 
high pressure may be developed in the lubricant film and the pressure at the contact 
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centre exceeded the corresponding maximum Hertizan pressure. He discovered that the 
minimum film thickness is at the edge of the contact and that a characteristic of the 
dimple developed at the contact centre. These phenomena of central dimple and lubricant 
entrapment were predicted later experimentally by Dowson and Jones (1967). In his 
experimental work, Christensen (1962) obtained the results for a steel ball in dropping 
from a certain height under gravity into a polished surface of a metal specimen. He 
showed that the deformations in the presence of lubricant are deeper than in dry contact. 
Therefore, the theoretical finding for higher pressure in lubricated cases was confirmed. 
Following his earlier investigation, Christensen (1970) presented another numerical 
solution for two normally approaching lubricated spherical bodies. He assumed that the 
lubricant is incompressible and its viscosity was assumed to vary exponentially with 
pressure. From a computational point of view, he assumed a fixed central pressure, in 
order to avoid mathematical difficulties. From an engineering point of view this 
assumption is not realistic and, therefore, his solutions are not easily applicable to 
engineering problems. However, from his results, he showed that the very high pressures, 
considerably in excess of the Hertizan maximum pressure, could be generated by normal 
approach motion, as predicted by his previous work. 
Herrebrugh (1970) studied the EHL squeeze films between two normally approaching 
cylinders. He assumed that the lubricant is incompressible and isoviscous, and that the 
squeeze velocity is uniformly distributed along the film profile. In his solution, the 
fundamental hydrodynamic and elasticity equations that govern the problem are reduced 
to one single integral equation. He showed that the integral equation approach is 
successful in solving the EHL squeeze problem for two parallel cylinders approaching 
each other, and also he showed that the assumption of a uniform velocity in EHL squeeze 
problem might give an erroneous picture of what exactly occurs. 
A substantial advance has been made by Lee and Cheng (1973), extending the work of 
Christensen (1970). They presented a full numerical solution of the nonnal approach 
problem of two elastic cylinders. In their analysis, they considered the effect of surface 
velocity due to local elastic deformation, the effect of the lubricant compressibility, and 
the effect of lubricant viscosity. Their numerical method was the same as that used by 
Christensen (1970), in which a fixed value was assumed for the central pressure. From 
their analysis, they found that the surface velocity due to local elastic deformation plays 
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an important role during final stage of the motion. It causes the lubricant to be entrapped 
within the contact region and both the pressure and deformation profiles appear to 
converge to the Hertizan profile. They also found that, the effect of compressibility of the 
lubricant is relatively small. They showed that, a pocket is formed elastically on the 
cylinder surface near the contact centre during the early stage of normal approach, and it 
remains without much change in its shape until the final stage of the normal approach, 
resulting in a portion of lubricant inside the pocket to be entrapped. The depth of the 
pocket is dependent upon the centre pressure. However, their method is not directly 
applicable to many practical problems as indeed that developed by Christensen (1970), 
because of the assumption of a fixed value for the central pressure. 
Conway and Lee (1975) presented an analysis of the impact between a rigid sphere and a 
rigid flat surface covered by an oil film as functions of time and distance. They assumed 
that the lubricant is incompressible and its viscosity was assumed to vary exponentially 
with pressure. They showed that the increase in oil viscosity with pressure is a main cause 
of the deep conical dents .observed experimentally from studying an impact by a sphere 
through an oil film. 
Safa and Gohar (1986) carried out an interesting experiment to investigate the normal 
approach problem. They used a small manganin pressure transducer to measure the 
pressure distribution in the contact between an impacting steel ball on a glass plate 
covered by an oil droplet. They found that the pressure distributions obtained are similar 
to those obtained theoretically elsewhere under a steady state EHL rolling contact, but 
exceed by far their magnitude because of the force of impact, where the pressure reaches 
two peaks during the total impact time. The first peak corresponds to the stage of impact, 
where the impact force reaches its maximum. At the very end of the rebound process, 
immediately before the ball leaves the lubricated surface, a sharp contact pressure peak 
was found. From the shape of the pressure gradient time trace, they showed that no metal 
to glass contact occurs and the oil film always separates the surfaces. Furthermore, they 
also showed that the dimples are formed in each surface during the latter stages of the 
approach. 
Yang and Wen (1991 a,b) presented a full numerical solution, based upon a forward 
iterative procedure for investigating the pure squeeze action of a sphere that is gravitating 
downwards onto a flat surface, which is covered with a thin layer of viscous lubricant in 
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an isothennal elastohydrodynamic lubricated conjunction. The squeeze velocity resulting 
from the local elastic defonnation of the surfaces, the compressibility of the lubricant and 
a more realistic viscosity-pressure relationship proposed by Roelands (1966) were taken 
into account. They showed that the squeeze action was significant only when the film 
separating the bodies is very thin and a very high pressure in the film can be created by 
the squeeze velocity action. In this case, the pressure distribution differs considerably 
from the Hertzian distribution and a lubricant pocket is fonned in the surface near the 
contact centre, which remains virtually unchanged in shape since it is fully fonned. 
Bedewi et al (1992) and Rahnejat (1984) presented a generalised analysis for the squeeze 
film lubrication of a rigid ellipsoid approaching a plane for both isoviscous and 
piezoviscous lubricants. They developed an analytical expression for the load carrying 
capacity and nonnal approach velocities for pure squeeze film motion between an 
ellipsoid and a plane surface for both isoviscous and piezoviscous lubricants. 
An interesting theoretical analysis for the case of the nonnal bouncing of a solid elastic 
ball on an oily flat surface was presented by Dowson and Wang (1994). They studied 
both impact and re-bound. Their analysis showed that as the ball approaches the flat 
surface, the pressure in the contact increases and a lubricant entrapment is fonned at the 
centre of the contact. The pressure time traces exhibit a remarkable second pressure peak, 
or spike, that yield a profile very similar to the pressure distance trace from steady state, 
entraining EHL problems. Their findings confinn the experimental observations reported 
in 1986 by Safa and Gohar. 
Larsson and Hoglund (1994,1995) investigated theoretically the case of a ball impacting a 
flat lubricated surface. The results of their analysis showed the effects of ball mass, initial 
impact velocity, lubricant properties and the thickness of the applied lubricant layer on 
the minimum film thickness. They found that the absolute minimum film thickness 
increases if the initial impact velocity increases and by increasing the material parameter 
the film thickness is further enhanced. The absolute minimum film thickness reaches a 
maximum at a certain ball mass and if the ball mass decreases or increases from this 
optimum ball mass, the film thickness becomes thinner. They also found that there exist a 
critical value of the mass of the ball and the initial impact velocity. If the mass of the ball 
or initial impact velocity is smaller than a critical value no re-bound occurs. When their 
results are compared with the case of non-lubricated impact, they found that the pressure 
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in the contact at lubricated impact is higher than in the case of dry impact. Their results 
were compared with the experimental results presented by Safa and Gohar (1986) and 
showed good agreement. 
2.2.3 (b) Combined entraining and squeeze film action 
A clear fundamental understanding of the influence of combined entraining and normal 
squeeze motion is very important for highly stressed machine elements such as meshing 
gears, rolling element bearings, and cams and followers. The film thickness in those 
machine elements exhibits a cyclic variation over time. The maximum peak pressure in 
those elements may exceed the maximum pressure at steady state conditions, and it may 
cause the failure or fatigue of the machine elements. For the combined entraining and 
normal squeeze motion problem, the pressure and the film thickness are time dependent 
and must be obtained by solving the coupled transient Reynolds and elasticity equations. 
Wada and Tsukijihara (1981) presented an analytical solution for the elastohydrodynamic 
squeeze problem of two rotating cylinders under the conditions of both flooded and 
starved lubrication. They used Newton-Raphson method to solve the Reynolds equation 
and the elasticity equation simultaneously. Their solutions showed that, when the two 
cylinders approach each other under a constant load capacity and rolling velocity, the 
approaching velocity decreases with a decrease of the film thickness and an entrapment in 
the film appears as the approaching velocity becomes larger. 
Mostofi (1981) after obtaining the EHL solution to the two-dimensional Reynolds 
equation for point and elliptical contacts, equation (2-11), extended his solution to solve 
the line contacts problem. He developed a mathematical expression, which included the 
effect of squeeze action, to calculate the central film thickness. This formula was given 
as: 
(2-17) 
Where W: is the non-dimensional squeeze velocity. By using the same numerical 
solution as that of Mostofi (1981), Rahnejat (1984) provided an expression for the 
lubricant films generated at the edges of the contact for finite line contact. This 
expression for the lubricant film thickness at the side exit constriction for a pair of 
contacting discs was given as: 
H" = 1150U·o.857 G'0406W'-0037 exp[-138.059W: 1 (2-18) 
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Rahnejat and Gohar (1985) extended the fonnula used by Mostofi and Gohar (1982), 
equation (2-11), for elliptical point contacts to include the influence of nonnal approach 
action. This fonnula reads as: 
(2-19) 
Where: n = 0.649, m =-0.045 
Ghosh et al (1985) developed a numerical solution to the problem of hydrodynamic 
lubrication of rigid point contact in combined rolling and nonnal motion. They assumed 
that the lubricant was incompressible and isoviscous. They found that the squeeze motion 
significantly increase the load carrying capacity during nonnal approach and significantly 
decrease in load carrying capacity and peak pressure occurs during nonnal separation. 
They also derived a functional relationship for the ratio of the dynamic to steady state for 
both load carrying capacity and peak pressure in the contact in tenns of the dimensionless 
nonnal velocity parameter and the geometry parameter. They also found that increasing 
the geometry parameter increases the dynamic load carrying capacity and peak pressure 
during nonnal approach and the reverse effects are observed during separation. 
Recently, lalali et al (1998) presented a numerical solution of isothennal 
elastohydrodynamic conjunction for the elliptical point contact condition including the 
effect of squeeze film motion. They showed that this time-dependent behaviour increases 
the load carrying capacity ofthe contact, which is largely responsible as a mechanism of 
lubricant film fonnation when the low speeds of entraining motion yield a low film 
thickness. They presented an extrapolated oil film thickness fonnula that can be 
employed under dynamic conditions as: 
(2-20) 
All the above-mentioned studies and the expressions, equations (2-17) to (2-20), which 
included the squeeze film action, were obtained based on a series of quasi-static solutions 
for a given time. This means that a constant value of the squeeze velocity distribution was 
assumed in the contact. Therefore, the time history is not included in these expressions. 
Although this type of solution, which is based on a quasi-static analysis, has been a useful 
approach, indicating high load carrying capacity, it does not provide very accurate 
solution of lubricant film thickness. Therefore, a transient analysis, which provides a true 
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picture of the events taking place within the conjunction, is required in order to solve 
these problems. 
One of the firsts who studied the influence of combined entraining and normal motion on 
the hydrodynamic and elatohydrodynamic lubrication of line contacts for incompressible, 
exponentially varying viscous lubricants was Vichard (1971). He investigated the effect 
of the variation of the parameters of the contact such as the normal applied load, rolling 
speed and radius of curvature with time. In order to simplity the solution, he used the 
Grubin approximations; the shape of elastically deformed solids in conjunctions is the 
same as the shape produced in the Hertzian contacts. This assumption resulted in no 
pressure spike and an incorrect film thickness shape. He defined two parameters, a wedge 
parameter, x,, and a squeeze parameter, x p' to quantity the significance of each term. He 
found that the squeeze effect adds to the wedging effect to compute the load, and the 
squeeze possesses all the characteristic of viscous damping phenomenon acting on a 
system. A quantitative agreement with work of Vichard (1971) was also provided by 
Rahnejat (1984) for combined rolling and squeeze film motion for piezoviscous lubricant. 
Oh (1984) developed a numerical method for solving transient EHL, based upon the finite 
element approximation of the governing field equation, and the Newton-Raphson 
algorithm for solving a dynamically loaded elastohydrodynamic point contact problem. 
He considered a sinusoidal variation of contact load and considered the effect of 
deformation rate and analysed the squeeze film under dynamic loading. His studying was 
divided into 2 cases, lightly and moderately loaded cases. In the first case, he found that 
during the periods of increasing loads (O<t<1t), the minimum film thickness fairly 
constant, which shows that the deformation of the surfaces is almost equal to the 
approach of the two surfaces. During periods of decreasing loads (1t<t<21t), the minimum 
film thickness increases as the load is reduced. This shows that the deformation of the 
surfaces is minimal, and much of the increase in film thickness is attributed to the 
widening gap between the two surfaces. In the second case, he found that the variation of 
minimum film thickness with time follows the general pattern for the lightly loaded case. 
During the period (O<t<1t), the minimum film thickness on an average remains fairly 
constant, while during the period (1t<t<21t), it increases. However, the film thickness in 
the moderately loaded case is several orders of magnitudes smaller. 
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A full numerical solution for solving the general transient elastohydrodynamic line 
contacts was presented by Ai and Yu (1988). Their solution was based upon the Newton-
Raphson scheme and low relaxation iteration. They assumed that the lubricant is 
compressible and viscous. By analysing their results, they showed that the variation in 
load, entraining speed or curvature radius causes normal approach or separation between 
contacting surfaces, and therefore a squeeze effect is generated. This squeeze effect 
increases the film pressure when the surfaces are close to each other and decreases the 
film pressure when the surfaces are separated and through the squeeze effect, it is 
possible to maintain full film lubrication even when the entrainment speed drops to zero. 
They employed their numerical algorithm to analyse the transient EHL of a cam-tappet 
pair. 
Lee and Hamrock (1989 a) developed an analytical solution, using the Newton-Raphson 
method to solve the problem of combined entraining and normal squeeze motion in non-
conformal line contacts when hydrodynamically lubricated. Making the assumption of an 
isoviscous and incompressible lubricant, they analysed squeeze action for a complete 
range of operating parameters without any limitation on load and speed. In another work, 
the same authors (1989 b) presented a numerical solution, based also on Newton-Raphson 
method to solve the EHL of line contacts in combined entraining and normal squeeze 
motion. They used the results of an earlier study under hydrodynamic conditions, as an 
initial guess for their elastohydrodynamic case. They found that these initial guesses were 
very useful and only a few iterations at each time step are needed. They investigated the 
effect of dimensionless load, dimensionless entraining velocity and dimension less 
material parameters on squeeze film. They found that, the maximum value of the peak 
pressure was always higher than the well-known steady state pressure spike. The dimple 
depth, the central normal squeeze velocity and the film shape at each time step was found 
to be dependent on the load, entraining velocity, material parameter and the central film 
thickness. 
Another numerical solution based also on Newton-Raphson method to solve the transient 
hydrodynamically lubricated point contacts was developed by Lim and Brew (1991). 
Making the assumption of incompressible and viscous lubricant, they analysed squeeze 
action and found that, their results could be applied to the design of moderately loaded 
ball bearings. 
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Osbom and Sadeghi (l992) presented a numerical solution for time dependent 
compressible EHL of line contacts. They used a multi-Ievel/multi-grid technique to 
simultaneously solve the time dependent Reynolds and elasticity equations. Their results 
show the effect of various operating parameters on the transient response behavior of a 
lubricated contact. They found that the load and speed parameters are the primary factors 
affecting the response of a lubricated line contact, and that the material parameter does 
not greatly affect the response. 
Yang and Wen (1992) investigated the behaviour of the thermal EHL film in line contacts 
under dynamic loads. They developed a numerical procedure based upon forward-
iterative technique for solving the time dependent thennal EHL problem. They assumed 
that the lubricant is non-Newtonian. They showed that the influence of load oscillations 
upon the oil film thickness. Their results reveal that there exist two aspects of the 
influence of load oscillations on the contacts, to retard the film changes and to increase 
the film thickness. They also found that at very high frequency, the load oscillation can 
create round in shape peaks of pressure and temperature in the inlet zone, while at very 
low frequency, the transient effects are negligible. The other important conclusion is that, 
in the practical scope of frequency, the dynamic load can not alter the general 
characteristic of the thermal EHL solution. 
Larsson and Lundberg (1994) studied EHL in combined sliding and squeeze motion, both 
theoretically and experimentally. In their experimental work, a rotating roller impacted 
and rebounded on a lubricated surface. They found that the oil film breakdown always 
occurs at the end of the impact time, when the contact force is low. Furthermore, they 
found that there is an upper limit for the sliding velocity, below this limiting velocity no 
oil film breakdown occurs. They explained theoretically the reason for a phase shift 
between maximum contact force and oil film breakdown is due to the damping and elastic 
behaviour of the oil film. They also showed that, the hydrodynamic influence due to 
sliding motion is small compared to the effects due to squeeze motion, therefore, the 
formation of oil film pressure is dominated by the squeeze motion. 
Wijnant and Venner (1996) presented a numerical solution to investigate the influence of 
the lubricant on the vibration of rolling elements. In their numerical solution for an EHL 
circular contact they considered entraining motion and squeeze motion as well as the 
inertia forces. They showed that, when the rolling velocity is much less than the speed at 
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which the two bodies approach each other the squeeze velocity dominates, e.g. impact 
EHL. On the other hand, when the rolling speeds of the surfaces are much larger than the 
squeeze speed the solution reduces to the steady state solution of EHL problem. They also 
showed that, the oscillation is damped by the lubricant and the period of oscillation is 
hardly affected by the lubricant. 
Scales et al (1996) presented a detailed computer simulation ofthe oil film shape in EHL 
line and point contacts under transient conditions using an iterative technique, and 
compared their results by experimental measurements using an optical interferometry. 
They found that the transient effect in EHL can not be ignored. It plays a vital role in the 
lubrication of engineering components such as valve trains and gears. They showed that 
under EHL point contact reversal conditions, the entrapped lubricant in the Hertzian 
loaded region prevents the film thickness falling to zero at the point where the 
entrainment velocity is zero and changing direction, thus full film lubrication is 
maintained. 
However, it is generally recognized that the EHL film thickness under steady state 
conditions is determined by fluid flow at the inlet of the conjunction. Because of the 
viscous-elastic or elastic-plastic behaviour of the fluid under high pressure, once within 
the contact, the film travels through the conjunction at the average velocity of the 
opposing boundaries, with little further change in its thickness. This principle should also 
hold for non-steady state conditions, where the inlet velocity varies with time. Therefore, 
it is assumed that the central film thickness is related to the velocity of the boundaries 
when the fluid flows into the conjunction at the upstream position and that the film 
thickness can be approximated by the conventional steady state EHL formula, but with 
this upstream velocity. Based on this assumption, Sugimura et al (1999) proposed a 
simple approximation of elastohydrodynamic film thickness under varying speed 
conditions (constant acceleration). Their simple model was based on continuity of flow, 
by which the film formed at the contact inlet region moves downstream within the contact 
with little subsequent change in its thickness even though the bounding surface velocities 
are changing. Their simple approximation is supported by the experimental results of 
non-steady state film thickness measurements using ultrathin film interferometry 
presented by the Sugimura et al (1996,1998). They also carried out numerical simulation 
of rigid piezoviscous line contact, and found that the numerical simulation supports the 
present model. Their simple model has the form of: 
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h(u,a) = h,(u)(I-0.67aSblu') (2.21 ) 
Where, ~ is the non-dimensional upstream distance, a is the acceleration and b is the 
Hertzian contact radius. This formula equation (2-21) provides a more accurate film 
thickness prediction during acceleration/deceleration motion than that predicted by the 
conventional steady state formula. 
Recently, Jalali et al (200 I) presented a full numerical solution for the transient 
isothermal EHL of point contact conjunctions, based upon the Newton-Raphson scheme. 
Their numerical results for the transient conditions conformed relatively closely to the 
experimental findings of Ren et al (1991) and agreed well with the experimental 
measurements of Nishikawa et al (1995). They also made further comparisons with 
previously reported finite element solution for a point contact sUbjected to cyclic loading 
presented by Oh (1984) and observed a good agreement. They showed that the transient 
conditions introduced by variation in the speed of entraining motion in a reciprocating 
contact cause lubricant film entrapment at the ends of the stroke, where inlet reversals 
take place and the lubricant film is momentarily supported by pure squeeze film action. 
This work also appears in lalali (2000). 
The recent advances in micro-engineering have resulted in the downsizing of machine 
elements with very thin film conjunctions, typically in the order of or below 200 nm. 
With miniaturisation and reduction in the mass and inertial properties of components in 
machines, the loads applied to the mating members in contact have been dramatically 
reduced in recent years. This trend has resulted in the formation of vanishing narrow 
conjunctions, with an ultra-thin lubricant film ofthe order of a few to tens of nanometres. 
The dynamic nature of the contact problem in practical applications necessitates the study 
of the physics of motion of the lubricant film under transient conditions. Indeed the 
transient nature of structural and molecular interactions is the source of induction of such 
mixed mechanisms of lubrication, particularly in vanishing narrow conjunctions. The first 
solution for this type of problem is in AI-Samieh and Rahnejat (2001 b, 2002). They 
studied the mechanism of fluid film lubrication in ultra-thin conjunctions under 
counterformal concentrated circular point contacts under transient conditions including 
the effect of structural surface and molecular forces. They showed that lubricant 
discretization takes place due to the action of structural solvation force in a diminishing 
gap of the order of a few to several diameters of the intervening fluid between the 
adjacent solid surfaces that are molecularly smooth. They also showed that the film 
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thickness formation in not speed dependent and gave a physical explanation for the 
discretization. In fact, Johnston et al (1991) showed that the film thickness generated in 
the range 5-15 nm appears to be more speed-dependent than the EHL theory predicts. 
This has been shown by AI-Samieh and Rahnejat (2001 a,b, 2002) and later in this thesis 
not to be a speed dependency of nano-films. They showed that the apparent deviation 
from rolling speed power is due to combined EHL and surface forces. 
2.2.4 Measurement of EHL pressure 
In earlier theoretical analysis of the hydrodynamic performance of highly loaded contacts 
of Grubin (1949), the pressure distribution within the contact zone is assumed to be 
Hertzian. It was thought that the Hertzian pressure is unaffected by the contact conditions 
whether dry or lubricated with surfaces stationary or in relative motion. The refined 
theories developed by Petrusevich (1951), Cheng (1970), among others showed that the 
actual EHL pressure distribution depart from the Hertzian shape. This departure is 
manifested in form of a second pressure peak (spike) at the exit of the lubricated contact. 
This pressure spike has shown to be affected by speed increase and displays a theoretical 
value far in excess of the predicted maximum Hertzian pressure. To identitY the exact 
value and location of the pressure spike, theoretical attempts of Dowson and Higginson 
(1965) among others have been carried out using iterative procedure. Referred to the 
experimental work conducted under EHL pressure measurements, the experimental 
findings reported that the hydrodynamic pressures get high values at the intimate contact 
zone and its distribution is confined to very narrow region. Thus due to the complications 
encountered in detecting and measuring the pressure distribution within the very narrow 
contact zone, the adopted experimental techniques of measuring pressure are relatively 
complicated. Measurement of EHL pressure distribution between the con formal contact 
of a bronze disc and a rubber block is carried out by Higginson (1962). He measured a 
pressure distribution through a pressure tapping inserted into the rubber block, which 
remained stationary in their sliding motion against a rotating bronze disc. Dowson and 
Longfield (1963,1964) used the same method as that of Higginson (1962) to measure the 
contact pressure between con formal contacts of bronze disc and steel surfaces. Niemann 
and Gartner (1965) used also the same method as that of Higginson (1962) and managed 
to measure the pressure distribution for counterforrnal line contacts in both axial and 
radial directions. Their results indicated that the pressure remained constant over the 
contact width and gradually decayed near the contact edges. 
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The measurement of pressure under high loads received more attention in 1958 following 
the work of Bridgeman (1958) on bulk Manganin. This material was chosen for the 
pressure transducer because its resistivity varies significantly linear with the applied 
pressure but is little affected by changes in temperature. Kannel et al (1965) used thin 
Manganin strips deposited on quartz disks to measure the pressure distribution under pure 
rolling condition. Later, Kannel (1965) and Cheng and Orcutt (1965) modified this 
technique for use with steel disks, by depositing insulating material between the 
transducer strip and the disk metallic surface. In fact, their results were obtained by 
monitoring the resistance of the Manganin strip each time as it passed through the contact 
area. Hamilton and Moore (1967) obtained pressure measurements using a small 
Manganin transducer and showed some evidence of a secondary pressure peak. When 
their results are compared with the reported theoretical findings, they showed that the 
pressure spike obtained experimentally is much smaller in magnitude than that predicted 
theoretically. Improvements were made on the Manganin transducer by a number of 
researchers like Hamilton and Moore (1971), Kannel (1974) and Bartz and Ehlert (1976) 
for studying the pressure distribution by reducing the size of the fabricated transducer. All 
showed that the existence of a secondary pressure peak, although its magnitude is still 
smaller than values usually obtained by numerical solutions. 
Safa et al (1979) developed a new method for depositing the pressure transducers on the 
contacting surfaces of a disc machine by using R.F. sputtering and flash evaporating 
techniques. They managed to produce reproducible transducers of a few microns width on 
steel discs to be used in a disc machine up to Hertzian pressures 3.5 GPo. Their results 
indicated that the traces of the secondary pressure peaks could appear. Safa (1982) used 
the similar device to study the EHL pressure distribution in the line contact of rolling 
discs in a disc machine. By using a laser milling methods with a computer controlled, he 
was able to produce miniaturised transducers, which are able to clearly reveal significant 
primary and secondary pressure peaks. As the active element of the transducer moved 
through the contact, the signal generated by it was recorded in a digital storage 
oscilloscope. From his results, he found that the primary pressure peak was close to the 
calculated maximum Hertzian pressure. He also found that, the secondary pressure peak 
became narrower and moved towards the exit side of the contact with increased load and 
reduced relative surface velocity. 
------------- - --
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In 1985 Mokhtar and Abdel Ghany used a two disc machine with a spherical disc mating 
a plain cylindrical one, which is constructed to operate at different ellipticity ratio under 
various loads and speeds. The discs were arranged such that their axes could be skewed 
relative to each other. The pressure transducer is produced by evaporation technique. In 
this case, the Manganin in evaporated form has been deposited between two insulating 
layers of silicon dioxide in a longitudinal slit cut into the plain cylindrical disc surface. 
They obtained the pressure distribution in the contact zone for various loads, speeds and 
skew angles between the mating discs. The pressure traces obtained by the Manganin 
transducer show an almost Hertzian shape with their maximum values depending on the 
applied load. A weak secondary pressure peak occurs in all cases near the exit of the 
contact. It is evident from their results that with the increasing load the exit gap between 
the contacting discs decreases and yields higher pressures. Therefore, the magnitude of 
the secondary pressure peak increases accordingly in order to ensure the continuity of the 
oil film flow through the contact conjunction. 
Safa and Gohar (1986) used a small Manganin pressure transducer to study the EHL 
pressure distribution under pure squeeze action by dropping a steel ball onto a glass plate, 
which was covered by an oil droplet. The pressure transducer was deposited on the 
surface of the glass plate. The width of such micro-transducers is typically 10-15 fJ11I. 
They showed that no surface-to-surface contact occurs during the impact and the oil film 
always separating the surfaces. This finding confirmed the theoretical predictions made 
for impacting solids separated by an oil layer of Christens en (1970). This work provided 
an insight into the squeeze film mechanism that occurs in the concentrated contacts such 
as cams and followers, rolling element bearings and meshing gears. 
2.2.5 Measurement of lubricant film thickness 
The experimental investigation of the lubricant film thickness generated within an EHL 
conjunction has developed steadily from the early work undertaken on line contact 
conditions during the early 1950's, as is the case with theoretical investigations. The 
earliest experimental investigations were concerned with verifYing the existence of a 
lubricating EHL film in contacts where the lack of wear had previously been attributed to 
boundary lubrication. The different techniques developed to measure the EHL film 
thickness are basically divided into four categories: 
I. Electrical properties technique (capacitance or resistance) 
2. The electrical discharge method 
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3. Transmission techniques (i.e. the X-ray technique) 
4. The optical interferometry technique. 
The electrical resistance method for measurement of lubricant film thickness was first 
considered in the early 1950 by Lane and Hughes (1952). They conducted an experiment 
for measuring the presence of a lubricant film thickness between contacting gear pairs, 
based upon electrical resistance method. From their experimental results, they showed 
that the thickness of the oil film is not uniform over the tooth surface but appears to 
depend on sliding speed, being thinnest where the sliding speed is highest. They also 
showed that, the interpretation of electrical resistance in terms of oil film thickness was 
not possible, and the low values obtained suggest that metallic contact may occur 
particularly in those areas where the sliding speed is highest. 
The measurement of film thickness in an EHL contact using the electrical capacitance 
technique was first introduced by Lewicki in 1955. He devised a method for measuring 
the electrical capacity of the disk-lubricant-disk system and from which he obtained the 
film thickness. Lewicki's work produced a film thickness measurement for a line contact 
on the order of 10-6 m, a figure known to be a characteristic of line contacts today. 
The first widely accepted results, employing the capacitance method was presented by 
Crook (1958 and 1961). He measured the capacitance between the contacting discs and 
the capacitance between the stationary unloaded pads riding upon the surface films and its 
dicks. The results found by him, however, were not in good agreement with the theory. In 
particular, the dependence of oil film thickness on the speed of entraining motion found 
experimentally disagreed with the theoretical predictions. 
Archard and Kirk (1961 and 1964) used the electrical capacity and electrical resistance 
methods to measure the oil film thickness between rotating steel cylinders with their axes 
mutually at right angles. Over a wide range of their experimental conditions, they found 
good agreement with the theoretical hydrodynamic predictions at very light loads, but as 
the load is increased, a departure from the classical theory occurs because the viscosity of 
the oil increases under the applied pressure and under such applied high loads, the elastic 
deformation of the surfaces becomes important. Shawki et al (1982) presented a full 
picture of EHL oil film thickness profile together with relevant temperature and friction 
characteristics obtained under pure sliding condition by using a disk machine. They 
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measured the oil film thickness by a novel electronic technique utilising a capacitive 
transducer. They showed that the experimental results confirm the existence of a 
minimum film thickness towards the exit, of the order of (85-90)% of the oil film 
thickness at the line of centres of mating disks, and this being accompanied by a 
maximum oil film temperature. By comparison of their experimental findings with 
theoretical predictions of Dowson and Higginson (1966), they showed that agreement in 
general trend but discrepancies in relevant values. 
The disadvantage of the capacitance method is that it is difficult and requires expensive 
and complicated apparatus and fails, even for very smooth surfaces, at film thickness less 
than about 10-6 cm. Moreover, it is difficult to use it with sliding surfaces of ordinary 
engineering quality, e.g. ground surfaces of (0.25-0.5) fDYI surface finish, and the time 
required for a measurement varies from a few seconds to a few minutes, depending on the 
conditions. 
Cameron and his colleagues (1958) suggested an alternative method, the discharge 
method, which offered many advantages. It used simple and inexpensive equipment and 
was not limited in principle by surface roughness or the thinness of films. In another 
experimental work presented by Dyson in (1966-1967) to measure the oil film thickness 
based on this technique, Dyson performed his experimental work in a disc machine to 
measure the oil film thickness between two moving metal surfaces. He disputed the 
validity of this type of experimental technique by a detailed comparison of its results with 
those of the capacitance method and concluded that the voltage discharge technique does 
not give consistent and acceptable predictions. 
Sibley et al (1960) and Sibley and Orcutt (1961) were the first to measure film thickness 
by X-ray transmission technique. They measured the oil film thickness through the 
contact zone formed between the rolling and rolling-sliding surfaces of hardened steel 
rollers by transmitting a collimated beam of X-rays. The principle of this method lies on 
the directing a beam of X-rays at the contact between two lubricated rolling disk surfaces, 
which is essentially transmitted through the lubricant, but absorbed by the solids. They 
measured the intensity of the X-ray beam on the opposite side of the contact, which was 
proportional to the oil film thickness. 
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The most widely used and accurate method for film thickness measurement has been the 
optical interferometry. This technique had been presented in 1962 by Kirk, who used the 
optical interference technique to investigate the oil film thickness formed in the contact 
between a pair of Perspex cylinders. This technique involves viewing the contact region 
through one of the contacting solids (made of a transparent material) and observing the 
interference pattern (Newton's rings) produced by the constructive and destructive 
interference of the light, which is reflected back from the opaque solid's surface. Kirk 
(1962) observed that the contact region is very close to a Hertzian contact in form, but he 
could not reach high loads due to the material properties of the contiguous bodies, 
therefore, he could not generate high contact pressures and so the changes of lubricant 
viscosity would have been negligible. 
The main advantage of optical interferometry is its ability to allow direct measurement of 
both minimum and central film thickness and indeed to reveal the full topographic feature 
of EHL films. However, it requires one of the mating surfaces to be transparent and thus 
the materials involved may not be a representative of those found in typical gears or 
rolling element bearings. The implementation of this technique is, therefore, relatively 
complex, whereas interpretation of the results is relatively straightforward, and this may 
be contrasted with the features of capacitance measurement where implementation is 
straightforward and the interpretation of the results is considerably more complex. 
The point contact condition was investigated ~ Gohar and Cameron (\963) and Cameron 
and Gohar (1966). They used a lubricated rotating steel ball, loaded against a flat plate of 
high refractive index of glass and obtained interference patterns, which were the first to 
show the classical horse-shoe constriction in EHL point contact. The interference patterns 
obtained by them were clearer than those obtained by Kirk (1962), but still required 
further refinement. Furthermore, their use of sliding contact (i.e. the ball was made to 
slide against the glass plate) limited the results to a small range of values of load and 
speed. 
Some of these limitations were overcome by Gohar and Cameron (1967) by replacing the 
high refractive index glass, which was used by them in 1966 with sapphire and diamond 
as the transparent contacting member. They obtained results of better quality at higher 
loads. Their results have illustrated the usefulness of optical interferometric methods in 
mapping the film shape in concentrated contact lubrication. They showed that the film 
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shape for both point and line contact depend critically on speed and load, and 
considerable departure from the static Hertzian shape occurs at quite low speeds. 
A significant improvement in the fringe quality was achieved in the work presented by 
Foord et al (1968), by depositing a 20% reflective layer of chromium on to plate glass, 
instead of relying on differences in reflective index. This technique has the advantage of 
making the optical properties of the glass play no part in the interference mechanism and 
allowing normal plate glass with its good mechanical properties, or any other suitable 
material, to be used. They obtained results for pure rolling under high speed rolling 
conditions. However, the transparent medium used by Cameron and Gohar (1966) was a 
glass of high lead content with a refractive index of 1.93; this was sufficiently high 
compared with the refractive index of the oil investigated to give partial reflection, and 
hence some interference, at the glass to oil interface. However, the fringes were not very 
clear and an improvement was made by Foord et al (1968) by depositing a 20% reflective 
layer of chromium on to glass plate, but this method has the disadvantage of that about 
20% of the incident light is absorbed in the chrome. If the reflectance of the glass surface 
can be improved then multiple interference is achieved with considerably sharper fringes. 
The higher reflectance has been achieved by depositing a quarter wavelength layer of 
titanium dioxide. The absorption of light passing through this layer is only 0.5%, which 
compares favourably with the 20% loss in a chromium layer. This layer was used in the 
experimental work of Westlake and Cameron (1967). 
In summary, early work employed the natural reflection between two media of different 
refractive index to produce the interfering beam, but the fringes were faint. A major 
advance came when semi-reflecting coatings were deposited on the transparent member 
to significantly increase the visibility of the interference fringes as shown by Foord et al 
(1968). A further development by Westlake and Cameron (1967) was achieved by 
depositing a quarter wavelength layer of titanium dioxide. 
The problem of pure squeeze motion was investigated by Dowson and Jones (1967). They 
studied pure squeeze film experimentally with an optical interferometry technique 
between a loaded steel ball and glass plate. By using a high-speed photographic camera, 
they measured the squeeze film between a loaded steel ball and a glass plate in the 
presence of lubricant. They obtained the interference fringe patterns and showed that an 
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entrapped pool of oil is generated in the centre of the contact (i.e. a dimple in the film 
shape) as predicted by Christensen (1962). 
Westlake and Cameron (1967), (1967-1968) and (1969) studied the transient oil film 
contours, using a mUltiple beam with a gas laser as the main source of radiation. The 
limitation of measuring film thickness less than 900 0 A was overcome by them by 
depositing a film of silicon dioxide on a titanium dioxide, which was coated on to a glass 
plate. In their experiments, a steel ball was dropped onto an optical grade borosillcate 
glass plate, which was covered with oil. They obtained the interference fringe patterns 
and showed that the formation of an entrapped pool of oil which acts like a solid giving 
rise to a pressure that were found to be greater than the pressure under dry elastic contact 
conditions. 
Wedeven and Cameron (1967-1968) used an optical interferometry technique and a high-
speed flash photography to study the lubricating film characteristic formed in rolling 
bearing. They showed that the use of high-speed flash photography facilitates the 
observance of the condition of lubrication at an instant in time. 
Roberts and Tabor (1968) managed to measure the oil film thickness formed between a 
loaded flat glass plate and a hemisphere or hemicylinder of smooth rubber surface, using 
an optical interferometry technique. They showed that under static contact conditions, the 
oil trapped is clearly recognisable and after approximately 5 min most of the entrapped 
liquid has been squeezed out, as those described by Dowson and Jones (1967). The 
existence of horse-shoe constriction at the exit of the contact was also shown by them, 
when the glass plate was set sliding as those previously described by Cameron and Gohar 
(1966) for steel on glass. 
In another experimental work presented by Foord et al in (1969-1970), they extended 
their work represented by them by using an optical interferometry technique in a previous 
paper in (1968). In part I of this paper, they obtained an extended series of pictures 
showing the. shape of a point contact EHL. Extremely good fringe visibility is obtained by 
taking account of the reflectivity of the semi-reflecting chromium layer on.the glass plate 
and the reflectivity of the steel balls. They found that the shape of the contact is quite 
different from the Hertzian shape frequently assumed. Their experimental work was run 
under conditions of pure rolling, pure sliding and a combined of rolling/sliding ratio. In 
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part 1I of the same paper, they presented a detailed design considerations needed to give 
fine fringes. They considered the quality of the rolling pair, the degree of collimation and 
the design of the collimators. Their discussions also include, the choice of reflecting layer 
and the light sources and a technique for measuring a film thickness down to 100 Q A . 
Wedeven et al (1971) investigated the starvation effect for point contact geometries under 
pure rolling conditions by analysing the results of their optical interferometry of the 
contact. Their results showed that the onset of starvation is reflected in the expected 
location of pressure commencement, and that film thickness diminishes to zero as the 
lubricant boundary approaches the Hertzian region. They presented a theoretical model, 
which assumed a semicircular meniscus and supported their experimental findings. From 
their results, they found that the onset of starvation is not very well defined, but can be 
approximated by hb / h". = 9, where hb is the thickness of the lubricant film at the inlet 
boundary and h". is the central film thickness. This relation can be used to derive the 
onset of starvation in terms of the inlet distance, which is the distance between the 
lubricant boundary and the edge of the Hertzian region. 
One of the main limitations of the optical interferometry technique for measuring 
lubricant oil film thickness is its restriction on higher applied loads. Most of the 
experimental studies in this field until 1970 involved modest loads. Therefore, the 
generated hydrodynamic pressures were lower than the maximum pressures, which would 
normally be encountered in practical engineering situations. The main reason for this 
restriction was the use of a glass or a sapphire plate as one of the contacting solids. As the 
elastic modulus of glass is too low, obtaining high Hertzian pressures in the contact of 
solids against glass is impossible. On the other hand, in spite of the high elastic modulus 
of sapphire, high pressure can only be attained by applying loads of several hundreds of 
Newton. In practice applying such high loads is not without risk. Therefore, the maximum 
Hertzian pressure in the most of the experimental works in the field of EHL film 
thickness has been limited below 1.5 GPa. Gohar (1971) overcame this limitation of 
optical interferometry technique. He used an optical interferometry technique to 
investigate the effect of material properties upon the oil film thickness in EHL point 
contact. He used different materials for plate and ball. For example, for plate he used 
Perspex, sapphire and glass plate, and for ball, he used steel and tungsten carbide. In his 
experimental work, he used a different combination of ball/plate material and the 
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maximum Hertzian pressure obtained was 3.5 GPa by using a tungsten carbide ball 
loaded against a sapphire disc. Later, Gentle and Cameron (1973) measured the oil film 
thickness in pure rolling condition under pressure of more than 2 GPa. They obtained 
these high values of pressures by using a lubricated sapphire disc, over which a highly 
polished tungsten carbide ball rotated. They concluded that, there was no evidence of a 
marked fall in film thickness for the range of fluids used beyond what it normally 
expected. 
In a short communication reported by Bahadoran and Gohar (1974), concerning the effect 
of speed, load and geometry on the oil film thickness and shape in a roller bearing by 
using an optical interferometry. They observed that the loss of linearity of the oil film 
thickness against speed. This behaviour is assumed to be due to oil inlet starvation. They 
also found that, unlike models, where only one rolling element is present, the starvation 
probably becomes more significant with increase in the number of rolling elements (4 
was in these experiments). The starvation phenomenon appears to occur even with 
adequate oil supply. 
Wymer and Cameron (1974) used an optical interferometry to investigate the oil film 
thickness between a taper roller bearing and a glass plate under pure rolling conditions. 
Their results showed a detailed information on film profiles with blended and unblended 
edges. They also studied the effects of lubricant starvation and deep scratches on oil film 
thickness, and found that almost every roller bearing must operate under starved 
conditions, since it is very difficult to prevent starvation, and the effect of deep scratches 
is dramatic. They compared their experimental results with theory, and found that good 
agreement with theory. They also derived empirical formulae for film thickness in the 
central region and at the exit constriction. 
Wedeven (1975) measured traction and film thickness under starved EHL rolling and 
sliding conditions for point contact geometries. He obtained fringes of good visibility 
using optical interferometry with a 17% reflecting layer of chromium on the bearing 
surface of the transparent disk in contact with a steel ball. By simultaneous measurements 
of the film thickness and the location of the inlet lubricant boundary, he concluded that 
the thickness of a starved film for combination of rolling and sliding conditions varies 
with the location of the inlet boundary in the same way to that under pure rolling 
conditions. The ratio of lubricant film thickness at the meniscus to the oil film thickness 
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in the contact domain defines the fully flooded conditions. He also found that in all cases, 
which were tested, the starved film has greater traction than a flooded film for the same 
slide/roll ratio, and this can be explained in terms of improved heat conduction when the 
film is thinner or starved. 
A laser beam diffraction technique for the measurement of film thickness was presented 
by Willis and Seth (1977). This technique is based on the principle that the light beam 
passing through the small gap is diffracted, and the diffraction patterns obtained are 
related to the gap geometry. They derived an empirical equation, which enable the 
researcher to determine the film thickness between rollers in terms of oil properties 
(density, viscosity and refractive index) and the geometry of the light beam (wavelength, 
distance from oil film to diffraction screen and diffraction pattern bandwidth). 
Dalmaz (I978) investigated experimentally the formation of oil film thickness by using 
optical interferometry in a small elliptical contact under EHL conditions on a new barrel 
and plate apparatus, under rolling-spinning-sliding conditions. He found that the film 
thickness formation and the replenishment of the inlet region of the contact is ensured by 
the thin oil layers, which cover each moving surface and the oil located on both sides of 
the Hertzian region. He also found that the measured central and minimum oil film 
thickness under pure rolling conditions are in good agreement with the fully flooded and 
starved Hamrock and Dowson's (1977) EHL theories down to a film thickness of 50 nm. 
Additional sliding and spinning has no significant changes on film thickness formation. 
Gledhill et al (1978) used an optical interferometry to measure oil film thickness in the 
case where the lubricant entrainment was directed along the major axis of the contact 
ellipse. They found that the measured minimum oil film thickness is compared well with 
the minimum oil film thickness equation of Harnrock and Dowson (1977 a) and Archard 
and Cowking (1965-1966). 
Pemberton and Cameron (1979) used an actual cylindrical roller bearing as a part of an 
experimental rig to study the EHL oil film thickness by optical interferometry. They used 
a special test rig with a 65 mm bore radial cylindrical roller bearing, which was designed 
with especially sapphire window in its outer track. With this specially polished rollers and 
chromic oxide coating on the window, they obtained excellent interferometric lubricant 
oil film thickness measurement. They showed that at low speeds, the isothermal theory 
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gives accurate predictions of film thickness, while at higher speeds, viscous heating at the 
inlet zone (lowering both the viscosity and the piezo-viscosity index of the lubricant) 
must be taken into account. They also showed that the inlet boundary length controls the 
contact oil film thickness, and severe starvation could only be induced by limiting the 
initial oil supply. Under these conditions, all film constrictions disappear without causing 
a drop in the oil film thickness. 
The tribological behaviour of contacting surfaces can be influenced by the topography of 
the surfaces. The degree of influence mainly depends on minimum film thickness and the 
topographical features of the surfaces. Such influence is especially acute in EHL contacts 
where the minimum film thickness and the surface irregularities can be of the same order 
of magnitude. Under these conditions, both analytical and experimental studies of the 
contact are difficult. Because of this difficulty, there has been a tendency to simplify real 
rough surfaces with surfaces, which can be more easily analysed. These simplifications 
have been made by considering only transverse or longitudinal roughness, by artificially 
producing rough surfaces and defects, and by analysing single asperities. 
A criticism of the optical interferometry technique has been that the smooth surfaces of 
the optically flat glass plates and superfinished balls used in such studies are not typical 
of real bearing or gear surfaces, which have an associated roughness often similar in size 
to predicted oil film thickness. However, a number of researchers have employed optical 
interferometry technique to investigate the fluid film formation in the presence of defects 
in the contact region. In the experimental work presented by lackson and Cameron 
(1976), the superfinished ball was replaced by a roughened ball, and optical 
interferometry was used to study the lubrication of rough surfaces. The experiments were 
conducted using a simple sliding point contact rig in which a smooth glass plate with a 
titanium dioxide semi-reflecting coating and a silicon dioxide spacer layer was rotated 
over a static steel ball on which an artificial roughness had been created. They showed 
that micro-elastohydrodynamic lubrication of asperities is significant in the lubrication of 
a rough surface. In another experimental work, Kaneta and Cameron (1980) used an 
optical interferometry technique to study rough surfaces under EHL point contacts. They 
introduced three-dimensional asperities by sputtering chromium onto a steel ball, which 
was run against a smooth glass plate under both rolling and sliding conditions. They 
compared their experimental findings with the various published theoretical theories. 
They found that the film thickness found in pure sliding are different from those observed 
Chapter 2: Literature Review 48 
in pure rolling, which are nearly equal to the theoretical values. The authors attributed this 
difference to the existence of shear stress caused by relative motion between the asperities 
and glass plate. 
Later, Cusano and Wedeven (1982) studied the effects of artificially produced dents and 
grooves on the EHL film thickness profile in a sliding point contact by means of optical 
interferometry. They created some defects on the surface of a highly polished ball, which 
is in contact with a sapphire disk. The ball and, therefore, the defects are held stationary 
at various positions in the inlet region while the disk is moving. They showed that the 
defects that are likely to exist in practice can dramatically change the film thickness in the 
contact region. The change in the film thickness mainly depends upon the position of the 
defects in the inlet region, the geometry of the defects, the orientation of the defects and 
the depth of the defects relative to the central film thickness. 
Koye and Winer (1981) used an optical interferometry to measure the minimum lubricant 
oil film thickness separating the EHL lubricated point contact of a steel crowned roller 
and a flat sapphire disk. They used their experimental data to evaluate the Hamrock and 
Dowson (1977 a) minimum EHL film thickness model over a practical range of contact 
ellipticity ratio where the major axis of the contact ellipse is aligned both parallel and 
perpendicular to the direction of motion. Using a statistical analysis for the measured film 
thickness data, they showed that the experimental data averaged 30% greater film 
thickness than the Hamrock and Dowson model predicts. 
Chittenden et al (1986) measured the EHL oil film thickness for geometries ranging from 
a radius ratio of unity down to a value of 0.112 by using a twin disk machine. They 
adopted the capacitance measurement technique and developed a numerical model to 
allow the measured values of inter-disk capacitance to be interpreted in terms of the 
lubricant film thickness. They compared their experimental findings with the theoretical 
prediction for minimum and central film thickness obtained by them in (1985 a,b) and 
with the experimental studies covering a wide range of operating conditions and geometry 
and by using different techniques. They showed that good agreement between their 
experimental measurement of EHL film thickness and the corresponding theoretical 
predictions over a wide range of geometrical configurations and operating conditions. 
They also showed that both techniques of optical interferometry and that of capacitance 
measurement yield similar estimates of the central film thickness existing within an EHL 
Chapter 2: Literatllre Review 49 
conjunction. These two techniques of measurement may therefore be thought of as 
complementing each other. The capacitance method has provided estimates of the film 
thickness between materials typical of those found in most rolling machine elements, 
while optical interferometry has permitted the direct measurement of both minimum and 
central film thickness as well as allowing several other important features of the 
lubricated conjunction to be observed. 
However, optical interferometry is now a widely used technique for measuring the 
separating film thickness in rolling and sliding model EHL contacts. There are two 
limitations of the method as conventionally employed. Firstly, it cannot easily be used to 
accurately measure film thickness less than 100 nm. Secondly, it has a limited resolution 
and accuracy of film thickness measurement. Johnston et al (1991) overcame these 
limitations of the conventional optical interferometry so as to make it applicable to the 
study of boundary or very thin film EHL in rolling contacts. They used a combination of 
a solid spacer layer in the optical flat glass with spectrometric analysis of reflected light 
from the contact. They showed that by using this technique the standard circular point 
contact EHL film thickness equations of Hamrock and Dowson ( 1977 b) can be used with 
a range of fluids to predict the central film thickness down to 15 nm. They also showed 
that for some fluids, the film thickness generated in the range 5-15 nm appears to be more 
speed-dependent than the EHL theory predicts. They attributed this phenomenon to the 
possibility of that, with very thin films, fluid ordering near the surfaces produces 
molecular alignment, which results in the fluid having an effective viscosity differing 
from its bulk value. However, a great number of researchers have been dedicated to the 
experimental study of EHL. The majority of them have been concemed with film 
thickness measurement, because of the importance of effective EHL in many machine 
elements such as gears, rolling bearings, cams and followers. In these elements, the film 
thickness and load usually exhibit a cyclic variation with time. However, most previous 
experiments have been carried out under steady-state conditions where film thickness and 
external parameters such as load or speed are time independent. However, there have 
been only a few reported studies of transient EHL using experimental techniques, because 
of its complicated nature. 
Ren et al (1991) studied the transient EHL for both I ine and point contacts. They designed 
an apparatus, which can produce many types of dynamic load applied to the EHL contact 
zone. The dynamic film thickness and shape were measured by means of coupled optical 
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interference and high-speed photographic techniques. The dynamic component of load 
was determined by a force transducer with a fast frequency response. By using this 
apparatus, they showed that the dynamic film thickness and shape are quite different from 
that predicted by steady state EHL theory. A deep central dimple was generated and that 
the outlet film thickness constriction appeared. The maximum depth of the dimple was 
0.6 pm. For the line contact problem, they also showed that, this phenomenon did not 
appear in their experimental condition. Little change of central and minimum film 
thickness occurred except that the contact width varied with dynamic load. Therefore, the 
authors found that, the squeeze effect is negligible and the film thickness shape was 
mainly determined by the steady state term under their experimental conditions. 
By analysing photographs from a high-speed video camera, Lundberg et al (1992) 
investigated the lubrication film thickness breakdown in squeeze-sliding contacts formed 
between a steel ball and a glass disk as lubricated surfaces. In their experimental work, 
the squeeze motion (normal velocity) was achieved by letting the steel ball hit and bounce 
on the glass disk. This impact movement was accomplished by dropping another steel ball 
from a fixed height on to the lever on which the test steel ball was mounted. The sliding 
motion corresponds to the rotation of the glass disk and the ball held stationary. They 
showed that the main part of breakdown of a lubricating film appeared at the end of the 
contact time for a contact simultaneously subjected to a squeeze and sliding motion. From 
their experimental findings, they also verified that, increased surface roughness, increased 
sliding velocity and decreased viscosity increase the risk of oil film breakdown. 
Nishikawa et al (1995) have studied experimentally the transient EHL problem in the 
contact of a steel ball and a reciprocating glass disk under both pure rolling or pure 
sliding motion by means of the optical interferometry technique. The reciprocating 
motion in their experimental work was given by oscillating sinusoidally the glass disk 
about its shaft having a crank, which is connected through a connecting rod with a cam 
shaft. Their study revealed that, at the center of the glass stroke, the central oil film 
thickness was almost the same as that under unidirectional motion, and that at the stroke 
ends, the oil film is entrapped between the contacting surfaces and the minimum oil film 
thickness moves towards the exit side. 
In another experimental work represented by Nishikawa et al (1995) using an optical 
interferometry, they investigated the behavior of EHL film thickness formed between an 
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optical flat surface and a nonnally vibrating steel ball. The cyclic squeeze motion was 
produced by oscillating the steel ball sinusoidally against the fixed optical flat. The steel 
ball was mounted on a lever arm, one end of the lever was supported by a pin, and the 
other end was attached to a cam through a connecting rod. They showed that the film 
entrapped between the ball and flat plate forms a dimple at the end of the loading process 
and the film thickness at the middle of the entrapment remain constant during the cycle. 
This phenomenon occurs because the oil in the dimple behaves as a viscoelastic or 
elasticplastic solid in their experimental work. 
Kaneta et al (1996) experimentally investigated the effects of surface kinematic 
conditions on the dimple fonnation by using an optical interferometry technique. They 
found that the generated dimple in EHL contacts behaves as elastic-plastic solid rather 
than a liquid and the formation of the dimple is dominated by conditions in the contact 
area, although the classical EHL theory proposes that the film profile is detennined by 
inlet conditions. They also found that when the surface velocity of the body, having a 
lower elastic modulus, is faster than that of the body, having a higher elastic modulus, a 
dimple is more readily fonned in the contact surface. From their experimental findings, 
they suggested that a new EHL theory should be established to take into account the 
effects of differences in elastic moduli of the contacting surfaces. 
Smeeth et al (1994) and Smeeth and Spikes (1997) used the optical interferometry 
technique to obtain accurate film thickness profiles across EHL contacts. They used this 
technique in conjunction with a high pressure EHL test rig to obtain both central and 
minimum EHL oil film thickness at high contact pressures up to 3.5 GPa. They found 
that at moderate pressures the film thickness profile measured in the rolling direction 
shows the classical shape predicted by EHL theory, i.e. an essentially parallel Hertzian 
contact zone with a film thickness constriction at the rear. As the pressure in the contact is 
raised, a small increase in film thickness just before the exit constriction can be seen and 
this increase becomes more significant as the pressure increases, until at the highest 
pressures measured, the position of the minimum film thickness in the rolling direction 
occurs in the centre of the contact rather than at the rear. They attributed this phenomenon 
to the compressibility of the lubricant. They also compared their experimental findings 
with the classical film thickness equation of Hamrock and Dowson (1977 a) and also with 
the recent high pressure computations due to Venner (1991). They showed that from this 
comparison the dependence of minimum film thickness with load becomes stronger at 
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high pressures than at low pressures, to reach an exponent of -0.3 above 2 GPa, and this 
behaviour confinns the findings of recent high pressure computational EHL due to 
Venner (1991). For central film thickness, Smeeth et al (1994) and Smeeth and Spikes 
(1997) showed that at low loads the measured values are about (15-20)% lower than that 
of Hamrock and Dowson (1977 a) and Venner (1991) central film thickness fonnulae. At 
high loads the measured values fall more rapidly with load than the computed ones, so 
that when the contact pressure reaches 3.5 GPa, film thickness measurements are about 
(20-40)% below the prediction ones. 
Sugimura and Spikes (1996) and Sugimura et al (1998) developed a new technique for 
film thickness measurements in rolling EHL contacts under non-steady state conditions. 
This technique is based on ultra-thin film interferometry in a ball on flat contact geometry 
and allows the central film thickness down to less than 5 nm, and also film profile across 
the EHL contact to be precisely measured every 0.02 seconds. Their technique has been 
applied to several non-steady state types of motion, including rapid halting of motion, 
uni-directional on-off motion, acceleration and deceleration, and reciprocating motion. It 
has been shown that, upon abrupt halting of rolling, both the central and minimum film 
thickness fall rapidly within several hundredths of seconds to an intennediate level, where 
a residual film remains. This residual film then falls further slowly as lubricant is 
squeezed out from the contact. In un i-directional on-off motion, upon sudden start of 
motion, there is a small overshoot in the film thickness followed by a decreasing 
oscillation before film thickness stabilizes to a constant level, which is the same as that 
fonned during steady state speed condition, and the film thickness collapses rapidly when 
motion is halted to an intennediate, but nonzero, level from which it subsequently further 
decays quite slowly. During acceleration and deceleration motion, they showed that 
contacts undergoing acceleration and deceleration, fonn film thickness differ from those 
fonned at constant velocity. Accelerating films are thinner and decelerating films are 
thicker than expected, and their deviation from a steady state film thickness is 
proportional to the rate of deceleration. During reciprocation motion, they also showed 
that the film behaviour is similar to that fonned during uni-directional on-off motion, 
except that the minimum film thickness did not have time to fully collapse during 
reversal. 
Wijnant et al (1999) presented an experimental work to show the effects of structural 
vibrations or any transient (periodic) loading on film thickness and pressure distributions 
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in EHL contacts on a ball and a glass disk apparatus. In their experimental work, the 
applied load was rapidly increased by impacting a wedge between the base and the ball 
holder. They showed that the structural vibrations cause film thickness fluctuations in 
EHL contacts. They compared their experimental work with the model presented by 
Wijnant and Venner (1996), and showed qualitatively close agreement. This work is 
considered as an initial step in understanding the influence of the lubricant on vibrations 
of rolling element bearings, which is important with respect to vibration control. 
G lovnea and Spikes (2000) used the ultra-thin optical interferometry technique, 
developed by Johnston et al (1991), to investigate the EHL film thickness response during 
sudden halting of motion. The film profiles and central lubricant film thickness are 
measured every millisecond during rapid halting of motion in their experiments. The steel 
ball of diameter 19 mm is rotated against a fixed glass disk of diameter 100 mm, at a 
constant load of 20 N. They used different types of lubricants, in order to study the 
influence of lubricant properties upon film behavior under such conditions. Their results 
showed that the EHL film collapses in two distinct stages for all the oils tested. The first 
stage corresponds to the period of very rapid deceleration before motion ceases entirely, 
this stage lasted typically (3-5) ms in their experimental study. This stage corresponds to 
combined entrainment and squeeze behavior. During this stage of collapse, the reduction 
ofthe film thickness is very rapid with only very small changes in film geometry and thus 
pressure distribution. The rate of film collapse depends upon the viscosity and the 
pressure-viscosity coefficient of the lubricant. The second stage of film collapse occurs 
when the sliding motion comes to a complete stop and, thus, corresponds to pure squeeze. 
A lubricant entrapment is formed at the center of the contact. The thickness and the 
subsequent behaviour of this entrapment are strongly dependent on both the' fluid 
viscosity and pressure-viscosity coefficient of the lubricant. 
Jolkin et al (2000) presented an experimental investigation of EHL contacts during 
sudden reversal of entrainment velocity. They used a technique called the hybrid 
technique, which combines both an experimental and a numerical approach in a two-step 
strategy. In the first step, the film thickness map is evaluated using image analysis, based 
on the colour fringe patterns obtained from the optical interferometry measurements. The 
image analysis employs a calibration table look-up procedure, where colour parameters 
from recorded dynamic interferograms are compared with table values corresponding to 
known film thickness. In the second step, the film thickness maps are then used as input 
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data in a numerical procedure to reconstruct the pressure distribution in the contact. They 
showed that the hybrid technique is applied successfully in the study of EHL contacts 
under non-steady state conditions, and an accurate determination of both film thickness 
and pressure were obtained during the complete reversal. Their measurements revealed 
that a substantial amount of lubricant remains entrapped between the contact surfaces at 
the point, where the entrainment velocity is zero and changing in direction, thus full film 
lubrication is maintained. This lubricant entrapped although it prevents direct contact 
between the surfaces, it causes high-pressure peaks, which might be detrimental to the 
surfaces. 
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Chapter 3 
Theoretical Formulation 
3.1 Introduction 
When two elastic bodies are brought into contact they touch initially at a single point or 
along a line. Under the action of the slightest load they defonn in the vicinity of their 
point of first contact so that they touch over an area, which is, finite though small 
compared with the dimensions of the two bodies. For example, point contacts occur 
between two balls and line contacts occur between two parallel cylinders. 
However, as a general rule, when two non-confonning surfaces with different radii of 
curvature, are brought together under load, a contact area develops whose shape and size 
depend on the applied load, the elastic properties of the materials and the curvatures of 
the surfaces. 
When the two solids shown in figure 3.1 have a nonnal load applied to them, the contact 
area is elliptical. For a special case where rA, ~ rAy and r Bx ~ r By' the resulting contact is a 
circle rather than an ellipse. In the case of rAY ~ r By ~ 00 , the initial line contact develops 
into a rectangle, when load is applied. 
However, before proceeding to deal with the EHL problem, it is necessary to establish an 
expression for the geometrical separation of the elastic bodies in contact, and this will be 
the case for the next section. 
3.2 Geometric separation of solids in contact 
Figure 3.2 shows how the geometric separation between two contacting solids A and B 
can be made equivalent to that between a single ellipsoidal solid near a plane. The 
geometric requirement is that for any values of x and y in figure 3.2 (a), the geometric 
separation must be equivalent to the separation at the same values of x and y shown in 
figure 3.2 (b). 
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Figure 3.1: Geometry of contacting elastic solids 
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Figure 3.2: Geometry of equivalent ellipsoidal solids-near a plane 
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From figure 3.2: 
( ' ')"' SAy = rAy - rAy - Y 
s =r -er' -x')"' Hx Hx Hx 
s - r -er' _y')"' By-By By 
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(3-1) 
(3-2) 
(3-3) 
(3-4) 
(3-5) 
The effective radii for a counterformal contact in the x and y directions are defined as: 
1 1 1 
-=-+-
Rx rAx rax 
1 1 1 
-=-+-
Ry rAy rBy 
The values of x and y can be obtained from equations (3-2, 3-3) as: 
( ' ')"' rAx -x = rAx -SAx 
x' =s...,(2r,... -SAX) 
A similar expression can be written for the y direction as: 
y' = SAy (2rAy -SAY) 
(3-6) 
(3-7) 
(3-8) 
(3-9) 
(3- 10) 
When the separation of bodies SAx is much smaller than the radius of curvature 
(2r Ax » SAx), equation (3-9) can be simplified to: 
(3-11) 
(3-12) 
A similar expression can be written for S Bx' SAy and S By as: 
x' (3-13) Slh ~--
2rBx 
y' (3-14) SA ~--y 2rAy 
y' (3-15) SBy "'--2rBy 
By substituting equations (3-12, 3-13, 3-14, 3-15) into equation (3-1) gives: 
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X' x' y' y' 
s(x,y)=-+-+-+-
2r Ax 2rBx 2rAy 2rBy 
Rearranging equation (3-16) gives: 
'( I I) '( I I) s(x,y)=x --+-- +y --+--2r As 2r fu 2rAy 2rBy 
Making use of equation (3-6) gives: 
x' y' 
s(xy)=-+-
, 2Rx 2Ry 
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(3-16) 
(3-17) 
(3-18) 
From equations (3-16) and (3-18), it is clear that, the equivalency shown in figure 3.2 is 
satisfied. Therefore, equation (3-18) represents the geometry of an ellipsoidal solid near a 
plane. In a special case, where rAx = rAy and rBx = rBy , the resulting contact is circular, 
thus equation (3-18) reduces to: 
x' + y' 
s(x,y) = --:~-
2R 
(3-19) 
Equation (3-19) defines the total geometrical separation of a spherical solid near a plane, 
and it will be used later throughout this study in the calculation of the film thickness, as 
the initial gap size due to geometrical separation or the undeformed gap. 
3.3 Elastic film shape equation 
It is a characteristic of the EHL problem that the local elastic deformations of the surfaces 
play a significant role in the EHL process. Therefore, they must be taken into account in 
the calculation of film thickness. Figure 3-3 shows schematically how the elastic 
deformation of solids affects film thickness. 
With the local elastic deformation being considered, the film thickness can be written as: 
h(x,y) = h". + s(x,y) + o(x,y) - 0(0,0) (3-20 a) 
Equation (3-20 a) can be written in a simple form as: 
h(x,y) = h, + s(x,y) + o(x,y) (3-20 b) 
Where, h". is the central film thickness, h, is the rigid separation (undeformed) gab, 
s(x,y) is the separation due to geometry of the undeformed solids, o(x,y) is the amount 
of the elastic deformation of the solid surfaces at any point (x, y) and 0(0,0) is the 
amount of the elastic deformation of the solid surfaces at the centre of the contact. 
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Figure 3.3: Film thickness and elastic deformation 
3.3.1 Geometrical separation 
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The separation due to geometry of the two undefonned spherical solids can be written 
from equation (3-19) as: 
3.3.2 Elastic deformation 
x' + y' 
s( x, y) = -'---2R--"-- (3-21 ) 
From Timoshenko and Goodier (1951), the elastic defonnation at a point (x, y) on the 
surface ofa semi-infinite solid sUbjected to a pressure (P) at the point (x"y,)(as shown 
in figure 3.4) can be written as: 
do = 2px"y,dx,dy, 
x.y JrE';: 
Where: 
r = ~(x-x,)' +(y- y,)' 
Substituting equation (3-23) into equation (3-22) yields: 
do = 2px"y,dx,dy, 
x,y ;rE'~(x-x,)' +(y_ y,)' 
(3-22) 
(3-23) 
(3-24) 
Therefore, the elastic defonnation caused by a pressure distribution p(x"y,) over an 
area can be integrated as: 
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Where 
2 I_v' I_v' 
_= __ A+ __ ' 
E' EA E, 
The derivation of this equation is based on the following assumptions: 
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(3-25) 
• The deformation is linearly elastic, and the two contacting bodies have unifonn and 
isotropic properties, 
• The contact dimensions are small compared to the size of the bodies when allowing 
the approximation of the bodies by two semi-infinite elastic half spaces. 
y 
• 
x, y ~----------1 
~--------~--------------~---------I~X 
Figure 3.4: Surface deformation of a semi-infinite body 
3.4 Viscosity-Pressure equation 
Viscosity is a very important parameter in defining the shear resistant behaviour of a 
lubricant. For a Newtonian fluid, the absolute viscosity of a liquid is defined as the 
proportional constant between the shear rate and shear stress as, '7 = :... , where: 
s 
1.' : Shear stress, N I m' . 
s : Shear strain rate, S-I. 
'7 : Absolute viscosity, N.s I m' . 
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Experimental investigations of the rheological properties of lubricants show that lubricant 
viscosity is extremely sensitive to both pressure and temperature. This extreme sensitivity 
forms a considerable obstacle to the analytical description to the subsequent viscosity 
changes. For the isothermal EHL problem, the effect of temperature is ignored, but when 
the pressure within the contact is high enough, the viscosity may increase by many orders 
of magnitude, and then the piezo-viscosity effects must be considered. 
There have been several viscosity-pressure relationships proposed by different authors. 
One of the most widely used is due to Barns (1893), which takes the following form: 
I](p) = 1]0 exp"" 
Where: 
p: Pressure (N / m') 
I] : Viscosity at pressure p (N.s / m') 
1]0: Viscosity at atmospheric pressure and at constant temperature (N.s / rn') 
a : Pressure-viscosity coefficient of the lubricant (m' / N) 
(3-26) 
The obvious advantage of using the Barns equation (3-26) is its simplicity. Although it is 
commonly used, it is not generally applicable to very high-pressure regions and is valid 
only for moderate and relatively low-pressure range. It over-predicts the estimation of 
viscosity when the pressure is higher than I GPa. 
Because of this shortcoming of the Barns equation, several isothermal viscosity-pressure 
formulae have been proposed. One of these more accurate formulae was developed by 
Roelands (1966), who undertook a wide-ranging study of the effect of pressure on 
lubricant viscosity. For isothermal conditions, the Roelands (1966) formula can be written 
as follows: 
I](p) = 1]0 eXP{[ln(l]o) + 9.6i -I + (1 + p.)']} t 1.98 x 10 (3-27) 
Where, Z = pressure-viscosity index, 
_ a 
z= 
5.1 * 10-' [In 1]0 + 9.67] 
Equation (3-27) will generally be used throughout this thesis. 
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3.5 Density-Pressure equation 
At high EHL pressures, the liquid can no longer be considered as an incompressible 
medium, and the dependence of density on pressure must be considered. In this study, the 
formula used by Dowson and Higginson (1966) is used, which can be written as: 
Where: 
() [ I 0.58
P ] 
pp =Po +1+1.68p 
Po : Density at atmospheric pressure (Kg / m') 
p : Pressure (GPa) 
(3-28) 
Equation (3-28) shows that the rate of increase of density with pressure at high pressures 
values falls off (for very large value of pressure, i.e. p ~ a) the corresponding value of 
density approximates to P = 1.34po )' 
3.6 Load balance equation 
The normal applied load on the contacting surfaces must be supported by the generated 
pressure in the contacting region. Thus, the integral of the pressure distribution over the 
contacting region must balance the externally applied load. This condition is generally 
referred to as the force balance equation. In general, the force balance equation is written 
as follows: 
~~ 
f fp(x,y)dxdy = W (3-29) 
Where: W is the external applied load. 
3.7 The Reynolds equation 
The differential equation, governing the pressure distribution in fluid film lubrication is 
known as the Reynolds equation. This equation was first derived by Os borne Reynolds in 
1886. The derivation of this equation, which governs the pressure distribution in an 
elastohydrodynamic or hydrodynamic lubricated conjunction, is based on the combination 
of the Navier-Stokes equations of motion and the continuity of flow equation. The most 
general form of the Navier-Stokes equations of motion for a Newtonian fluid can be 
derived by considering the dynamic equilibrium of a fluid element. These equations can 
be written in Cartesian coordinates as follows: 
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(3-30) 
(3-31 ) 
p Dw = pZa _ op +~~[77(Ow _ Ou)]+~~[77(Ow _ ilv)] 
Dt OZ 3 oz oz Ox 3 OZ oz ry 
+~[77(Ow + ilv)]+~[77(Ow + Ou)] 
ry ry oz Ox ox OZ 
(3-32) 
In equations (3-30), (3-31) and (3-32) the tenns on the left-hand side correspond to the 
inertia tenns and those on the right-hand side correspond to body force, pressure gradient 
and viscous tenns respectively. 
The continuity equation represents conservation of mass such that, for a fluid in 
continuous motion, the net outflow of mass from a fixed volume of fluid must be equal to 
the decrease of mass within that volume. The mathematical expression depicting this 
condition takes the fonn: 
The following assumptions are made in deriving the Reynolds equation: 
I. The fluid inertia is small when compared with the viscous shear, thus: 
Du=Dv=Dw=O 
Dt Dt Dt 
2. The body force is also negligible, when compared with the viscous shear, thus: 
pXa =pYa =pZa =0 
(3-33) 
(3-34) 
(3-35) 
3. The radius of curvature of the solids bounding the oil film is large, when compared 
with the thickness of the lubricant films. This assumption allows any effects due to 
curvature of the oil film to be neglected, such as variations in speed of entraining 
motion. 
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4. There is no slip between the fluid and the bounding solids interface. Therefore, the 
boundary conditions for velocities, as shown in figure 3.5, are given as: 
z=o 
z=h (3-36) 
5. There is no variation of pressure across the fluid film due to its small thickness, thus: 
ap =0 
az (3-37) 
6. The variations of the properties of the fluid, such as viscosity '7 and density p, 
across the film thickness are negligible. 
7. Because of the geometry of the fluid film, the derivatives of u and v with respect to z 
are much larger than any other derivatives of velocity components. 
z 
//~ 
~---_X 
-------------
Figure 3.5: Flow between two surfaces 
With these assumptions, the Navier-Stokes equations of motion, equation (3-30), (3-31) 
and (3-32), reduce to the following equations: 
ap = 3.~['7(2 00 _ av _ aw)] + ~[{av + 00)] 
ax 3ax ax ay az ay ax ay 
+~[JOO + aw)] 
az "l az ax 
(3-38) 
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8p =0 
8z 
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(3-39) 
(3-40) 
By applying the assumption number 7, the equations (3-38), (3-39) and (3-40) reduce to: 
(3-41) 
(3-42) 
Integrating equations (3-41 and 3-42) with respect to z, yields the general expressions for 
the velocity gradients as: 
au z 8p A 
-=--+-
8z 'I 8x 'I 
(3-43) 
av z8p C 
-=--+-
8z 'I ay 'I 
(3-44) 
Assumption 6 states that the viscosity and the density of the lubricant do not change 
across the fluid film thickness. Thus, integrating the above two expressions with respect 
to z, one obtains the velocity components as: 
z' 8p z 
u=--+A-+B 
2'1 8x 'I 
(3-45) 
z' 8p z 
v=--+C-+D 
2'1 ay 'I 
(3-46) 
With the boundary conditions given in equation (3-36) and figure 3.5, the constants of 
integration; A, B, C and D can be written as follows: 
A= 
h' 8p 
u -u ---
A B 2'1 ax 
h 
'I 
(3-47) 
(3-48) 
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h' op 
v -v ---
A B 2,., 0; 
C= h 
,., 
D=vB 
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(3-49) 
(3-50) 
Substituting from equations (3-47, 3-48, 3-49 and 3-50) for constants A, B, C, D into 
equations (3-43, 3-44, 3-45 and 3-46) yields: 
Du =(2Z-h)OP + uA -u8 (3-51) 
Ox 2,., Ox h 
: =(2Z2~h): + vA ~VB (3-52) 
(h-Z)OP (h-Z) Z u=-z --z;t Ox +uB -h- +UAh (3-53) 
V=-z(h2~Z): +VB(h~Z)+VA~ (3-54) 
Integrating equation (3-53) with respect to Z between the limits of 0 and h, corresponding 
to the height of surfaces of contiguous bodies in contact yields: 
h h (h )" h (h ) h -z up -z Z fUdz=-fz - -dz+ fUB - dz+ fUA- dz 
o 0 2,., Ox 0 h 0 h 
h h h h 
f oP I f UB f UA f udz=--- z(h-z)dz+- (h-z)dz+- zdz 
o Ox 2,., 0 h 0 h 0 
hf op 1 (z' Z'Jh UB( Z')h UA(Z')h udz=---- -h-- +- hz-- +--
o ox 2,., 2 3 0 h 2 0 h 2 0 
h op I (h' h
3
) u. (' h') uA (h') fudz =- Ox 2,., 2-3 +h h -2 +h 2 
h 
A similar expression can be obtained for f vdz as follows: 
o 
(3-55) 
(3-56) 
(3-57) 
(3-58) 
(3-59) 
(3-60) 
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h h 
The terms on the left-hand side in equations (3-59 and 3-60), fudz and fvdz, represent 
o 0 
respectively the volume rates of flow per unit width in the x andy directions respectively. 
These can be expressed as follows: 
h 
qy = fvdz 
o 
(3-61 ) 
(3-62) 
However, as mentioned earlier in this chapter, the Reynolds equation is formed by 
combining the Navier-Stokes equations with the continuity equation. Now by integrating 
the continuity equation (3-33) with respect to z between the limits 0, h gives: 
Sop dz + so(PU) dz + SO(pv) dz + SO(PW) dz = 0 
oot oox o~ 0& 
(3-63) 
Now a general rule of integration is that: 
h a oh 0 [h ] f-f.r(x,y,z)}1z = -f(x,y,h)-+- ff(x,y,z)dz 
oOX ox ox 0 
(3-64) 
h 0 h 
Therefore, the terms, f (pu) dz, fO(pv) dz , in equation (3-63) can be written as: 
o Ox 0 ~ 
hfo(pu) dz = _( ) oh + ~ hf dz Ox Pu .=h Ox Ox pu 
o 0 
(3-65) 
hfO(pv) dz = _( ) oh + ~ hf dz o ~ PV.=hay ~oPV (3-66) 
By substituting equations (3-65 and 3-66) into equation (3-63) gives: 
h 0 [ ah 0 h ] f-Edz+ -(puL-+-fpudz + 
oot ax Ox o 
[
oh 0 h ] h o( ) 
-(pv),=h-+-fpvdz + f~dz=O ~ ~o 0 oz 
(3-67) 
Again making use of assumption 6, one can re-write the integrated continuity equation (3-
67) in the form: 
op 0 (hf ) oh 0 (hf ) h-+- p udz - PUA -+- P vdz 
otOx o Ox~o (3-68) 
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The integrals in this expression represent the volume rate of flow per unit width (qx' q y) 
described by equations (3-59 and 3-60). When these flow rate expressions, which are 
derived from the Navier-Stokes equations, are introduced into the integrated continuity 
equation (3-68), one obtains: 
~(PhJ ap)+~(phJ ap)=~[ph(UA +u8 )]+ 
ax 121/ ax ay 121/ ay ax 2 
~[ph(VA +V8 )]+P(w -w )_pu ah _pv ah +h ap 
ay 2 A 8 A ax A ay at 
(3-69) 
In equation (3-69), the terms in the left-hand side are the Poiseuille (or pressure induced) 
terms that describe the net flow rates due to pressure gradients within the lubricated area. 
In the right-hand side, the first two terms are the Couette (or velocity induced) terms that 
describe the net entraining flow rates due to surface velocities. The third to fifth terms 
describe the net flow rates due to a squeezing motion (i.e. the normal approach/separation 
of bodies), and the last term describes the net flow rate due to local expansion. 
It can be shown that the last four terms in the right-hand side of equation (3-69) can be 
replaced as follows: 
(3-70) 
Where: 
a(ph) = p ah + h ap 
at at at 
(3-71) 
An attempt will be made to prove that equation (3-70) is true. The first step is to suppose 
that h is a function of x, y and t as: 
h = f(x,y,t) (3-72) 
From the definition of a total derivative, the total derivative of h can be written as 
follows: 
or: 
Where: 
Dh ah ah dx ah dy 
-=-+--+--
dt at ax dt ay dt 
dx Dh 
u =-
A dt ,WA-WB =-dt 
(3-73) 
(3-74) 
(3-75) 
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Substituting UA,VA and (wA -WB) from equation (3-75) into equation (3-74) gives: 
oh oh oh 
W -w =-+u -+v -
A B ot A Ox A ~ 
Re-arranging equation (3-76) as: 
oh oh oh 
--w -w -u --v -
ot - A B A ox A ~ 
Substituting oh from equation (3-77) into equation (3-71) yields: 
at 
o(ph) oh oh op 
--a;-=P(WA-WB)-PUA
OX 
-PVA~ +har 
69 
(3-76) 
(3-77) 
(3-78) 
It can be seen that equation (3-78) is the same as equation (3-70). Therefore, substituting 
equation (3-78) into equation (3-69) gives: 
(3-79) 
Equation (3-79) represents the general form of the two-dimensional Reynolds equation 
for a Newtonian fluid. 
3.8 Molecular and Surface forces actions in narrow conjunctions 
Intermolecular forces can be classified into three categories: 
I. There are those that are purely electrostatic in origin arising from the Coulomb force 
between charges. The interactions between charges, permanent dipoles, etc., fall into 
this category. 
2. There are polarization forces that arise from the dipole moments induced in atoms 
and molecules by the electric fields of nearby charges and permanent dipoles. All 
interactions in a solvent medium involve polarization effects. 
3. There are forces that are quantum mechanical in nature. Such forces give rise to 
covalent or chemical bonding and to the repulsive steric or exchange interactions that 
balance the attractive forces at very short distances. 
These three categories should be considered as neither rigid nor exhaustive, for certain 
types of forces, e.g., for Van der Waals' forces and solvation forces a definite 
classification is not possible, while some intermolecular interactions, e.g., magnetic 
forces, will not even be mentioned, since they are always very weak. 
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A commonly encountered and even more artificial classification of forces are divided into 
short-range forces and long-range forces, where short-range forces refer to those 
interactions occurring at or very near atomic or molecular contacts. 
Van Megen and Snook (1979) and Israelachvili and McGuiggan (1988) defined, in 
general, the following three types of interparticle forces that act between surfaces or 
particles in liquids: i) Van der Waals' forces, which are normally attractive, arising from 
the intermolecular forces between the molecules constituting the particles, ii) double layer 
(repulsion) forces, which arise when ionizable surfaces have a net electric charge, as 
usually occurs in water. This is due to the interactions between the charges on the 
surfaces of the particles, screened by the intervening medium, and iii) solvation 
(structural) forces, which arise from the structuring or ordering of liquid molecules when 
confined between two surfaces close together. For interactions in vacuum, only the Van 
der Waals' forces are important, where as in liquids all three forces may operate 
simultaneously, although in liquids it is often difficult to separate definitely the various 
contributions into the above categories. 
A large amount of theoretical and experimental work has attempted to explain the nature 
and range of the above three types of forces. In the following sections, the origin and 
range of these molecular forces will be discussed in detail. 
3.8.1 Van der WaaIs force 
In an attempt to explain why real gases did not obey the ideal gas law (Pg V = mRgT) , 
where Pg is the gas pressure, V is the volume, m is the amount of substance of gas, Rg is 
the gas constant and T is the temperature, the Dutch physicist 1.0. Van der Waals 
proposed an equation of state on the basis of experimental evidence available to him in 
conjunction with rigorous thermodynamic arguments. In his equation, the repulsive 
interactions between particles are taken into account by supposing that they cause the 
particles to behave as small, but impenetrable spheres, and the attractive forces are taken 
into account by supposing that they reduce the pressure exerted by the gas. Since a 
molecule has a finite size, the space in which gaseous molecules can move freely like 
those in an ideal gas is smaller than the actual volume. Therefore, the non-zero volume of 
the particles implies that instead of moving in a volume V, they are restricted to a smaller 
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volume (V-mb), where mb is approximately the total volume taken up by the particles. 
This suggest that the perfect gas law becomes: 
(3-80) 
The attractive interactions hold the particles together and as a result the actual pressure to 
the wall is reduced as compared with the case of an ideal gas. The pressure depends on 
both the frequency of collisions with the walls and the impulse of each collision. Both 
contributions are reduced by the attractive forces. The amount of such a reduction is 
estimated to be proportional to the density of the molecules and can be written as 
a(m/V)', where a is a constant characteristic of each gas, as shown by Kihara (1978) 
and Atkins (\986). Therefore, the combined effect of the repulsive and attractive forces 
is: 
Pg = mRJ /(V -mb)-a(m/V)' 
Rearranging equation (3-81) gives: 
(Pg + am' /V' XV -mb)= mRgT 
Equation (3-82) represents the Van der Waals equation of state. 
(3-8\ ) 
(3-82) 
Therefore, the coefficients a and b in the Van der Waals equation of state (3-82) arise 
from taking into account the effects of attractive and repulsive forces between the 
molecules. It is in this sense that the attractive force between molecules is called the Van 
der W aals' attractive force. 
The continuum theory developed by Lifshitz (\956) predicts the Van der Waals' force, 
acting between bodies from knowledge of the optical properties of the interacting media. 
This force plays a central role in all phenomena involving intermolecular forces such as 
adhesion, properties of liquids, thin films, etc. For while they are not strong as the other 
types of molecular forces such as Coulombic or H-bonding interactions, they are always 
present in contrast to the other types of forces that mayor may not be present depending 
on the properties of the molecules. In the case of the long-range interactions between 
macroscopic particles and surfaces in liquids, it is found that the most important forces 
are the Van der Waals' and electrostatic (double-layer) forces. 
Three distinct types of force contribute to the total long-range interaction of the Van der 
Waals' force between molecules as shown by Israelachvili and Tabor (1972), Kihara 
(1978), Atkins (1986) and Israelachvili (1992). These forces are the induction force, the 
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orientation force and the dispersion force, each of which has an interaction free energy 
that varies with the inverse sixth power of the distance. These forces are defined as 
follows: 
1. Orientation (dipole-dipole) interactions: 
When two polar molecules are near to each other, there is a dipole-dipole interaction 
between them that is analogous to that between two magnets as shown by Atkins (1986) 
and lsraelachvili (1992). The average interaction energy between two polar molecules 
with dipole moments 111 and 112 separated by a distance r is given as follows: 
w(r) = -Cd,P/wP / r' (3-83) 
and 
C wP/wP = (2/3KT)(I1II1, /4Jl'&o)' (8-84) 
This average interaction energy between two permanent dipoles is usually referred to as 
the orientation or Keesom interaction. It is one of three important interactions, which 
varies with the inverse sixth power of the distance that together contribute to the total Van 
der Waals' interaction between atoms and molecules. 
2. Induction (dipole/induced-dipole) interactions: 
A polar molecule near a polarizable molecule (which may itself be either polar or non-
polar) induces a dipole in the latter. (The interaction between a polar molecule and a non-
polar molecule). This induced dipole interacts with the permanent dipole of the first 
molecule, and the two are attracted together. The strength of the interaction depends on 
the dipole moment of the polar molecule and the polarizability of the second molecule. 
The average interaction energy when the separation of the molecules is r is shown by 
Atkins (1986) and lsraelachvili (1992) as: 
w(r) = -Cd,plind=d / r' (3-85) 
and 
(3-86) 
Where a, is the polarizability of molecule 2 and 111 the permanent dipole moment of 
molecule I. This interaction energy is independent of the temperature and like the dipole-
dipole interaction depends on 11 r'. 
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More generally, for two different molecules each possessing a permanent dipole moment 
p, and p, and polarizabilities a, and a" their net dipole/induced-dipole energy is 
given by Israelachvili (1992) as: 
w(r) = [.u,'a, + pia,] 
(41Z"&o)' r' (3-87) 
This interaction is often referred to as the Debye interaction or the induction interaction. 
It constitutes the second of three inverse sixth power contributions to the total Van der 
Waals' interaction energy between molecules. 
3. Dispersion (induced-dipole/induced-dipole) interactions: 
Consider two non-polar molecules separated by the distance, r. Although they have no 
permanent dipole moments, their electron locations are changing. As a result, at any 
instant there exists a finite dipole moment given by the instantaneous positions of the 
electrons about the nuclear protons. This instantaneous dipole moment generates an 
electric field that polarizes the other molecule, and induces in it an instantaneous dipole 
moment. The two dipoles stick together, and so the two molecules have an attractive 
interaction, as indicated by lsraelachvili and Tabor (1972), Atkins (1986) and 
Israelachvili (1992). This induced-dipole/induced-dipole interaction is also called the 
dispersion interaction. The strength of this interaction depends on the polarizabiJity of the 
first molecule and on the polarizability of the second molecule. The reasonable 
approximation to the interaction energy is given by the London (1937) formula as: 
w(r) = -Cd"p / r' (3-88) 
and 
3 a, a, [ 1 Cd"p = , 1J, /(I, + 1,) 
2 (41Z"&o) (3-89) 
Where 1, and 1, are the ionization energies of the two molecules. 
Thus, the dispersion energy is also 11 r' distance dependence as the same as that for the 
other two interactions (Keesom and Debye forces) that contribute to the net Van der 
Waals force. 
Therefore, the total attractive interaction energy between molecules is the sum of the 
three contributions (dipole/dipole interaction, dipole/induced-dipole interaction and 
induced-dipole/induced-dipole interaction). All three vary as 11 r', and it can be written 
as: 
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w(r) = -C"'w I r· 
= -[CdipldiP +Cdiplind"'''' + Cdi'Pl'r· (3-90) 
=-[(2/3KT)"'''' + ,,'a + ,,'a + 3a,a,I/,] /'(41Z"li )'r· 
r-, r-, r-, , r-2' 2(/, +1,) /' 0 
Where C.dw being a coefficient that depends on the identity of the molecules. This is the 
way that the attractive Van der Waals' intermolecular interactions between molecules are 
normally expressed. 
Isralachilvili (\992) calculated the total Van der Waals' energy for some molecules from 
its three components and showed that, the dispersion forces generally exceed the dipole-
dipole induction and orientation forces except for highly polar molecules, such as water. 
In fact, the dispersion forces make up the most important contribution to the total Van der 
Waals' force between atoms and molecules, and because they are always present (in 
contrast to the other types of forces that mayor may not be present depending on the 
properties of the molecules) they play a role in a host of important phenomena such as 
adhesion, surface tension, and the properties of gases, liquids and thin films. Their main 
features may be summarized as follows as given by Tabor and Winterton (1969) and 
Israelachvili (1992): 
I. They are long-range forces and can be effective from large distances (greater than \0 
nm) down to interatomic spacings (about 0.2 nm). 
2. Dispersion forces not only bring molecules together but also tend to mutually align or 
orient them, though this orienting effect is usually weak. 
3. The dispersion interaction of two bodies is affected by the presence of other bodies 
nearby. This is known as the non-additivity of an interaction. 
However, the London theory of dispersion forces between molecules (equations (3-88) 
and (3-89)) has two serious shortcomings. It assumes that the atoms and molecules have 
only a single ionization potential (one absorption frequency), and it cannot handle the 
interactions of molecules in a solvent. In 1963 McLachlan presented a generalized theory 
of Van der Waals' forces, which included in one equation the induction, orientation and 
dispersion force, and which could also be applied to interactions in a solvent medium. 
McLachlan's expression (1963 a,b) for the Van der Waals free energy of two molecules 
or small particles I and 2 in a medium 3 is given by the series: 
w(r) = 6KT 'I. a,(iv.)a,(iv.) (41Z"lio)'r· .:0.1.2... lii(ivn ) (3-91 ) 
---------- - - - -
Chapter 3: Theoretical Formulation 75 
Where a,(iv.) and a,(iv.) are the polarizabilities of molecules I and 2, 5,(iV.) the 
dielectric permittivity of medium 3 at imaginary frequencies iv., v.=(27lKTlh)n, 
tz = hp /2;r, hp the Planck constant and the prime over the summation indicates that the 
zero frequency n =0 term is multiplied by \1,. In general, the polarizability a,(iv.) and 
a, (iv.) are known as the excess polarizabilities of the molecules, when the interactions 
of molecules or small particles takes place in a medium. 
For a small spherical molecule I of radius a, in a medium 3, the excess polarizability is 
given approximately by Landau and Lifshitz (1963) as: 
() 4 ( )( 5,(V)-5,(V») , a l v = ;rcO&3 v G) 
5, (v) + 25, (v) (3-92) 
Equation (3-92) is obtained by treating a dissolved molecule or a small particle as a 
separate dielectric medium of a given size and shape. This excess polarizability depends 
in a complicated way on the interactions of a molecules with the surrounding solvent and 
can usually only be found by experiment. 
Substituting equation (3-92) into equation (3-91), the zero-frequency contribution to w(r) 
can be obtained as: 
3KTa;a; (5,(0)-5,(0»)( 5,(0)-5,(0») 
r6 5, (0) + 25, (0) 5, (0) + 25, (0) (3-93) 
Where 5, (0),5, (0), 5, (0) are the static dielectric constants of the three media. 
The nonzero-frequency contribution to w(r) in equation (3.91) is obtained by substituting 
equation (3-92) into equation (3-91) and replacing the summation of the discrete 
frequencies by the integral, therefore the dispersion energy may be written as follows: 
w(r) = 3ha;a; r( 5,(iV)-5,(iV»)( 5,(iV)-5,(iV) t. 
,>0 Jrr6 5,(iV) + 25,(iV) 5,(iV) +25, (iv) f' (3-94) 
Unfortunately, complete data on the absorption spectra of most materials are not 
available, and it is necessary to adopt a model that suitably represents the dielectric 
behaviour of the media. Von Hippel (\958) showed that for a dielectric medium that has a 
single strong absorption peak at a frequency OJ, the dielectric permittivity of this medium 
can be written as: 
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s(v)=I+(n' -1)/[I-(v/llJ)'] (3-95) 
So that, 
s(iv) = I+(n' -1)/[I+(v/llJ)'] (3-96) 
Where, n is the refractive index. Therefore, substituting equation (3-96) into equation (3-
94) and after integration, Israelachvili (1992) showed that: 
../31illJ(J~a; ( (n,' -n;)(n; -nil ) 
w(r).>o =- 2r6 (n? +2n;)'I2(n; +2n;)'I2[(n? +2n;)'" +(n; +2n;)'I2] 
(3-97) 
Where for simplicity, it is assumed that all three media have the same absorption 
frequency llJ. Therefore, the total Van der Waals' interaction free energy of two identical 
molecules I in a medium 3 is: 
w(r) = w(r)..o + w(r) ,>0 
=J3KT( S,(O)-S,(O))' + ../3lillJ(n? -n;)']a~ 
-l s, (0) + 2s, (0) 4(n? + 2n; )'12 r6 (3-98) 
Which is strictly valid only for r» a,. This equation indicates that the interaction 
between identical molecules is always attractive. 
Now, the Van der Waals' pair potential between two surfaces, can be obtained by first 
assuming that the Van der Waals' pair potential between two atoms or small molecules is 
purely attractive and of the form w(r) = -C /r6. Then, with the assumption ofadditivity, 
the net interaction energy of a molecule and the planar surface of a solid made up oflike 
molecules will be the sum of its interactions with all the molecules in the body. Thus, by 
integrating (sum) the energies of all the atoms in one body with all the atoms in the other, 
the result will represent the 'two-body' potential for an atom near a surface, for a sphere 
near a surface, or for two flat surfaces. Isralachilvili (1992) presented the net interaction 
energy of a molecule and a planar surface of a solid made up of molecules on the basis of 
the previous assumption; see figure 3.6 (a). For molecules in a circular ring of cross-
sectional area dxdz and radius x, the ring volume is 2:cxdxdz, and the number of 
molecules in the ring 2;rpxdxdz, where p is the number density of molecules in the 
solid. Therefore, the resulting net interaction energy for a molecule at a distance h away 
from the surface will be: 
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w(h) = -2nCp [:00 dz r= 2 x~ nl2 
-h 1=0 (z + X ) 
= 
2nCp 
(n - 2)(n - 3)h n- 3 
2nCp [= dz 
(n - 2) =h zn-2 
For n =6 (Van der Waals' forces) equation (3-99) becomes: 
w(h) = _nCp 
6h 3 
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(3-99) 
(3-100) 
For the case of surface-surface interactions, Isralachilvili (1992) showed that, for two 
infinite surfaces, the results would be infinity, so he considered the energy per unit 
surface area. He started with a thin sheet of molecules of unit area and thickness dz at a 
distance z from an extended surface of larger area, see figure 3.6 (b). The net interaction 
energy of this sheet and the planar surface according to equation (3-99) is equal to 
- 2nCp(pdz)/(n - 2)(n - 3)zn-3 . Therefore, for the two surfaces, yields, 
w(h) = 
= 
2nCp2 [= dz 
(n - 2)(n - 3) =h zn-3 
2nCp2 
(n - 2)(n - 3)(n - 4)h-' 
Which for n =6 (Van der Waals' forces) equation (3-101) becomes: 
nCp2 
w(h) = --- Per unit area 
12h2 
(3-10 I) 
(3-102) 
Therefore, by applying the same procedure, the interaction energy between bodies of 
different geometries can be calculated as shown in figure 3.7. The resulting interaction 
energy shown in this figure are given in tenns of the conventional Hamaker constant as: 
(3-103) 
Where PI and P2 are the number of atoms per unit volume in the two bodies and C is the 
coefficient in the atom-atom pair potential. Typical values for the Hamaker constants of 
condensed phases, whether solid or liquid, are about 10-19 J for interactions across 
vacuum (see Isralachilvili (1992». 
Therefore, substituting equation (3-103) into equation (3-102) yields: 
w(h) - A Per unit area 
- 12JZh 2 (3-104) 
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(a) (b) 
Figure 3.6: The interaction energies between macroscopic bodies 
Two alo'ms Two pa'rallel chain nwlec-ules Two crossed cyl'i nders 
• 
w 
• 
h 
w ~ -nCp/6h3 
Two spheres SpheTe- surface 
w 
-AR/6h 
Two cylinders Oh clL 
IV _ -AL I R, R2 ) 
- 12f2h 3/2\ RI +R2 
eo' 
IV -A~R, ll, /6h 
Two surfaces 
~ ~. 
W=-A/12xh2 per unit area 
Figure 3.7: Van dcr Waals interaction energy in vacuum between bodies of different 
geometries after Israelachvili (1992) 
3.8.2 Calculation method for Hamaker constant 
The assumptions of simple pairwise additivity inherent in the fonnulae of figure 3.7 and 
the definition of A equation (3-103) ignore the influence of neighbouring atoms on the 
interaction between any pair of atoms. First, the effective or excess polarizability of an 
atom changes, when it is surrounded by other atoms. Second, if a third atom 3 is present, 
it too will be polarized by the instantaneous field of atom I, and its induced dipole field 
will also act on atom 2. Thus, the field from atom 1 reaches atom 2 both directly and by 
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reflection from atom 3. The existence of multiple reflections and the extra force terms is a 
further instance, where straightforward additivity breaks down, and the matter becomes 
very complicated when many atoms are present. 
The problem of additivity is completely avoided in the Lifshitz theory (1956), where the 
atomic structure is ignored and the forces between large bodies, which are treated as 
continuous media, are derived in terms of the bulk properties such as their dielectric 
constants and refractive indices. In general, the interaction energy expressions shown in 
figure 3.7 remain valid, the only difference is in the way that the Hamaker constant is 
calculated. For the interaction between two surfaces, when they are separated by a very 
thin layer of liquid, in which surfaces are denoted by 1 and 2 and the liquid by 3, the 
Lifshitz theory (\956) predicts the Hamaker constant as: 
(3-105) 
Where, 
, , 2vn h ( )' S, =X + -c- (c, -c,), 
211J1KT 
c 
v = 
n h 
I n' -\ . 1+ " , C,(IVn) = l+vn//iI, c,(O) (for vn > 0) (3-106) (for Vn = 0) 
Where K is the Boltzmann constant, T is the temperature in degrees Kelvin, c is the speed 
of light, hp is the Planck constant, n, is the refractive index, c, (0) is the static dielectric 
constant, /iI, is the absorption frequency and the prime (') on the summation symbol 
denotes that the first term is to be multiplied by Y2. 
However, it is clear that from the above expression (3-105), the Hamaker constant is 
considered as a function of the refractive index, the dielectric constant and the absorption 
frequency and in order to calculate it, it is necessary to know how the dielectric 
permittivity of the media vary with frequency. 
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Later, Gregory (1969), Isralachilvili (1972), Mahanty and Ninham (1976) and Hough and 
White (1980) simplified the essential equations of Lifshitz theory to calculate the value of 
Hamaker constant. By referring back to equation (3-91) and equation (3-103), the 
Hamaker constant for the interaction of two media I and 2 across a third medium 3 can be 
expressed in terms of McLachlan's equation (3-91) for C as follows: 
Am = ,,'Cp,p, 
= 6,,'KTp,p, i: 
(4m:.)' n:O.I •... 
a, (iv. )a, (iv.) 
6; (iv.) 
(3-107) 
Where, the excess bulk polarizability, a(iv), of a planar dielectric medium 2 in medium 3 
in terms of the purely macroscopic properties of the media is given by Landau and 
Lifshitz (1984), as follows: 
p,a, =2C.6,(C, -6,)/(C, +C,) 
Therefore, by substituting equation (3-108) into equation (3-107) yields: 
A =~KT i: [C,(iV.)-6,(iV.)][6,(iV.)-c,(iv.)] 
13' 2 '=.,', .. C,(iV.)+6,(iV.) c,(iv.) + c,(iv.) 
(3-108) 
(3-109) 
Replacing the sum by the integral, the expression for the Hamaker constant equation (3-
109) based on the Lifshitz theory can be written as: 
Am = ~KT(6, (0) - 63 (0))(6,(0) - 63 (0)) 
4 c, (0) + 6, (0) 6, (0) + 6, (0) 
31i r(C,(iV)-63 {iV))(C,(iV)-63 (iV) 'h, 
+ 4" , c, (iv) + 63 (iv) C, (iv) + c3 (iv) J" 
(3-110) 
Where c, (0), 6, (0) and c3 (0) are the static dielectric constants of the three media and 
c(iv) are the values of 6 at imaginary frequencies and v. = (2trK.T /Ii)n. The first term 
in equation (3-110) represents the zero-frequency energy of the Van der Waals' 
interaction and includes the Keesom and Oebye contributions. The second term gives the 
dispersion energy and includes the London energy contribution, 
Equation (3-109) and (3-110) are not exact, but are only the first terms in an infinite 
series for the Hamaker constant. The other terms, however, are small and rarely 
contribute more than 5%. 
Therefore, it is clear that from equation (3-1 10), to obtain the Hamaker constant for any 
system, the variation of dielectric permittivity of the media with frequency must be given, 
after that, integration of equation (3-110) will be carried out, to obtain A. The dielectric 
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pennittivity of the media change with frequency in the same way as that of an atom, 
equation (3-96). Mahanty and Ninham (1976) presented the relationship for 
&(v) and &(iv) by a function of the fonn as follows: 
c{iv) = I + (c-n')/(1 + vlvro,) +(n' -1)/(1 + v'l (O') (3-111) 
Where v ro' IS the molecular rotational frequency, which is typically about 
(vro, -< 1012 s-'), (O is the main electronic absorption frequency in the UV typically 
around 3xIO"s-' and n is the refractive index of the medium. Since the value of the 
frequency is much greater than the rotational .frequency, the above equation (3-111) 
';-. 
reduces to: 
c{iv) = 1+ (n' -1)/(1 + v'l (O') (3-112) 
After substituting equation (3-112) into equation (3-110) yields after integration: 
'" '}.. KT( c, (0) - &, (0) J( c, (0) - c, (0) J 
4 &, (0) + &, (0) &, (0) + &, (0) (3-113) 
3n{O (n,' -n;)(n; -n;) 
+ 8.fi (n~ +n;)/'(n; +n;)'I2l<n~ +n;)/2 +(n; +n;)'l2j 
Equation (3-113) calculated by assuming that the absorption frequencies of all three 
media are the same. Therefore, for two identical phases 1 interacting across medium 3, 
the above equation (3-113) reduces to the simple expression as: 
( J
' " , 
'" '}.. KT &, (0) - &, (0) + 3n{O (n, - n, ) 
4 &, (0) + c, (0) 16.fi (n,' + n;)'12 
(3-114) 
If the two media are allowed to have differem absorption frequencies, the integral in 
equation (3-110) becomes much more complicated, but can nevertheless be done 
analytically. The result as obtained by Horn and Isralachilvili (1981) is: 
A ='}..KT(C,(O)-c,(O)J2 + 3n.;w:r;; (X2EO +2Xt'!.coEo'l2 + t'!.&;(3 + 2Y)) 
13' 4 c,(O) +&,(0) 64c;14 [(Y_~]" +(Yh/y2 -I)"r (3-115) 
Where, 
{O, (2 ) {O, (2 ) X = - n, -I - - n, -I , 
Q)3 iU1 
I [{O, (, ) {o, (2 )~ Y = --=i72 - n, + I + - n, + I 
4co {o, {O, (3-116) 
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It is clearly shown that equation (3-115) reduces to equation (3-114) when Q), = Q), = Q). 
Equations (3-114) and (3-115) are considered as a rather simple extrapolation, but it 
nevertheless gives a reasonable estimate for the Hamaker constant. Since these 
expressions (equations (3-114) and (3-115)) include the material parameters and are not 
functions of the film thickness any more, they are regarded as a constant. By using these 
formula (equations (3-114) and (3-115)), Horn and Israelachvili (1981) calculated the 
Hamaker constant for the case of two Mica surfaces separated by an 
octamethylcyclotetrasiloxane (OMCTS) as a lubricant, and they found that, this formula 
gives a reasonable estimate for the Hamaker constant. Israelachvili (1992) also showed 
that, the values of Hamaker constants calculated by using the simplified formula 
presented by equation (3-114) for two identical phases interacting across a medium are in 
good agreement with those calculated more rigorously by solving the full Lifshitz 
equation (3-105) and also with those obtained experimentally. 
The above expressions (equations (3-114) and (3-115)) for A can be applied to any of the 
macroscopic geometries listed in figure 3.7. These equations represent the following 
interesting aspects: 
I. The Van der Waals' force between two identical bodies in a medium is always 
attractive (A positive), while that between different bodies in a medium can be 
attractive or repulsive (A negative). 
2. The Van der Waals' force between any two condensed bodies In vacuum or air 
(c, = I and n, = I) is always attractive. 
3.8.3 Experimental measuremeuts of Van der Waals' forces 
Experimentally, the most direct way to measure the Van der Waals' forces is simply to 
position two bodies close together and to measure the force of attraction as a function of 
the distance between them. The pioneering measurement of this type was carried out by 
Derjaguin and his colleagues in the 1950s and 1960s. The bodies were made of glass, the 
force was determined by measuring the deflection of a sensitive spring, and the distance 
between the highly polished surfaces was obtained by optical interference. In this way the 
Van der Waals' forces between various types of glass in air or vacuum were successfully 
measured in the range of (25-1200) nm, and good agreement with the Lifshitz theory was 
obtained. The expected power law for the force was obtained, and the measured 
magnitudes of the forces agreed with theory within a factor of about two. 
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Unfortunately, experiments with glass were unable to provide accurate results for 
separations less than about 10 nm. In this case, a much smoother surface was needed. This 
problem was resolved by making use of Mica surfaces instead of glass, and by employing 
a mUltiple beam interferometry technique for measuring surface separations to within 0.1 
nm. Tabor and Winterton (1969) and Israelachvili and Tabor (1972) measured the Van 
der W aals' forces between two curved Mica surfaces in air in the range of (2-130) nm, 
and they found that, the agreement with the Lifshitz theory is within 30%. 
After 1975, new experimental techniques were developed to directly measure the Van der 
Waals' forces between surfaces in liquids by Israelachvili and Adams (1978) (see 
appendix A). They measured the Van der Waals' forces between two Mica surfaces in 
various electrolyte solutions in the range of (2-15) nm, and found that the agreement with 
the Lifshitz theory is approximately 30%. However, in liquids, unlike in air or vacuum, 
other forces are also usually present, such as long-range electric double-layer forces and 
at separations below a few molecular diameters, solvation forces. The major limitation of 
the Lifshitz theory is that it treats both the surfaces and the intervening liquid as 
structure less continuums and consequently does not include molecular effects such as 
solvation forces. This will be the subject of the following sections. 
3.8.4 Electrostatic forces between surfaces 
Situations in which Van der Waals' forces alone determine the total interaction are 
restricted to a few simple systems, for example, to interactions in a vacuum or to non-
polar films on surfaces. In more complex, and more interesting, systems long-range 
electrostatic forces are also involved, and the interplay between these two interactions has 
many important consequences. However, as shown previously, the Van der Waals' force 
between similar particles or bodies in a medium is always attractive. Therefore, if only 
the Van der Waals' forces were operating all dissolved particles or bodies would tend to 
stick to each other immediately and precipitate out of solution as a mass of solid material. 
A real example of this situation occurs in our own bodies, which are composed of about 
75% water. However, this is not the case, because particles suspended in water and any 
liquid of high dielectric constant are usually charged and can be prevented from adhering 
to each other by repulsive forces such as electrostatic and short-range solvation forces. 
The mechanism of charging of a surface in a liquid can be obtained, as shown by 
Israelachvili (1992), either by ionization or separation of surface groups or by the 
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adsorption (binding) of ions from solution onto an uncharged surface. The final surface 
charge is balanced by an equal, but oppositely charged region of counterions, some of 
which are bound, usually transiently, to the surface within the so called Stern or 
Helmholtz layer, while others fonn an atmosphere of ions in rapid thennal motion close 
to the surface, known as diffuse electric double layer. The origin of the repulsive force 
between two surfaces in a solvent can be explained as follows. Consider a surface, 
initially uncharged, placed in water. When the surface groups dissociate, an oppositely 
charged region of counterions balances the charged surface. As the two surfaces approach 
each other in water, the diffused double layers start to overlap and it is the interaction 
between the double layers that gives rise to the repulsion between the surfaces. If this 
repulsion interaction is strong enough, it overcomes the attractive force between the two 
surfaces and the net force is repulsive (see Israelachvili (1992)). 
The electrostatic interactions are based on the so-called Poisson-Boltzmann equation, as 
described by Verwey and Overbeek (1948). They showed that the electrostatic repulsion 
between two charged surfaces or particles decays roughly exponentially with the distance 
separation between them. Israelachvili (1992) showed that, the repulsive electrostatic 
pressure between two planar surfaces can be written as: 
(3-117) 
Where, X = tanh(ze\Vo 14KT), z is the valency, e is the electronic charge, \VO is the 
electrostatic surface potential, K is the Boltzmann constant, T is the temperature in 
degrees Kelvin, p~ is the electrolyte concentration in the bulk and K.' is the Debye length. 
3.8.5 Van der Waals and Electrostatic forces (The DLVO theory) 
The attractive Van der Waals' and repulsive electrostatic double-layer forces were the 
earliest to be considered, both theoretically and experimentally, and until recently only 
these two forces were believed to be important. Thus, if the fonner dominated, two 
particles or surfaces would come together and adhere, whereas if the latter dominated, 
they would be kept apart. Taken together, the combined, but opposing action of these two 
interactions fonns the basis of the celebrated DL VO theory, after its originators, 
Derjaguin and Landau (1941) and Verwey and Overbeek (1948). The DLVO theory has 
served since the 1950s as the main theoretical framework for analysing the properties of 
colloidal systems. In this theory, since the Van der Waals' forces vary as -11 ha, while 
the electrostatic double layer forces vary as e-'" (i.e. they remain finite or rise much more 
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slowly as h ---+ 0), it is the expected that the Van der Waals' forces exceed that the 
electrostatic double layer repulsion at small enough distances. Figure 3.8 shows the 
classical DL VO interaction potential energy as a function of surface separation between 
two flat surfaces interacting in an aqueous electrolyte (salt) solution through an attractive 
Van der Waals' force and a repulsive electrostatic double-layer force. 
During the 1970s sophisticated new techniques were introduced for directly measuring 
the full force laws (force versus distance) between varieties of surfaces immersed in 
vapours and liquids. It became possible for the first time to directly test the DL VO theory 
by accurately measuring the Van der Waals' and repulsive electrostatic double-layer 
forces between surfaces immersed in various aqueous electrolyte (salt) solutions and 
polar liquids, as shown by Israelachvili and Adams (1978) (see appendix A), Christenson 
and Horn (1983), Israelachvili (1987) and Israelachvili and McGuiggan (1988). Their 
results showed that at separations beyond about ten molecular diameters of the 
intervening liquid, the net interaction potential is very well described by continuum 
theories of the Lifshitz theory (1956) for the Van der Waals' force and the Poisson-
Boltzmann equation for the repulsive electrostatic double-layer force (1948). In cases, 
where deviations have been observed, these can usually be attributed to the existence of 
some additional type of interaction rather than to a breakdown in the validity of the two 
fundamental forces of the DLVO theory. 
o 
o 
, 
, 
, 
, 
, 
'" Double layer 
"'" ~./repulsion 
, 
---
~~~VDW 
attraction 
Adhesive 
contact 
5 
h (nm) 
NetDLVO 
interaction 
10 
o 
15 
Figure 3.8: Schematic energy interaction versus distance profile of DLVO 
interaction after Israelacbvili and McGuiggan (1988). 
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3.8.6 Solvation (Structural) forces between snrfaces 
As shown in the previous sections, the force between two surfaces immersed in a liquid 
has been known to be a contribution from the well known Van der Waals' and 
electrostatic double-layer interactions if the surfaces are charged. The Lifshitz theory of 
Van der Waals' forces predicts a monotonically attractive force between any two similar 
bodies in a second medium, whereas the double layer interaction energy predicts a 
repulsive force between any two surfaces. As the continuum theories of Lifshitz and 
double-layer forces assume that the media are completely characterised by their bulk 
properties, the force law as a function of separation between surfaces is computed without 
considering the existence of discrete molecules. Therefore, in most cases, when two 
molecularly smooth surfaces are separated by more than five to ten molecular diameters, 
the force laws are as expected from continuum theories, that is, an attractive Van der 
Waals force and ifthe surface are charged, a repulsive double layer force (the two DLVO 
forces). At smaller separations, however, the continuum theories of attractive Van der 
Waals and repulsive double-layer forces often fail to adequately describe their interaction. 
For a long time, the origin of these discrepancies remained a mystery. This was either due 
to the break down of the DLVO theory, or some additional structural force of unknown 
origin, although invariably believed to be related to the liquid surrounding effects. This 
point remained highly controversial for a number of decades. With increasing theoretical 
attention and the advent of highly sensitive techniques for measuring these forces in the 
1970s, it became clear that the whole situation is far from simple, that the intervening 
liquid medium cannot be treated simply as a structureless continuum, and that, when the 
discrete molecular nature of the liquid medium is taken into account, some very subtle 
and unexpected interactions can result, especially at small separations. Such forces are 
now commonly referred to as solvation or structural forces. 
In recent years, a number of methods such as computer simulations (Monte Carlo and 
molecular dynamics) have been applied to the problem of finding the origin of these 
forces between two surfaces, immersed in liquid. Due to computational and theoretical 
difficulties, a number of approximations and simplifications are made, such as the 
molecules are almost invariably perfect spheres, the surfaces are assumed to be perfectly 
smooth and there is no interaction accounted for between the walls and liquid molecules. 
The results of such calculations, as shown by Mitchell et al (1978), Van Megen and 
Snook (1979), Lane and Spurling (1979), Snook and Van Megen (1981), Tarazona and 
Vicente (1985), Henderson and Lozada-Cassou (1986) and Israelachvili and McGuiggan 
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(1988) indicate that the density of the liquid and thereby the force between two surfaces 
oscillate between distinct maxima and minima for small surface separations and the 
oscillations decay rapidly with distance. The magnitude of these forces exceeds that of the 
conventional Van der Waals' force and the periodicity is equal to or slightly less than the 
molecular diameter of the intervening liquid. The amplitude of the oscillations decreases 
as the separation increases and the density eventually becomes constant and equal to the 
bulk value at surface separations of five to ten molecular diameters. The corresponding 
force, variously known as solvation or structural force, eventually merges into the 
attractive Van der Waals' force as predicted by the continuum Lifshitz theory. It is 
recognised that the exponential decaying peak-to-peak profiles characteristic of these 
solvation forces are related to, and have the same origin as, the radial distribution 
functions and oscillatory potentials of mean force that are the basis for theoretical 
descriptions of intermolecular interactions in liquids. These forces cannot be described by 
continuum theory, since such forces arise from the finite size of molecules, and they 
therefore depend critically on the molecular size and shape, as well as on the local 
bonding or structure of the liquid medium. 
Theoretical work and particularly computer simulations indicate that while liquid density 
oscillations are not expected to occur at a liquid-vapour or liquid-liquid interface, figure 
3.9 (a), a very different situation arises at a solid-liquid interface, figure 3.9 (b), where 
attractive interactions between the wall and liquid molecules and the geometric 
constraining effect of the hard wall on liquid molecules force them to order (or structure) 
into quasi-discrete layers. This layering is reflected in an oscillatory density profile, 
extending several molecular diameters into the liquid (see Abraham (1978) and Rao et al 
(1979». The constraining effect of two solid surfaces is much more dramatic, figure 3.9 
(c). The strength of the attractive interactions between the liquid molecules and the walls 
can significantly affect the density profile, and can lead to a denser packing of liquid 
molecules near the wall. But, even in the absence of any attractive wall-liquid interaction, 
geometric considerations alone dictate that the liquid molecules must reorder themselves 
so as to be accommodated between the two walls, and the variation of this ordering with 
separation h gives rise to the solvation force between the two surfaces. 
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Henderson (1986) and Evans and Parry (1990) proposed the following model for the 
solvation force so long as there is no interaction between the walls and liquid molecules, 
p, (h) = KT[p, (h) - p, (00)] (3-118) 
Where p, (h) is the contact density of the liquid molecules at each surface for finite 
surface separation, p, (ro) is the corresponding quantity for a single surface, h = 00 , K is 
the Boltzmann constant and T is the temperature_ From their model (equation (3-118», it 
is clear that, a solvation force arises once there is a change in the liquid density at the 
surfaces as they approach each other. For two inert hard walls, this is brought about by 
changes in the molecular packing as h varies, as shown in figure 3.10 (a). From this 
figure, it is clear that p, (h) will be high only at surface separations that are multiples of 
the molecular diameter of the intervening liquid (0), but must fall at intermediate 
separations. At large separations, as p, (h) approaches the value for isolated surfaces 
p, (ro), the solvation pressure approaches zero. In the limit of very small separations, as 
the last layer of solvent molecules is finally squeezed out, p, (h ~ 0) ~ O. In this limit 
the solvation pressure approaches a finite value given by, 
p,(h ~ 0) = -KTp,(ro) (3-119) 
Which means that the force at the contact is negative, i.e. attractive. 
The resulting variation of the solvation pressure with distance is shown schematically in 
Figure 3.10 (b), which shows that, the solvation pressure, like the density profile, is an 
oscillatory function of distance of periodicity roughly equal to the molecular diameter of 
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the intervening liquid (0) and with a range of a few molecular diameters. It is clear that, 
the oscillatory forces occur even in the absence of any attractive liquid-liquid or liquid-
solid interaction. All one needs is two hard solids confining molecules whose shapes are 
regular and that are free to exchange with molecules in the bulk liquid resrvoir. Therfore, 
the effect is more general and the solvation forces occur for molecules confined between 
any two boundaries, including two curved surfaces. 
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Figure 3.10: Oscillatory solvation force varies according to molecular layer after 
Israelacbvili (1992) 
However, as indicated by Israelachvili (1992), the solvation forces is not formed simply 
because liquid molecules tend to structure into semi-ordered layers at surfaces, but they 
arise because of the disruption or change of this ordering during the approach of a second 
surface. If there were no changes, there would be no solvation force as indicated by 
equation (3-118). The two effects are of course related: the greater the tendency towards 
structuring at an isolated surface, the greater the solvation force between two such 
surfaces. 
Israelachvili (1992) suggested that, as a first approximation, the solvation force can be 
described by an exponential decaying cosine function of the form presented in equation 
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(3-120). He concluded this fonn from the theoretical studies and computer simulations of 
various confined liquids between two surfaces, presented by Lane and Spur ling (1979), 
Snook and van Megen (1980,1981), Van Megen and Snook (1979,1981), Tarazona and 
Vicente (1985), Henderson and Lozada-Cassou (1986), Israelachvili and McGuiggan 
(1988) and Evans and Parry (1990). This fonn reads as, 
p,(h) '" -KTp,(oo)cos(2n:hlaVh/ u (3-120) 
Where both the oscillatory period and the characteristic decay length are close to cr. 
In conclusion, many theoretical studies have shown how the oscillatory force laws can 
arise between two surfaces immersed in a liquid, when the two surfaces approach each 
other to very small distance. Such short-range oscillatory solvation forces arise whenever 
liquid molecules are induced to order into quasi-discrete layers between two surfaces or 
within any highly restricted space. Such forces depend not only on the properties of the 
intervening medium, but also on the chemical and physical properties of the surfaces, 
whether smooth or rough, rigid or fluid-like. These forces can be very strong at short 
range, and they are, therefore, particularly important for detennining the magnitude ofthe 
adhesion between two surfaces or particles in contact. 
While theoretical work relevant to practical systems is still in its infancy, there is a 
rapidly growing progress on experimental measurements of the solvation forces between 
two surfaces immersed in a liquid. The existence of such an oscillatory force law in a 
liquid was first demonstrated experimentally by Horn and Israelachvili (1980,1981) with 
direct measurements of the forces between two molecularly smooth Mica surfaces in the 
nonpolar silicone oil OMCTS. A molecular model of OMCTS used by them, shows it to 
be roughly spherical or more precisely an oblate spheroid of major and minor diameters 
1.0-1.1 and 0.7-0.8 nm, respectively. They showed that the oscillatory nature of the 
measured forces, with periodicity close to the molecular size, suggests that the liquid 
molecules are fonning layers between the surfaces. These layers becoming progressively 
more diffused away from each surface. It is energetically favourable for two flat surfaces 
to be at separations, which allow an integral number of layers of molecules between them, 
and unfavourable to be at intennediate separations. The energy between flat surfaces, 
therefore, oscillates as a function of distance between minima and maxima. Therefore, the 
force between the two surfaces also oscillates. 
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In 1982, Christenson et al have confirmed the existence of a similar force law in 
cyc1ohexane, but not in n-octane, where, because the flexible molecules are able to pack 
efficiently, i.e. fill in the space between the surfaces, down to very small separations, the 
structure only extends as far as a surface separation corresponding to two layers of 
molecules. Subsequent measurements of oscillatory forces have also been carried out by 
Christenson (1983) and Christenson and Horn (1983,1985) across different types of 
intervening liquids such as benzene, tetrachloromethane, cyclohexane, n-octane, iso-
octane, ethylene glycol and a polar liquid of propylene carbonate with various electrolyte 
concentrations. They all found that if the fluid is an electrolyte as in the case of propylene 
carbonate and ethylene glycol, the force at large separations is well described by the 
DLVO theory. Whilst at small separations, the force between the surfaces becomes 
oscillatory. If there is no electrolyte in the fluid, the force is also oscillatory at small 
separations. 
In 1985 Chan and Horn performed an interesting experiment (see appendix A) to measure 
the thickness of the liquid films as a function of time as they are squeezed between two 
molecularly smooth Mica surfaces. They incorporated the hydrodynamic effect and the 
surface force effect. They used the same apparatus as that used by Horn and Israelachvili 
(1981) to measure the surface force between the Mica-liquid-Mica system, in which the 
solid surfaces were arranged in crossed cylinder configuration, which is geometrically 
equivalent to plane-sphere configuration. They used three non-polar, Newtonian liquids: 
OMCTS, n-tetradecane and n-hexadecane, where the only surface forces present are 
relatively weak Van der Waals' and solvation forces. From their experimental work, they 
proposed the following exponential-cosine model for the solvation force, 
F, = -RC Fe(-hlu) cos(2trhl 0") (3-121) 
Where F, is the solvation force, R is the radius of curvature of interacting solid surface, 
0" is the diameter of the intervening liquid molecule and C F is an unknown constant. 
They obtained the value of C F by applying the least-square fitting of expression (3-121) 
to their experimental data. 
Finally, the main features of solvation force from all the above experimental results can 
now be summarised as shown by Israelachvili (1992) as follows: 
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I. In inert liquids such as benzene, tetrachloromethane, cyc10hexane and OMCTS, whose 
molecules are roughly spherical and fairly rigid, the periodicity ofthe oscillatory force 
is equal to the mean molecular diameter (see Christenson (1983)). 
2. The peak-to-peak amplitudes of the oscillations show a roughly exponential decay with 
distance with a characteristic decay length of about 1.2-1.7 times the molecular 
diameter. 
3. The oscillatory force can exceed the Van der Waals' force at separations below five to 
ten molecular diameters, and merges with the continuum Van der Waals or DL VO 
(equilibrium of electrostatic and Van der W aals) force at large separations. 
4. Oscillatory solvation forces are not strongly temperature dependent as shown by Horn 
and Israelachvili (1980,1981). 
5. Short-chained molecules such as n-hexane, and branched chain molecules such as 
2,2,4-trimethylpentane (iso-octane) have highly flexible bonds that can rotate freely. 
Such molecules may be considered as being liquid-like and unlike the more rigid 
molecules; they have no need to order into discrete layers when confined between two 
surfaces. Consequently, their short-range structure and oscillatory solvation force does 
not extend beyond two to four molecules (see Christenson (1983)). 
6. Linear chain molecules such as n-octane, n-tetradecane and n-hexadecane have 
flexibility, and entangle each other in the vicinity of solid surface, and therefore show 
very little solvation force (see Christenson et al (1982) and Chan and Horn (1985)). 
7. The measured oscillatory solvation force laws for polar liquids are not very different 
from those of non-polar liquids of similar molecular size and shape (see Christenson 
and Horn (1983)). 
8. For surfaces that are randomly rough, the oscillatory force disappears, even if the 
liquid molecules are perfectly capable of ordering into layers. Therefore, in order for 
the oscillatory solvation force to be developed, the liquid molecules and the surfaces 
must have a high degree of order or symmetry. If either is missing, so will the 
oscillations. A roughness of only a few Angstroms is often sufficient to eliminate any 
oscillatory component ofa force law as presented by Gee and Israelachvili (1990) and 
Christenson (\986). 
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Chapter 4 
Steady State Numerical Solutions for Nano-Tribology Point Contact 
Due to Combined Elastohydrodynamic and Surface Force Under 
Isothermal Conditions 
4_1 Introduction 
In recent years there has been a growing trend toward component miniaturisation in the 
manufacture of increasingly compact and lightweight machines. This has opened new 
fields of engineering endeavour such as micro-engineering and nano-technology, with 
diverse applications. As a sequence of this, the separation of load surfaces has reduced 
considerably under the operating conditions; such as load and relative motion of 
contiguous bodies. Lubricated contact characteristics that were previously dominated by 
the elastohydrodynamic mechanism of lubrication, with oil films tenths of a micrometre 
thick, have given way to a few to tens of nanometre separations. Under these conditions 
the lubricant behaviour is no longer governed purely by its bulk properties such as density 
and viscosity. In fact, the effect of surface forces in vanishingly small gaps and the action 
of molecular forces have become significant and comparable to the hydrodynamic 
viscous force. Therefore, under these conditions, lubricant film formation is governed by 
a new multi-physics phenomenon, which includes the physical properties of the solid 
surfaces and the molecular chemistry of the lubricant, as well as its layering properties. 
Typical examples of mechanisms in which nano-tribology plays an important role include 
high-performance gears, hard disk drive systems of a computer, in which the flying height 
of a magnetic head over a disk surface approaches a few or a few tens of nanometres, and 
in particular a system in which the head disk interface is immersed in liquid lubricant 
instead of air. The separation between the surfaces in such cases is in a nanometre scale 
(i.e. of the order of the molecular diameter of the intervening liquid). 
Studies carried out by Chan and Horn (1985) have shown that, for molecularly smooth 
surfaces, the Reynolds equation seems to apply down to a film thickness of 50 nm, and 
simple correction factors can be applied even further down to several nanometres. At 
closer distances, the attractive Van der Waals' force and the oscillatory (attraction-
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repulsion) solvation force become the dominant mechanisms in lubricant film fonnation. 
Jang and Tichy (1995) have presented a full numerical solution for the problem of EHL, 
including the effect of the Van der Waals' and solvation pressure. However, their 
investigation shows little effect from the surface and molecular forces, even down to a 
film thickness of 2 nm. This finding is not in accord with the conclusions of Chan and 
Horn (1985) and work reported by other workers, such as Matsuoka and Kato (1997). 
This difference is probably due to the fact that Jang and Tichy (1995) used a lubricant 
with a relatively high value of bulk viscosity. 
Matsuoka and Kato (1997) have developed a new method for calculating the total 
pressure as a combined effect of EHL, Van der Waals' and solvation pressure. They 
found that when the film thickness is greater than (7-8) nm, there is a good agreement 
with the conventional continuum fluid lubrication theory (EHL theory) of Hamrock and 
Dowson (1976 a,b-1977 a,b) and in the case of film thickness values less than (7-8) nm, 
deviation from the theoretical prediction and discretization of the film thickness is 
observed. 
Experimental studies reported by Dalmaz (1978), showed that measuring film thickness 
values down to 50 nm, agreed well with the theoretical prediction when Hamrock and 
Dowson's (1976 a,b-1977 a,b) extrapolated oil film thickness expression was employed. 
Johnston et al (1991) have shown that the measured film thickness down to \5 nm, 
confonns to the same theoretical predictions, and that below this value there is apparently 
an even stronger dependence on the speed of entraining motion. They have suggested that 
the continuum assumption in the theory of hydrodynamics losses its validity under these 
conditions and the lubricant layering results in changes in its viscosity, different to its 
bulk value. Further experimental investigations by Cooper and Moore (1994) indicate that 
the lubricant film thickness down to ID nm, agrees well with the theoretical predictions. A 
number of researchers such as Guangteng and Spikes (1994) and Smeeth and Spikes 
(\995) have shown that, with certain lubricants, the effect of surface forces is negligible, 
and that the lubricant film behaviour follows the EHL theory down to the thickness of I 
nm. The physical explanation for this difference has been put forward by Christenson et al 
(1982) and Christenson (\983) (see chapter 3). They suggest that these lubricants, which 
have either a chain or a branched structure, become entangled owing to their flexibility, 
and so exhibit little solvation effect adjacent to the solid surface (see chapter 3). 
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Recently, Kato and Matsouka (1996, 1997, and 1999) have developed a new apparatus for 
the measurement for inter-surface forces and film thickness. They have found that when 
the measured lubricant film thickness is larger than (7-8) nm, it is in accord with the EHL 
theory. Discretization of the film was observed when its thickness was reduced to only a 
few nanometres (see chapter 2). These findings corroborated their theoretical predictions 
carried out in (1997). 
The aforementioned numerical solutions by Jang and Tichy (1995) and Matsuoka and 
Kato (1997) both employed the Voghepol transformation 'P = PH'" in the solution of 
Reynolds' hydrodynamic equation. The method of solution employed in both cases is by 
Gaussian elimination, which has been found to be suitable at low external loads and 
moderate-to-high speeds of entraining motion. At high or low values of load and 
particularly low speeds of entraining motion, this method has been found to be 
computationally unstable with convergence problems. For thin films with applied loads 
ranging at (0.03-10) mN and particularly low rolling speeds ranging at (0.025-25) mmls, 
such as those reported in this thesis, it is more appropriate to use low relaxation Newton-
Raphson method with Gauss-Seidel iterations to solve for the EHL contribution. This has 
been shown to be the case, forming the basis for this chapter. 
This chapter presents full numerical solutions for lubricant fi lm thickness and pressure 
distribution for ultra-thin film lubrication mechanism, including the combined action of 
EHL, surface contact force of solvation and molecular interactions due to presence of Van 
der Waals' force under isothermal conditions. The operating conditions, such as load and 
speed of entraining motion promote formation of ultra-thin films, providing steady state 
solutions for both iso-viscous rigid and elastic conditions are selected. A numerical 
algorithm which combines the Newton-Raphson scheme and low relaxation iteration have 
been applied for solving the convergence of the pressure. The results of this chapter show 
that the effects of surface force on the elastic film shape and solutions that conform well 
to the numerical work and experimental findings of Matsuoka and Kato (l996, 1997 and 
1999). Furthermore, it provides an amendment to the Greenwood Map, with regard to 
ultra-thin conjunctions. The results presented here have been published by Al-Samieh and 
Rahnejat (2001 a) and Al-Samieh et al (2002). 
------------------------ - ---
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4.2 Theoretical basis 
EHL theory can be employed in contact conjunctions, where the Newtonian continuum 
mechanics can be assumed and the viscous flow of fluids is described by the relative 
motion of undeformable spherical molecules, with a thickness in excess of two molecular 
diameters of the intervening fluid. In thinner elastic gaps, the effects of Van der Waals' 
and the electrostatic double layer forces become dominant in the case of polar particles. 
As the film thickness is further reduced, the ensuing unstructured environment 
contravenes the Newtonian viscous flow model, as well as the Lifshitz structureless 
continuum theory. The use of EHL theory in isolation becomes suspect. Matsuoka and 
Kato (I 997), and AI-Samieh and Rahnejat (200 I a) have shown that for non-polar 
lubricants such as Octamethylcycotetrasiloxane (OMCTS) the effect of structural 
solvation force becomes dominant in gaps of the order ofa few to several diameters of the 
intervening fluid, but that in itself does not preclude a modest contribution due to viscous 
action. 
The structural forces induce molecular layering of non-polar lubricants such as OMCTS. 
The formulation of these forces assumes the lubricant molecules in the form of 
undeformable solid spheres. Layers of such molecules, sliding upon each other would 
conform to the Newtonian slow viscous flow theory, when the gap is in excess of two 
molecular diameters of the fluid. The load carried by the lubricant is thus shared by a 
combined mechanism of pressure generation in the contacting region, as: 
P=P, +Pwlw +Ph (4-1) 
The total pressure in equation (4-1) is calculated in simultaneity with the elastic film 
shape equation in the same manner as that carried out for the conventional solution to the 
EHL problems. 
The use of the above equation is justified by the fact that the load carried by the lubricant 
is supported by all the mechanisms that contribute to the formation of the lubricant film 
through generation of pressure. In the case of Van der Waals' force the attractive nature 
of the force leads to suction (i.e. negative pressures). This force, therefore, tends to bring 
the two surfaces together. In an ultra-thin film conjunction with little or no viscous effect, 
if this were to be the case the adjacent solid surfaces would tend to stick to each other. 
However, this is not the case due to the repulsive action of the structural solvation effect 
(see chapter 3). Therefore, the net force balances the applied load according to the 
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Newton's third axiom and yields the gap size. This is the justification for the use of 
equation (4-1) by the Bemoulli's Principle of Super position. This approach was 
established by Matsuoka and Kato (1997) and recently by AI-Samieh and Rahnejat (200 I 
a). 
This chapter, therefore, presents analyses that remain within the fold of Newtonian fluid 
flow in a continuum. As the combined surface roughness of the mating Mica surfaces 
remain insignificant (less than twice-to-one third of the lubricant film thickness, see the 
results section, and note that the surface roughness is in the region 0.048-0.6 nm), the 
need for a micro-EHL analysis does not arise. This point is described in more detail in the 
results section. 
The calculation method for the three pressure components that mentioned in expression 
(4-1) will be described in the following sections. 
4.2.1 EHL pressure 
4.2.1.1 Normalization of the Reynolds equation 
The general form of the Reynolds equation for EHL point contacts for a Newtonian fluid 
under steady-state entraining motion can be written as (see chapter 3 for derivation): 
~(phJ OPh)+~(PhJ OPh)=~[ph(UA +UB)]+~[ph(VA +VB)] (4-2) 
Ox 121/ Ox ay 121/ ay Ox 2 ay 2 
By assuming that the lubricant entraining motion takes place only in the x direction, the 
velocity components in the y direction, v A = VB = o. Therefore equation (4-2) reduces to: 
~(phJ OPh)+~(phJ OPh)=~[ph(UA +uB)] 
Ox 121/ Ox ay 121/ ay Ox 2 (4-3) 
The average velocity in the x direction, u ~ , can be expressed as: 
u = _U-"A -,+_U--,B,-
~ 2 (4-4) 
By assuming that u ~ is constant and not a function of x, and after substituting equation 
(4-4) into equation (4-3) yields: 
~(phJ OPh)+~(phJ OPh)=12U o(ph) 
Ox 1/ Ox ay 1/ ay ~ Ox (4-5) 
Now, to reduce the number of parameters in EHL problem, it is convenient to carry out 
EHL analysis using dimensionless parameters such as, dimensionless load, W·, 
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dimensionless speed, U', and dimension less materials' parameter, G'. These 
dimension less groups are obtained as follows: 
X=xlb x=bX dx=bdX 
Y=ylb y=bY dy=bdY 
p=plpo p= pp, dp = p,ap 
1f = I1ll1u 11 = 1fI1, dl1 = l1ud1f 
H = hR/b' h= Hb'l R dh=b'dHIR 
Ph=PhIPH" Ph = PhPH" dph = PH"dPh 
U' = ua,,17, I RE' u~ = U' RE/l1o 
W' =WIE'R' W =W'E'R' 
G' =aE 
Substituting the above dimensionless groups into equation (4-5) gives: 
~~(pp, H'b' PH" aPh]+~~(PP. H'b' PH" aPh] = 
b ax 1f1lo R' b ax bay 1f'l. R' b ay 
Rearranging equation (4-7) yields: 
12u a(ppoHb') 
~ Rbax 
(4-6) 
(4-7) 
Pub'PH" a (PH' aPh]+ Pob'PH" a (PH' aPh] = 12u~Pob' a(pH) (4-8) 
'lob'R' ax 1fax 'lob'R' ay 1f ay Rb ax 
Dividing both sides of equation (4-8) by p,b',PH;, yields: 
'lob R 
~(PH' aPh]+~(PH' aPh]= a(pH) 
ax 1fax ay 1f ay IfI ax 
Where: 
(4-9) 
(4-10) 
Equation (4-9) is the dimension less form of equation (4-3) for point contacts under 
steady-state condition. 
4.2.1.2 Finite difference representation (Discretization) of the Reynolds equation 
Generally numerical solutions can be obtained to the EHL problem, where the Reynolds, 
elasticity and rheological equations, are coupled together. Equation (4-9) can be 
discretized using finite difference method. For mesh adaptation as shown in figure 4.1, 
the central difference method, and the backward difference method can be defined for a 
regular mesh as follows: 
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F(X) = !(X'+I.) - !(X,_I.) 
'.J 2M (by central difference method) 
F(X) = !(X,.) - !(X'_I.J) 
'.} M 
Where: 
f(X}A 
J(XJ 
,.) 
(by backward difference method) 
M = X
'
.f - Xi-I.f 
= Xi+l,j - X;,j 
x 
Figure 4.1: Priuciple of central and backward difference method 
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(4-11) 
(4-12) 
(4-13) 
By making use of central difference method for the terms on the left-hand side and the 
backward difference method for the terms on the right hand side of equation (4-9), 
equation (4-9) can be represented as shown below. 
Now, by looking at the first term in Reynolds' equation, - L-_h , and o (-.]f3 oP ) 
oX fi oX 
representing it in arithmetic format gives: 
Chapter 4: Steady State Numerical Solutions tor Nano-Tribologv Point ... 100 
(PH
J8Ph) (PHJ8Ph) 
1faX ;+111,) Tf a.x ;-1/2,) 
M 
( p~J). .(Phi+I'~ Phi.))_ (p~J). (Phi.) ;hi-I.)) 
1] l+lf2.J " 1-1I2.} 
(-H J) (-H J) (-H J) (-H J) ~ +~ ~ +~ 
Tf ;+1,1 Tf i,j (Phi-Ph) Tj I,) Tf H,) (Ph - Ph_I) 1+ ,} I,}_ I,j I.J 
2 M 2 M 
M 
Rearranging the above equation yields: 
I {(PH J ) (PH')} 2M2 ~. . + ~ . (Phi+!.) - phi,))-
"HI.} 1] i,J 
1 {(PH') (PHJ) } 2M2 -=- . + -=-. (Phi,) - Phi_I,)) 
"i.J 1] I-I.} 
(4-14) 
The second tenn of the Reynolds equation, - ~_h , can be represented in the 8 (-H' ap ) ay Tf ay 
similar manner as: 
I {(PH J ) (PH J )} 2dy2 ~.. + -=- (Phi,)+I - Phi,))-
"',j+i 1] i,j 
1 {(PH') (PH') } 2dy2 -=- . + -=- .. (Ph,,) - Ph,,)-,) 
1] I,j 1] 1,)-1 
(4-15) 
aCH) The last tenn of the Reynolds equation, P , can be represented by making use of 
ax 
backward differences as: 
8(pH) (pH)i,) -(pHL,J 
8X t;,)( 
(4-16) 
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The whole Reynolds' equation can now be written from equations (4-14, 4-15 and 4-16) 
as follows: 
I {(PH') (PH')} 2M2 --=- . + --=- (Phi+I,f -Phi,})-
1] i+l,j TJ i,j 
1 {(PH') (PH') } -- -- + -- p-P. + 2M2 - . - . (h',) h<-l,J 
1] i,J 17 I-i,} 
I {(PH') (PH')} 2~y2 --=-.. + --=- . (Phi,f+1 - Phi,f)-
"',j+! 1] I,j 
(4-17) 
1 {(PH') (PH') } 2~y2 --=- .. + --=- .. (Phi,f -Phi,f-.)= 
1] I,) 1] I,j-i 
Iif( (J5H)"f -:fHL.'f ) 
Rearranging equation (4-17) in terms of pressure, gives: 
I {(PH') (PH')} 2M2 --=-. . + --=- .. (Phi+I,f)+ 
,., 1+1,J 1] I,j 
I {(PH') (PH') } 2M2 --=-. + --=- . (Phi-I,f)+ 
17 I,) 1] i-i,} 
1 {(PH') (PH')} 2~y2 --=- . + --=- .. (Phi,f+I)+ 
1] i,J+1 TJ I,j 
1 {(PH') (PH') } 2~y2 --=-. + --=-. (Ph',f-I)-
1] I,) 1] 1,)-1 
_1 {(PH') +2(PH') +(PH') }(p)_ 2M2 -.. -. . - . h,,} 
1] 1+I.j ",,) 1J i-I,) 
- - +2 - + - (P .. )= 1 {(PH') (PH') (PH') } 2~y2 -. -. . -. . h,,} 
",,}+! 17 I,j 1] 1,)-1 
1if((f5H)i,} -:fHL.'f ) (4-18) 
By transferring the parameters to the left-hand side, equation (4-18) can be written as: 
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I {(PH 3 ) (PH 3 )} F =-- -- + -- P + 
'.j 2M2 - . - .. ( hHl.J 
",+1,) '1 I,} 
I {(PH 3 ) (PH 3 ) } 2M2 --=- .. + --=-. . (Phl-1.J+ 
"t,) 1] I-I,} 
I {(PH 3 ) (PH 3 )} 2dy2 --=-. + --=-. (Phl.j +\)+ 
1] 1,)+1 1] I,} 
I {(PH 3 ) (PH 3 ) } 2dy2 --=- .. + --=- . (Phl.1- 1)-
1] I,j TJ I.j-l 
_1 {(PH') + 2(PH') +(PH3 ) }(p)_ 2M2 - -. - . h'.l 
1] i+l,} 1] t.} " I-I,} 
- - +2 - + - (p)-I {(PH 3 ) (PH') (PH') } 2dy2 - -. - h'.l 
1] ;,J+l 7] I,j ";,)-1 
1If((PH),j -:HL.j )=0 (4-19) 
Equation (4-19) represents the discretized fonn of equation (4-9). 
4.2.2 Solvation pressure 
In 1985 Chan and Horn perfonned experiments to measure the thickness ofliquid films as 
a function of time as they are squeezed between two molecularly smooth Mica surfaces 
arranged in crossed cylinder configuration, which is geometrically equivalent to a plane-
sphere configuration (see Appendix A). They incorporated the hydrodynamic and the 
surface force effects. From their experimental work, they proposed the following 
exponential-cosine model for the solvation force, as: 
(4-20) 
Where F:-P is the net solvation force, superscript s,p denotes interaction between a 
sphere and a plane, (Y is the diameter of the intervening liquid molecule, R is the radius 
of curvature of interacting solid surface and C F is an unknown constant. They obtained 
the value of C F by applying the least-square fitting of expression (4-20) to their 
experimental data, where OMCTS was used and C F was obtained as 172 mNlm. 
However, in order to convert a net force between a sphere and a plane into a force 
between planes per unit area, namely pressure, the DeJjaguin approximation (1934) is 
often used. This approximation combines a net force between a sphere and a plane and 
energy between planes per unit area, and is written as: 
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F J - p 
W p- p =-'-
27rR 
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(4-21) 
Where p-p means interaction between a plane and a plane. Therefore, by applying the 
Oerjaguin approximation equation (4-21) to expression (4-20) yields: 
Wp-p =_ C F e(-hIU) cos(2Jrh I 0-) 
2" 
From the solvation energy (expression (4-22)) a pressure, p" can be obtained as: 
dW P-P 
- FP-P -p, - - dh 
C .JI + 4,,' 
F e(-hlu) cos(2Jrh I 0- +?) 
2"0-
(4-22) 
(4-23) 
Where: tan? = -2" and for OMCTS 0- = I nm (Horn and lsraelachvili (1981 )). This 
yields that the value of the coefficient of expression (4-23) is 174 MPa from value of 
CF =172mNlm. 
Jang and Tichy (1995) have proposed the following exponential-cosine model for 
solvation pressure based on the similarity of characteristics of the solvation force 
(equation (4-20)), developed by Chan and Horn (1985). This model can be written as: 
p, = _C,e(-hlu) cos(2JrhI 0-) (4-24) 
Jang and Tichy (1995) assumed that C, = 172 MPa based on the Chan and Horn (1985) 
equation (4-20), in which OMCTS was used as intervening liquid between solid surfaces. 
By using the following dimension less parameters, 
P, = p, I PH" 
H=hRlb' 
Ps =: ~PHer 
h = Hb' I R 
Equations (4-23) and (4-24) can be reduced to: 
P,PH" = - CF.Jl + 4,,' e(-Hb'IRU)cos(2;rf{b' I Ro-+ljJ) 2,,0-
PP = -C (-Hb'IRu) cos(2;rf{b' I Ro-) 
J Her Je 
Rearranging equations (4-26) and (4-27) yields: 
P = , CF.JI+4,,' e(-Hb'IRu) cos(2;rf{b' I Ro-+ljJ) 
2;raPHl!r 
(4-25) 
(4-26) 
(4-27) 
(4-28) 
(4-29) 
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Equations (4-28) and (4-29) represent the dimension less fonn of equations (4-23) and (4-
24). 
However, it is clear from expressions (4-23) and (4-24) that the difference between two 
models is only in the phase factor, t/J, because the coefficients are almost the same. 
4.2.3 Van der Waals' pressure 
It is now known that the Van der Waals' forces act between two surfaces when they are 
separated by a very thin liquid, as shown by Lifshitz (1956) (see chapter 3). The 
interaction energy per unit area between planes is given by Prieve and Russel (1988) and 
Israelachvili (1972,1992) as follows: 
wp- p = - Al3I 
12m2 
Therefore, the pressure due to Van der Waals' force is given as: 
p..,. = 
By making use of the following dimensionless parameter, 
and that mentioned in equation (4-25), equation (4-31) can be reduced to: 
p p = -Al3I 
..,. Hu 6Jr(Hb 2 / R't 
Rearranging equation (4-33) gives: 
p _ - AIJI 
wJw - 6trP (H'b 6 / R') Hu 
Equation (4-34) represents the dimension less fonn of equation (4-31). 
(4-30) 
(4-31) 
(4-32) 
(4-33) 
(4-34) 
Note that the value of Hamaker constant, AI3I , is calculated by Horn and Israelachvili 
(1981) by using equations (3-115) and (3-116) for the Mica-OMCTS-Mica system (see 
chapter 3), where, KT=4.114xI0-2I J at T=25°C,and Ii = 1.0546 x 10-'4 Js. 
For Mica surface, nl = 1.6, llIl = 1.9 X 1016 rad / s , &1 = 7 and for OMCTS, n, = 1.4, 
llI, = 1.6 x IOl6 rad / s, &, = 2.3 (see Horn and Israelachvili (1981) and Israelachvili 
( 1992». 
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Therefore, after substituting the above mentioned values into equation (3-116) yields: 
Therefore, the value of Hamaker constant, A"" from equation (3-115) is: 
A", =0.788xI0-ZI + 1.478 X 10-20 
= 1.558x10-20 
(4-35) 
(4-36) 
[n general, Horn and [sraelachvili (l981), Chan and Horn (1985), Israelachvili 
(1972,1992) and Jang and Tichy (1995) have all calculated the Hamaker constant for the 
case of two Mica surfaces separated by an OMCTS lubricant, and they found that the 
values for the Hamaker constant for this combination to be in the range: 
A", = 1.4 X 10-20 - 10-19 J . 
4.2.4 Viscosity- and density-pressure relations 
The variation in the viscosity of the lubricant with pressure is given by Roelands in 1966, 
as shown in detail in chapter 3 (equation (3-27» as follows: 
17= 17o eXP{[ln(17o)+9.6i-I+(I+ Ph .)i]} L 1.98 x 10 (4-37) 
By making use of the dimension less parameters introduced above in equation (4-6), 
equation (4-37) can be rewritten in dimension less form as follows: 
Tf = eXP{[ln(17J + 9.6i _I +(1 + PhPH". )i]} L 1.98xl0 (4-38) 
The variation in density of the lubricant with pressure is defmed by Dowson and 
Higginson in 1966, as highlighted in detail in chapter 3 (equation (3-28)) as follows: 
[I 0.s8Ph ] p = p + -----'--"-
o 1+ 1.68Ph 
(4-39) 
By making use of the dimension less parameters introduced above in equation (4-6), 
equation (4-39) can be rewritten in dimension less form as follows: 
15 - [I + 0.58Ph PH" ] 
1+ 1.68Ph PH" 
(4-40) 
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4.2.5 Nodal structure 
Generally, to evaluate the film thickness and the pressure distribution in any lubricated 
contact conjunctions, a suitable computing domain should be selected. For this case, the 
theoretical boundaries in both the x and y directions are infinite. However, for the purpose 
of obtaining numerical solutions, finite boundaries have to be assumed. It is now known 
that the main load bearing area for an EHL conjunction of point contact encompasses the 
Hertzian contact area, and of course there are areas in the inlet and lateral regions where 
the generation of pressure has to be considered. The nodal structure, which is used in this 
chapter, is based on the work of Hamrock and Dowson (1976). Figure 4.2 shows the 
geometrical representation of the actual EHL field, where m and n are the inlet and outlet 
lengths respectively, while I is the lateral boundary. It is clear from this figure that the 
computing domain is chosen to have a rectangular shape in the (x-y) plane. Figure 4.3 
shows the non-dimensional computation domain and the unifonn mesh structure. The 
discrete nodal points in both the X and Y directions are i = 1,2,3 ... M and j = 1,2,3 ... N. 
Extensive investigations of an appropriate mesh or nodal structure for the finite difference 
approximation and the solution of the EHL problem were made by Wedeven et al (1971) 
and Hamrock and Dowson (1977) to ensure fully flooded lubrication conditions. 
Therefore, to obtain a fully flooded lubrication condition, the inlet and lateral boundaries 
are selected in such a way that by their extension, the minimum film thickness does not 
changes. 
4.2.6 Numerical evaluation of elastic deformation 
It is clear from chapter 3 (equation (3-25)) that the elastic deformation, ox.y' due to 
Pressure distribution, Px ,over the contact area can be expressed as: l·YI 
(4-41) 
Figure 4.4 shows a rectangular area A with dimensions 2b and 2a in the X and Y 
directions respectively. The elastic deformation, 0, at a point (x,y) due to the uniform 
pressure, p, over the rectangular area A = 2b x 2a can be written as follows: 
o = 2px,.y, iifbf dx,dy, x.y _<" I 2 ' 
1= _,_'y(x-x,) +(y-y,t 
(4-42) 
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Figure 4.4: Surface deformation of a semi-infinite body subjected to a uniform 
pressure over a rectangular area 
Integrating equation (4-42) gives: 
(4-43) 
Where, the contact influence coefficient matrix, D, is given by Johnson (1985) as folIows:' 
Where: 
b = M/2, 
X=x-x\, 
[
(Y +a)+~(Y +a)' +(X +b)'] 
D = (X + b) In -----'--';=======;:= 
(Y -a)+~(Y _a)' +(X +b)' 
[
(X +b)+~(Y +a)' +(X +b)'] 
+ (Y +a)ln -'---'--7=~;:=~=~ 
(X -b)+~(Y +a)' +(X _b)' 
[
(Y -a)+~(Y _a)' +(X -b)'] 
+ (X - b) In -'-----=-'i==~===="=:;= 
(Y +a)+~(Y +a)' +(X _b)' 
[
(X -b)+~(Y _a)' +(X -b)'] 
+ (Y - a) In -'----'---'-r====O===7 
(X +b)+~(Y _a)' +(X +b)' 
a = IW/2 
Y=y- y, 
(4-44) 
Now 0 in equation (4-43) represents the elastic deformation at a point(x,y) due to a X.Y 
rectangular area A = iii x 2a of uniform pressure p. If the computing domain is divided 
into a number of equal rectangular areas and the pressure is assumed to be uniform within 
each area as shown in figure 4.4, then the total deformation at a point (x,y) due to the 
contribution of all the rectangular areas of uniform pressure in the computing domain can 
be calculated numericalIy as follows: 
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2 N M 
0IJ =-" "p.D .. 
, trE' ._L... ._L... l.j i.j }-1.2 •.... 1_1.2 •... 
Where, according to Dowson and Hamrock (1976): 
;' = 11 -11 + 1 
/=IJ-jl+l 
4.2.7 The dimensionless form of elastic film shape 
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(4-45) 
The elastic film shape equation in dimensional form between two elastic bodies in 
circular point contact can be written, as mentioned in chapter 3, equation (3-20 b), as 
follows: 
x' + y' h(x,y) = ho + + o(x,y) 
2R 
(4-46) 
By making use of figure (4-2), equation (4-46) is reduced to: 
hex y)=h + (x_m)' + (y-/)' +o(x y) 
, 0 2R 2R ' (4-47) 
Where m and I are the distance, which is used to determine the inlet distance and side 
leakage region respectively. 
By introducing the dimension less parameters mentioned in equation (4-6), equation (4-
47) is reduced to: 
Hb' = Hob' + b'(X -i'ii)' + b'(Y _I)' + 8(X,Y)b' 
R R 2R 2R R 
(4-48) 
Rearranging equation (4-48) yields: 
H=H + (X-i'ii)' +(Y-I)' +8(X Y) 
022 ' (4-49) 
Where m and 1 are the dimension less distance and 8 is the dimensionless deflection. 
Equation (4-49) represents the dimension less form of the elastic film shape and can be 
discretized as follows: 
H = H + (Xu - i'ii)' + (YJ.J - I)' + Rr5J.J (x,y) 
I.J 0 2 2 b' (4-50) 
4.2.8 Load balance equation 
The integral of the pressure distribution, obtained from the Reynolds equation and surface 
forces actions should balance the externally applied load, W, in order to ensure 
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equilibrium of forces. For the two dimensional point contact problem this condition reads 
in dimensional form as: 
~ ~ 
w = J Jp(x,y)dxdy (4-51 ) 
Substituting the dimensionless parameters mentioned in equation (4-6) into equation (4-
51) yields: 
~ ~ 
w = J JpH"P(X,Y)b'dXdY (4-52) 
As PH" and b are constant for a given condition, equation (4-52) can be rewritten as: 
~ ~ 
The maximum Hertzian pressure PH" is defined as: 
Substituting from equation (4-54) for PH" into equation (4-53) yields: 
J Jp(X,Y)dXdY = 2tr 
_ 3 
(4-53) 
(4-54) 
(4-55) 
Equation (4-55) represents the dimension less form of load balance equation for a point 
contact condition. 
4.2.9 Boundary conditions 
The boundary conditions are the following: 
I. At the boundaries of the computation domain, which in this case is a rectangular area, 
the pressure is assumed to be zero. This can be written as: 
(4-56) 
2. Pressure obtained from the solution of the Reynolds equation is generally positive. 
However, nothing prevents the theoretical solutions for pressure from taking on 
negative values. In EHL problems, while the gap is widening, such negative pressures 
occur in the outlet region of the conjunction and is not physically acceptable, since the 
fluid cannot sustain negative pressures. Since in most situations the vapour pressure of 
the fluid is small compared to the ambient pressure, it certainly is much smaller than 
the pressure generated in an EHL contact, therefore, the condition is imposed that the 
pressure should be larger than or equal to zero. At the cavitation boundaries, the 
Reynolds boundary condition is applied as: 
Chapter 4: Steady State Numerical Solutions fOr Nano- TribolofSV Point ... III 
P = aPh = aPh = 0 
h oX ay (4-57) 
Note that the boundary conditions are applied to the case of the mechanism that promotes 
formation of a continuum, in this case the hydrodynamic viscous action. Other 
contributing mechanisms do not advance the formation of a continuum and as such are 
governed by direct molecular interactions. Therefore, it is assumed that the boundary 
conditions should not be applied to the total pressure. The mechanism of transition from 
continuum physics into a structureless environment is not well understood at the present. 
More research regarding the effect of solvation upon computational boundary is required. 
4.3 Numerical method of solution 
To obtain a complete solution for the EHL point contact problem (i.e. pressure profile and 
film shape), a numerical approach is needed to simultaneously solve the Reynolds 
equation, the film thickness equation including elastic deformation, and the force balance 
condition. A variety of numerical methods have been used by different investigators to 
obtain solutions. Classical work in this sense is the work of Dowson and Higginson 
(1966). They used both direct and inverse methods in their pioneering work on solutions 
to the EHL problem for line contact geometries. Hamrock and Dowson (1976) adopted 
the direct method in their theoretical study for the point contact problem and they 
obtained a film thickness formula, which is now used internationally in the design of 
machine elements. The Newton-Raphson method was first applied to the line contact 
EHL problem by Okamura (1982) and later Houpert and Hamrock (1986) were able to 
obtain solutions for the line contact EHL problem with the maximum Hertzian pressure 
being as high as 4.8 GPa, using the Newton-Raphson method. Later, lalali et al (200 I) 
extended this method to the solution of EHL point contact problem. More recently, 
Lubrecht et al (1987) and lalali (2000) applied the multigrid method to the point contact 
EHL problem. 
Generally, each numerical method has certain advantages and some shortcomings as 
applied to a specific EHL problem. Two aspects should be considered in judging the 
applicability of a certain method: 
I. The parameter range within which the method works successfully. 
2. The CPU time and the computer memory size needed to arrive at a solution. 
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However, none of the above mentioned methods can be confidently claimed to meet all 
the two above requirements and usually various compromises have to be made to achieve 
the final goal-to get a converged solution. 
In this study the Newton-Raphson method and low relaxation scheme will be applied for 
solving non-linear equation of the point contact EHL problems. It has been found that, the 
Newton-Raphson method is computationally stable with high rate of convergence, at high 
or low values of load and particularly low speeds of entraining motion. Therefore, for thin 
films with very low speeds of entraining motion, such as those reported in this thesis, it is 
more appropriate to use low relaxation Newton-Raphson method with Gauss-Seidel 
iterations to solve for the EHL contribution. A formulation of the general theory will be 
presented in this chapter. 
4.3.1 The NewtoD-RaphsoD method 
One of the most widely used iteration methods for solving an equation of the form 
feu) = 0 is the Newton-Raphson method. As shown in figure 4.5, by assuming an initial 
estimate (u.), which is not so far from a real solution (u), the point of intersection of the 
x-axis and the tangent to the curve offat (u.) for instance (Ut) can be obtained. From 
figure 4.5, it can be seen that: 
t.u = 
f(u.) 
/(u.) 
f(u.) 
f' (u.) 
f(u.) 
/(u.) 
(4-58) 
(4-59) 
(4-60) 
(4-61) 
By making use of equation (4-61), in the second step, (u2 ) can be calculated from (Ut), 
and in the third step, (u,)can be calculated from (u 2 ). This procedure is continued until 
the successive values are sufficiently close, or the value of the function feu) is 
sufficiently near to zero. Equation (4-61) can be expressed in a general form as follows: 
U n+1 :::; un 
f(u.) 
/(u.) 
(4-62) 
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j(x)! 
Figure 4.5: Principle of Newton-Raphson method 
Equation (4-62) can also be obtained, making use of Taylor's expansion of the function 
feu) about an estimated point (uo)as follows: 
, f"(uo) 2 f"'(uo) 3' feu) = f(uo)+ f (uo)(u-uo)+ (u-uo) + (u-uo) + .. , (4-63) 2! 3! 
By assuming that (u - uo) is a small enough quantity to select only the expansion terms 
up to frrst order, and considering that all the remaining terms to be truncation- error, 
equation (4-63) can be written as follows: 
feu) = f(uo) + j' (uo)(u - uo) + Err 
Equation (4-64) can be solved for feu) = 0 as follows: 
f(uo) 
(u -uo) = !'(u
o
) Err 
(4-64) 
(4-65) 
As theerrortermin:loseto zeto [Err:: Ol/,~quation (4-65) c'iO be expressed in a general 
form as: 
, f(u n ) 
j' (un) 
Therefore, it is clear that, equation (4-66) is the same as equation (4-62), 
(4-66) 
In the case of a multi-variable function such as feu, v), the Taylor's expansion series in 
the neighbourhood of the point (uo' vo)can be written as: 
afj(uo' vo)] afj(uo' vo)] f(u,v)=f(uo,vo)+(u-uo) +(v-vo) + .. , 
'- " -' -' ou-- Ov 
(4-67) 
. ---.-. , 
ChaDter 4: Steady State Numerical Solutions fOr Nano-TribolofJV Point ," 114 
Equation (4-67) is the expansion of Taylor's series of function feu, v) in the 
neighbourhood of the point (uo, vo), where only terms up to first order are included and 
the other terms are neglected. 
4.3.2 Newton-Raphson method in the solution of EHL problems 
Equation (4-19) represents the discretized form of the Reynolds equation at point (i,j). 
Assuming that Phi,f (Ph'", Ph'", Ph'", PhJ" "'" Ph •. 1 ,.,., P hM,N) are a set of approximate 
solutions to the real solutions P"i)P""" P",." P",." P"", , .. ,i'M,"'" P hM,N)' where M and N 
are the number of elements in X and Y directions respectively, by substituting the results 
of the real solution vector (P hi.}) and also the results of the approximate solution vector 
(Phi.}) into equation (4-19), the exact solution and approximate solution can be written 
respectively as: 
and 
AF = F - F, ' is small enough, Assume that: I,} I.} .j 
M h • .1 = P"'.1 - Ph.,1 (k = \,2,3, ... ,M,I = \,2,3, ..... ,N) 
(4-68) 
(4-69) 
(4-70) 
By applying the Taylor's series expansion for a multi-variable function (equation 4-67), 
equation (4-68) can be expanded as: 
Where: 
- ~~ 8F,,} 
F',I = F,,} + L...L..--M h • .1 + RT = 0 I., .., 8Ph • .1 (4-71) 
-(4-72) 
Where RT is the truncation error, and since the error term is close to zero, equation (4-71) 
can be written as follows: 
- f~ 8Fi•1 Pi,} = F"I + L..L...--Mhk.l = 0 
I.' •• , 8Phk,I 
(4-73) 
Therefore, the Newton-Raphson method can be applied for the solution of the Reynolds 
equation (4-19) in the following form: 
N M 8F 
",,-,,} M --F 
L... L... 8P "'.1 - i,l 
1=2 ,t,,,2 hk,/ 
(4-74) 
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For: and 
aF 
Now, the derivative parameter,--',J_, in equation (4-74) can be replaced by a Jacobian 
aPh.,1 
matrix, J;',!, which contains a set of derivatives of the function with respect to all the 
variables, This can be defined as: 
" aF, J' J',J = __ '_ 
'.1 ap 
hk,f 
(4-75) 
Where F"J can be obtained from equation (4-19) and the Jacobian matrix,J;';, can be 
obtained by differentiating F',J with respect to Ph.,l . As the number of grid points in EHL 
problems is necessarily large, calculating the Jacobian matrix for all the nodes is not only 
a time consuming process, but also requires a high memory computational space 
allocation. To save the computer storage, the algorithm proposed by Lee and Hsu (1993, 
aF 
1994) in calculating the Jacobian matrix is used here, where __ ',J_ are set to zero for k 
aPhk1 
less than i-I and greater than i+ I, and I being less thanj-I and greater thanj+l. This can 
be written as: 
J,.J - 0 
k,1 - when {
i+l<k<i-l} 
j+I<l<j-1 (4-76) 
Therefore, making use of the above mentioned conditions, the Jacobian matrix is reduced 
, 'h aF"J aF"J aF"J aF"J aF"J aF aF ' to nme tenns m eac row, __ , , , , ,"}, -::-c:--,',,,,J_ 
8Phi,J BPhi+l,j 8Phi_l,j 8Phi,}+1 8Phi,J-l 8Phi+l,J+l 8Phi+l,J-l' 
aF',J -~'---, Hsu and Lee (1994) and Dowson and Wang (1994) in their solutions 
.8?hi-l,J+1 ' BPhi-I,f-l .... _.~_ ~_~ 
aF',J 
- "' •... : 
aF, aF"J aF ' aF"J aF have considered only five terms, __ ',J_, , "J, , ',J, of these nine 
aPh',J aPh'+I,J aPhi-1,J aPhi,J+l aPhi,J-l 
terms of the Jacobian matrix and deleted the other four terms, 
aF ' aF ' aF aF J 
_-,,',J,--, ',J, ',J, " , and they found that the convergence for the 
8Phi+l,)+1 OPhi+I,J-l 8Phi- I,J+l 8Phi- 1,J-I 
pressure does not have any significant influence, This means that only five adjacent nodal 
points, (i, j), (i + I,j), (i -I,j), (i, j + I), (i,j -I), are considered here in calculating the 
Jacobian matrix, 
By introducing the above mentioned conditions, equation (4-74) can be re-written as: 
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aF,.J aF,., + aF,.J M'. + aF,.] M'.. + aF,.J M' =-F M tlPhl j + ap, Mhl+I,J BP hl-l,} BP , h',J+l BP hl,j-I I,j 
hi,) 'hi+l,j hi-I,} hl,j+i hi,j-I 
(4-77) 
aF J aF,.] aF,.J aF,.] aF,'J Where the derivative, -"-, , , , , can be obtained as follows: 
aPM,] aPhi+I,] aPhi-l,] aPh',]+1 aPhi,]_1 
aFi.j 1 
aPhi,] = 2M' 
, -f{'J (-f{'J E....- a E....-
,Tf i+l,) + Tj I" 
aPhi,] aPhi,] 
a E....- a E....-( -f{' J (-f{' ) 
I rr i,] + _-,,-::crr::-,.,ei-.,el,,-,] P 
+ -2-'-v' --'-::a-=p::-'..:"-. ap hi-I,J 
"" hi,] hi,} 
a E....- a E....-(-f{') (-H') l Tj ;,)+1 1] i,J 
+ -2-'-Y-' --a-p---"-- + - .... a-p---"- Phi,]+1 
" hi,J hi,] 
I 
+--2ily2 
I 
---
2M2 
Phi,J-l 
I [(PH') (PH') (PH') ] 
- 2M' rr i+l.j + 2 rr i,l + rr 1-1.] 
I 2ily2 
(4 -78) 
Ph· . 
',J 
--2ilIY2[(-P~'). +2(-P~') +(p~') .. ]_ ~[(a~:)i'I)_(a(!;)j_I'])] 
1] i.J+l 1] i,j 1] I.,-i h,.} hI,] 
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Where: 
a(15~') . 
1] i,} 
( an. aH.J _ -. _ H J --2 _·'_'.1_ 3--1 H2 __ '._1 - P,.j 1.1 17;.1 ap .. + 17'.j l.j ap .. 
hI,) hI,} 
(4-79) 
Equation (4-79) is obtained by assuming that the variation of density with pressure is 
small. 
Now, by differentiating the viscosity, equation (4-38), with respect to pressure yields: 
-A 
- W,} 
The elastic film shape equation (4-50) can be differentiated as follows: 
aH
'
.1 _ R 2PH" D 
ap . -17 JCE. 1.1 
hi,} 
Substituting from equations (4-80) and (4-81) into equation (4-79) yields: 
A =3-- I H'Z D -H' --2A 
22;,} 1]',1 I,J R 1,1 1,/7',1 Ill,} 
and 
P-A'2· . I.} I,) 
The other derivatives in equation (4-78) can be obtained as follows: 
(-H') a~
'if 1+1.1 = (15) 3H'Z D BP . - I+I,J R 2,1 
hi,] 1] 1+1,1 
(-H') a~
'if i-l.j =(15) .3H2 Z D ap,. . - I-I,) R 2,1 
hI.} 1J i-i,} 
(4-80) 
(4-81) 
(4-82) 
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(-H') o~
f[ .. ;.}-I =(15) . 3H' Z D ap - I,j-I R 1,2 
hI,) 1] i,j-l 
o(pH);.} 
o = p;,}ZRD~1 
Ph' . 
',I 
o(pHL,} 
oPh;.} (4-83) 
Now, substituting from equations (4-82) and (4-83) into equation (4-78) yields: 
of,,} I [(15), _] 
--=-- - 3H 1 2 R D" +p A" .. Ph' 1 + ap, 2M2 -,. 1+., . I,j I.j I+.j 
hi,} 1] 1+1.1 
2~' [p;,}A",,} +( ;)H') 3H;~I.}ZRD", ]PhH,} + 
_1_[(15) 3H' ,ZRD" +p- A" .. ]Ph . ·+1 + 2i\y2 -" '.)+ . I,} t,} t.) 
TJ /,j+1 
_1_[(15) 3H' ,ZRD" + p.A" .. ]Ph . . 1 -2ily2 -,. I,}- , I,) I,j I,l-
l] l,}-I 
1 [( 15), - ( 15) , ] 2M' f[. 3HI+1,}ZRD',1 +2p;.}A22;,} + f[ . 3HH ,}ZRD,,1 Ph;.}-
!;~-l.j. . ._, I-I,) 
1 [(PH') (PH') (PH') ] 
2e,.X' f[ ;+l,} + 2 f[ ;.} + f[ ;-I.} -
2e,.ly, [(~) 3H;~}+IZRD,., + 275,.JA,,;,} +(~) .. 3HiJ_IZRDI,,]Phi.J-
TJ I,}+I '/ I,}-i 
I [(PH') (PH') (PH') ] 2e,. Y' f[ ;,}+l + 2 f[ ;,} + f[ ;.}-I - (4-84) 
... f .. J= Z D - - 2 D 1 M LP,,} R 1,1 Pi-I,) R 2,1 
of . oF,.} oF, . of 
In a similar way the other derivatives, "}, ,'}, "}, can be written as: 
8Phl+I.} 8Phi_I., 8Phi.)+1 OPh"j_1 
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8F,.J 
8Phi+l,j 
1 .. J= Z D - - Z D 1 M If'i,} R 2,1 Pi-I,j R 3,1 (4 - 85) 
8F 
'.j 
_1_, [(~) 3H':I,j ZRD',1 + (~) 3HijZRD"I]Phi+l,j + 
2M 71'1' 71·· 1+ .) I.) 
_I ,[(15~') +(15~') ]+ 
2M 71 ;,j 71 ;-I,j 
_1_[(15) 3H',ZR D' 1 +p-. 1 A'2J 1 .]P •. I' + 2M 2 1f.. t., . /- .) - .J /- .} 
',j 
2",IY"2 [(;) .. 3H;~j+IZRD", +(;J .. 3HijZRD"I]Phi,j+1 + 
1.)+1 '.) 
2",ly ' [(~) . . 3H,~jZRD"1 +(~) .. 3H;~j_IZRD,,']P';,j_l-1] I" TJ I.}-i 
2~' [(~). 3H':I,j ZRD,,1 + 2(~) 3H;~jZRD',1 + 15H,jA'2H,j]Phi,j -
TJ I+l.} ." i.J 
_1_, [(~) 3H;~j+IZRD", + 2(~) 3H;~jZRD,,1 +(~) 3H;~j_IZRD"2]Phi,j -
2"'y 71· . 1 71 71 1 1,)+ I., I,}-
(4-86) 
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BF,.I 
BPhl.I+1 
2~' [(~). 3H,'.I.I ZRD,.2 +(~) 3HI:IZRDI.,]Phl+I.1 + 
17 HI,1 " I,} 
2~' [(: t 3H,:,Z A.2 + (: t'l 3HL,.l z RD,., ]Phl_I.1 + 
2!1
l
y, [pI.I+IA22i.I+1 + (: J., 3H,:IZ RDI.' ]Phl.I+1 + 
1 [(PH') (PH')] 
2!1Y' 'if 1.,+1 + 'if '.1 + 
_1_, [(.0) .. 3H,',ZRD" +(.0) . 3H,',_IZRDI3]Phl '_I-2!1Y 'if . . 'if. . ., 
I" I,}-I 
2~' [(~) 3H,'.I.I ZRD,., +2(~) 3H':IZRDI.2 +(~). 3H,'-I.IZRD,.,]Phl.l-
" 1+1,) 1] I., 'I I-I,) 
_1_[_. A . +2(.0) 3H' Z D +(.0) 3H' Z D Jp-2~Y 2 PI,}+J 221.J+l - I,} R 1,2 - I,J-I R 1,3 hI,} 
1] i,J TJ i,j-l 
(4 - 87) 
and: 
(4 - 88) 
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Equation (4-77) can be solved for Mh by making use of different numerical methods 
such as Gaussian elimination or Gauss-Seidel iterations. In the Gaussian elimination 
method, because of the need for matrix inversion, a large amount of memory space is 
required, especially when the number of nodes is high, as is the case for EHL point 
contact problems. Therefore, because of this problem, Gaussian elimination method is not 
suitable for point contact problems, which involve a high mesh density. The Gauss-
Seidel iteration method is an alternative, which can overcome all such difficulties. Using 
the Gauss-Seidel iterative method, the system equation (4-77) can be rewritten as: 
_ F. . - f·1 Ma' _ J',1 Mn'-' _ P'! M n' _ J',1 M"-' M,n' _ I,j k-I.I ht-I.I k+l.l hk+I,1 *,/-1 hk.I-J k,l+1 hi,/+I 
ht,l - J1.} 
',1 
(4-89) 
Where n' is the iteration counter. 
For the reason of good stability, an under-relaxation factor is employed to update the 
hydrodynam ic pressure according to: 
n' 1'1'-1 n' 
Phi,) = Phi,} + OMhi,j (4-90) 
Where n is an under-relaxation factor. 
4.4 The computer program flow chart 
The computer flow chart for the solution of point contact EHL including solvation 
pressure and Van der Waals' pressure is shown in figure 4.6. The Hertzian dry contact 
pressure distribution is used as an initial guess for the total pressure and from which the 
elastic film shape is calculated according to equation (4-50). From the calculated elastic 
film shape, solvation and Van der Waals' pressures are calculated according to equations 
(4-28) and (4-34). The hydrodynamic pressure is calculated by subtracting the solvation 
and Van der Waals' pressures from the total pressure. The lubricant state conditions are 
calculated according to equations (4-38) and (4-40). Having established the operating 
conditions; load, speed of entraining motion, lubricant state conditions, and film 
thickness, the Reynolds equation is solved for pressure by Newton-Raphson method. 
Having obtained a set of values for Mh by using equation (4-89), a new value for 
hydrodynamic pressure distribution is obtained as follows: 
n' n'-I A Dn' 
Phi,) = Phi,) + or hi,) (4-91) 
By making use of the new values for the hydrodynamic pressure, the following pressure 
convergence criterion is applied: 
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MxN 
(4-92) j=I.2, .. ;=1,2, .. 
If the criterion of equation (4-92) is not satisfied, then for the good stability reason, an 
under-relaxation factor is employed to update the hydrodynamic pressure according to: 
n' nn'-I r. Ann' 
Phi,} = r hi,} + :J.~L).£ hi,} (4-93) 
Where n is an under-relaxation factor, which ranges from 0.05 to 0.1. 
The newly obtained value of hydrodynamic pressure is then added to the calculated 
values of solvation and Van der Waals' pressures to calculate the total pressure. The new 
values of lubricant state conditions and elastic film shape are obtained. The above process 
is repeated until the convergence criterion of equation (4-92) is satisfied. 
After convergence of pressure, the total pressure values are used to determine the total 
amount of normal load (equation (4-55)). The convergence criterion on load balance is 
given as follows: 
(4-94) 
If the convergence criterion is satisfied, the last values of the calculated pressures and 
film thickness represent the final solutions. Otherwise, the value of the rigid separation 
film thickness {HJ is updated according to the following relation: 
(4-95) 
Where P is a damping factor, which ranges from 0.05 to 0.2. This process is repeated 
until the convergence criterion in equation (4-94) has been satisfied. 
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Start 
Calculate Hertzian Pressure p,,} 
Calculate oil film shape H,./ 
Calculate solvation p".) and Van der Waals P wJwl,) pressures 
Calculate hydrodynamic pressure Phi,} 
Calculate lubricant state conditions 17, p 
Iterate Reynolds' equation 
S Pn' pn'+l et ~,} = hi,} 
123 
----No p;,) = Phi,} + ~i,j + P wiwi,j 
Calculate Wand H, 
Set H n' = Hn'+' , , 
Is W 
Converged? 
No 
Yes 
Figure 4.6: Computer program flow chart 
Output Data 
Stop 
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4.5 Results and discussions 
4.5.1 Investigating tbe effects of surface forces upon film formation 
For investigating the mechanism of fluid film formation in a very thin liquid lubricant, 
confined between two solid surfaces, where the film thickness value is comparable to the 
size of a few molecular diameters of the intervening lubricant, a number of simulation 
studies have been undertaken for the contact of a Mica/Steel ball against a flat Mica/Steel 
surface with OMCTSlMineral oil as the intervening fluid. The contribution to fluid film 
formation by viscous action can be estimated, using either Hamrock and Dowson's 
(1978) or Brewe el al (1979) extrapolated oil film thickness equations, both for circular 
point contact geometries under iso-viscous elastic or iso-viscous rigid regime of 
lubrication respectively. Tables (4-1) and (4-2) list the physical properties of the system. 
These conditions yield lightly loaded contacts, which promote the formation of ultra-thin 
films in very small separations of molecularly smooth friction less contacts. 
Details for different sets of numerical results are recorded in table (4-3). As shown in 
table (4-3), eight sets of results for different operating conditions have been collected, to 
investigate the mechanism of fluid film formation in ultra-thin film conjunctions. In sets 
No, (1-7), the dimensionless parameters 0* and U* have been kept constant, and the 
applied load has been changed from (0.01-10) mN, while in set No, (8), the dimensionless 
parameters 0* and W* have been kept constant, and the speed of entraining motion has 
been changed from (25-1000) JUYIIs. However, in the first part of the discussion, the 
formation of film thickness by viscous action will be considered. The collected numerical 
results for minimum film thickness due to hydrodynamic action alone is shown in the 
eleventh column, while column twelfth shows the calculated minimum film thickness 
according to Hamrock and Dowson (1978) or Brewe et al (1979) extrapolated oil film 
thickness formulae under iso-viscous elastic or iso-viscous rigid regime of lubrication 
respectively. Column fourteen of the same table shows the collected numerical results for 
minimum film thickness as the result of combined viscous action and surface force of 
solvation. 
The simulation studies were carried out with computational meshes with nodal densities 
in the range 10000-60000, according to the required inlet distance and the applied load to 
satisfy the convergence criteria, as well as ensuring fully flooded conditions. The inlet 
distance has to be considerably ahead of the Hertzian circle for low loads of the order of 
0.0 I mN. The inlet distance for such a condition had to be set to 60 times the Hertzian 
-------
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radius. These extreme conditions lead to long computation times, typically of the order of 
48 hours on a Pentium III I GHz machine. 
No. Parameters Symbols Quantities 
I Viscosity oflubricant at P =0 77. 2.35 mPa.s 
2 Piezo-viscosity coefficient a 10 GPa-
3 Molecular diameter ofOMCTS (T I nm 
4 Young's modulus of surface A (Mica) EA 34.5 GPa 
5 Young's modulus of surface B (Mica) EB 34.5 GPa 
6 Poisson's ratio of surface A (Mica) vA 0.205 
7 Poisson's ratio of surface B (Mica) VB 0.205 
8 Radius of ball R 10 mm 
Table (4-1): Lubricant and material Properties used for set No. (1-4,8) of table (4-3) 
No. Parameters Symbols Quantities 
I Viscosity of lubricant at P =0 77. 0.0411 Pa.s 
2 Piezo-viscosity coefficient a 11 GPa-! 
3 Molecular diameter (T I nm 
4 Young's modulus of surface A EA 200 GPa 
5 Young's modulus of surface B EB 200 GPa 
6 Poisson's ratio of surface A vA DJ 
7 Poisson's ratio of surface B VB DJ 
8 Radi us 0 f ball R 0.5 mm 
Table (4-2): Lubricant and material Properties used for set No. (5-7) of table (4-3) 
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Error 
~ ::: ~ '" % ~ ~ i:::, ~ "6 " 
" 
~ * ~ G, G, .§ h:in hmm h:" - h hmulJ '" C,J 3 ~ - 8 ~ ~ ~ ~ :: ~ ~ (nm) (nm) h ... (nm) 
1 0.01 0.277 5.72315 0.28972 l.R 3.779 4.313 12.36 5.69 
2 0.02 0.555 36.3398 2.31779 f.R 1.083 1.079 0.371 4.82 
3 0.03 0.833 107.142 7.82255 l.R 0.468 0.479 2.30 4.77 
4 0.04 1.111 230.744 18.5423 l.E 0.293 0.304 3.62 4.72 
5 0.05 1.388 418.367 36.2155 l.E 0.292 0.291 0.344 4.65 
6 0.07 1.944 1027.11 99.4590 f.E 0.246 0.271 9.23 3.88 
7 0.09 2.499 2006.64 211.279 l.E 0.229 0.257 10.89 3.86 
8 0.1 2.777 2657.78 289.924 f.E 0.223 0.251 11.16 3.85 
1 9 0.2 5.553 360 25 1.63 1.7XlO' 2.3XIO' f.E 0.203 0.217 6.45 3.77 
10 0.3 8.330 4.9XIO' 7.8XIO' l.E 0.190 0.199 4.52 3.70 
11 0.4 11.1 1 1.1XIO' 1.9XIO' l.E 0.182 0.188 3.19 2.89 
12 0.5 13.88 1.9XIO' 3.6XIO' l.E 0.173 0.179 3.35 2.88 
13 0.6 16.66 3.2XIO' 6.3XIO' l.E 0.168 0.172 2.33 2.88 
14 0.7 19.44 4.8XIO' 9.9X104 l.E 0.161 0.167 3.59 2.86 
15 0.9 24.99 9.3XIO' 2.1X10' f.E 0.156 0.158 1.27 2.86 
16 1 27.77 1.2XlO' 2.9X10' l.E 0.149 0.155 3.87 2.84 
17 2 55.53 7.8XIO' 2.3XIO' l.E 0.118 0.134 11.94 2.78 
18 4 111.1 5.0XIO' 1.9XIO' l.E 0.081 0.116 30.17 2.78 
19 6 166.6 1.5XIO' 6.3XIO' f.E 0.074 0.106 30.19 2.78 
20 8 222.1 3.2XIO' 1.5XIO' l.E 0.060 0.100 40.0 2.77 
21 10 277.7 5.7XIO' 2.9XIO' f.E 0.045 0.096 53.13 2.76 
22 0.03 0.833 6.69719 0.48892 l.R 6.937 7.671 9.57 7.61 
23 0.04 1.1 11 14.4215 1.15889 f.R 3.542 4.315 17.91 4.82 
24 0.05 1.388 26.1479 2.26347 f.R 2.517 2.761 8.84 4.75 
25 0.Q7 1.944 64.1376 6.21095 l.R 1.489 1.409 5.68 4.74 
26 0.09 . 2.499 125.362 13.2006 l.R 0.878 0.852 3.05 3.87 
27 0.1 2.777 166.102 18.1147 l.R 0.672 0.690 2.61 3.79 
28 0.2 5.553 1054.18 144.839 l.E 0.491 0.535 8.22 3.70 
2 29 0.3 8.330 3108.56 488.921 l.E 0.444 0.491 9.57 3.68 30 0.4 11.1 1 360 100 6.53 6700.03 1159.97 l.E 0.426 0.462 7.79 2.86 
31 0.5 13.88 1.2XIO' 2.3X10' l.E 0.414 0.441 6.12 2.85 
32 0.7 19.44 2.9X10' 6.2XIO' l.E 0.393 0.411 4.38 2.84 
33 0.9 24.99 5.8XIO' I.3X104 f.E 0.379 0.389 2.57 2.82 
34 1 27.77 7.7XIO' 1.8X10' l.E 0.375 0.381 1.57 2.82 
35 2 55.53 4.9XIO' 1.4X10' f.E 0.322 0.329 2.13 2.76 
36 4 111.1 3.1XIO' 1.2X10' l.E 0.295 0.285 3.51 2.70 
37 6 166.6 9.2XIO' 3.9X10' l.E 0.259 0.262 1.15 2.64 
38 8 222.1 1.9XIO' 9.3X10' . l.E 0.239 0.246 2.85 2.66 
39 10 277.7 3.6XIO' 1.8X10' f.E 0.214 0.235 8.94 2.68 
40 0.07 1.944 16.0344 1.55274 l.R 5.452 5.636 3.26 5.88 
41 0.09 2.499 31.3404 3.30014 l.R 3.110 3.409 8.77 4.77 
3 42 0.1 2.777 360 200 13.1 41.5074 4.52694 l.R 2.517 2.761 8.84 4.75 
43 0.2 5.553 263.556 36.2155 l.E 0.942 0.839 12.28 3.81 
44 0.3 8.330 777.052 122.227 l.E 0.734 0.771 4.80 3.73 
Table (4-3): Comparison between numerical results and the existiug extrapolated oil 
film thickness formula of Hamrock and Dowson (1967) or Brewe et al (1979) 
• Key: LE: Iso-viscous Elastic LR: Iso-viscous Rigid 
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45 0.4 11.11 1673.48 289.724 LE 0.665 0.725 8.28 
46 0.5 13.88 3034.22 565.867 LE 0.631 0.692 8.82 
47 0.6 16.66 4933.98 977.818 LE 0.617 0.666 7.36 
48 0.7 19.44 7442.57 1552.74 LE 0.601 0.645 6.82 
49 0.9 24.99 I.5XIO' 3.3XIO' LE 0.581 0.612 5.07 
3 50 I 27.77 360.1 200 13.1 1.9XIO' 4.5XIO' I.E 0.575 0.599 4.00 51 2 55.53 1.2XIO' 3.6XIO' LE 0.513 0.517 0.77 
52 4 111.1 7.8XIO' 2.9XIO' I.E 0.438 0.448 2.23 
53 6 166.6 2.3XIO' 9.8XIO' LE 0.402 0.411 2.19 
54 8 222.1 4.9XIO' 2.3XIO'·· LE 0.391 0.387 1.03 
55 10 277.7 8.9XIO' 4.5XIO' I.E 0.363 0.369 1.63 
56 0.3 8.330 31.0856 4.88922 LR 7.051 7.671 8.08 
57 0.4 11.11 66.9444 11.5889 I.R 3.888 4.312 9.83 
58 0.5 13.88 121.378 22.6347 I.R 2.771 2.763 0.289 
59 0.6 16.66 197.359 39.1127 LR 2.165 1.918 12.88 
4 60 0.7 19.44 297.703 62.1096 LE 1.944 1.836 5.88 61 0.9 24.99 360.1 1000 65.3 581.882 132.005 I.E 1.693 1.742 2.81 
62 I 27.77 770.646 181.077 LE 1.615 1.704 5.22 
63 2 55.53 4893.31 1448.62 LE 1.385 1.473 5.97 
64 4 III.1 3.IXIO' l.2XIO' I.E 1.253 1.273 1.57 
65 6 166.6 9.2XIO' 3.9XIO' I.E 1.175 1.169 0.513 
66 8 222.1 2.0XIO' 9.3XIO' LE 1.107 1.101 0.545 
67 10 277.7 3.6XIO' 1.8XIO' LE 1.057 1.050 0.667 
68 0.3 545.9 26.4326 112.526 LR 6.552 7.280 10.0 
69 0.5 909.9 103.214 520.954 I.R 2.538 2.621 3.17 
5 70 0.9 1638 2417.6 5000 18700 494.839 3038.20 I.E 1.788 1.429 25.12 
71 1.62 2948 2.4XIO' 1.8XIO' I.E 1.766 1.265 39.60 
72 2.77 5041 9.9XIO' 8.9XIO' V.E 1.658 1.459 13.58 
6 73 2 3639 2417.6 25000 93502 166.453 1333.64 LR 4.580 4.119 11.19 
74 8.17 14869 2417.6 25000 93502 7.IXIO' 7.IXIO' V.E 4.300 4.030 6.70 
75 0.3 545.9 26.4326 0.01125 LR ..... , 7.280 ...... 
76 0.5 909.9 103.214 0.05209 LR ...... 2.621 ...... 
7 77 0.9 1638 0.2418 5000 18700 494.839 0.30382 LE ...... 1.429 
.". " 
78 1.62 2948 2.4XIO' 1.77188 LE ...... 1.265 ...... 
79 2.77 5041 9.9XIO' 8.85785 I.E ...... 1.129 ...... 
80 25 1.631 4.9XIO' 7.8XIO' LE 0.190 0.199 4.52 
81 lOO 6.525 3108.56 488.921 LE 0.444 0.491 9.57 
82 200 13.05 777.052 122.227 LE 0.734 0.771 4.80 
83 300 19.58 345.356 54.3232 LE 1.068 1.003 6.48 
8 84 400 26.10 194.278 30.5568 LR 1.144 1.226 6.69 85 0.3 8.330 360.1 500 32.63 124.328 19.5564 LR 1.636 1.915 14.57 
86 600 39.15 86.3391 13.5808 I.R 2.354 2.758 14.65 
87 700 45.68 63.4328 9.97774 LR 3.244 3.754 13.59 
88 800 52.20 48.5657 7.63921 LR 4.591 4.903 6.36 
89 900 58.73 38.3729 6.03592 LR 5.868 6.205 5.43 
90 1000 65.3 31.0856 4.88922 f.R 7.051 7.671 8.08 
Table (4-3): Comparison between numerical results and the existing extrapolated oil 
film thickness formula of Hamrock and Dowson (1978) or Brewe et al (1979) 
• Key: I.E: Iso-viscous Elastic I.R: Iso-viscous Rigid VE: Viscous Elastic 
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Figures 4.7,4.8,4.9,4.10 and 4.11 show the pressure distribution and the corresponding 
oil film thickness shape for the case (I), (22), (40), (56) and (68) of table (4-3). The mode 
of lubrication for the above-mentioned cases is iso-viscous rigid. Verification of the 
numerical predictions has been made with the numerical results, presented by Brewe et al 
(1979). The comparison is based upon numerical predictions of the minimum film 
thickness with the extrapolated oil film thickness formula (equation (4-96» reported by 
Brewe et al (1979): 
Where, 
if = 128N '[ O.13tan-I(~)+ 1.68]' 
fJ = ~: '" L~3r64, 
~=(I+ 3~ r 
and K is the ellipticity parameter. 
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Figure 4.7: Hydrodynamic pressure profile and film sbape for W* =O.277XI0-" and 
U* =1.631 XI0·16, Case (1) 
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Figure 4.8: Hydrodynamic pressure profile and film shape for W* =O.833XIO-II and 
U* =6.525 XlO-16, Case (22) 
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Figure 4.9: Hydrodynamic pressure profile and film shape for W* =1.944XIO-II and 
U* =1.305 XlO-1s, Case (40) 
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Figure 4.10: Hydrodynamic pressure profile and film sbape for W* =8.330XIO-1I 
and U* =6.525 XIO-15, Case (56) 
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Figure 4.11: Hydrodynamic pressure profile and film sbape for W* =5.459XIO-9 and 
U* =1.871 XIO-I " Case (68) 
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However, it is clear from table (4-3), columns eleventh, twelfth and thirteen, that the 
results conform well with Brewe et al (1979) iso-viscous rigid extrapolated formula (Le. 
equation (4-96)), for circular point contacts, with the error being in the range 0.37-18%. 
For instance, for the case (40), the numerically predicted oil film thickness is 5.452 nm, 
whereas that obtained using Brewe et al (1979) formula is 5.636 nm, and the error is equal 
to 3.26%, for the conditions of 0.07 mN applied load and 200 J.Unls entraining speed. 
Figures 4.12, 4.13, 4.14, 4.15 and 4.16 show the pressure distribution and the 
corresponding oil film thickness for the case (8), (30), (50), (66) and (70) of table (4-3). 
The lubrication regime of the above-mentioned cases pertains to the iso-viscous elastic 
region in the Greenwood chart (1969). In this regime of lubrication, the regression 
formula presented by Hamrock and Dowson (1978) is used to compare the results 
obtained by the current numerical analysis. In fact, Hamrock and Dowson (1978) used 
seventeen different cases to investigate the influence of the ellipticity ratio, dimensionless 
load, speed and material parameters on the minimum oil film thickness. They generated 
the following dimensionless minimum oil film thickness relationship: 
H min = 7.43(U· )0." (W' r0 21 (1- 0.85e-O·3Ik ) (4-97) 
As shown in table (4-3), there is good agreement between the regression formula, 
equation (4-97), of Hamrock and Dowson (1978) and the numerical results. In fact, the 
error, in general, is in the range 0.344-13%. However, at very low speeds of entraining 
motion (e.g. 25 J.Unls) and higher loads (e.g.4-1O mN) the error compounds to as much as 
50%. For the set No. 5 of table (4-3), the error found to be in the range 25-40%, for the 
speed of entraining motion 5000 J.Unls and at loads of 0.9 and 1.62 mN. These conditions 
pertain to the iso-viscous elastic in the Greenwood chart (1969). An interesting point can 
be observed that, when the numerical results under these conditions are compared with 
the regression formula presented by Hamrock and Dowson (1977 a) for circular point 
contacts under viscous elastic regime of lubrication, better agreement can be obtained. In 
this case, the minimum oil film thickness values obtained according to Hamrock and 
Dowson (1977 a) regression formula under viscous elastic regime of lubrication is 1.585 
and 1.520 nm respectively. The same observation can also be seen for the results case 
(73), where the presented conditions fall to iso-viscous rigid regime of lubrication in the 
Greenwood chart (1969). When Hamrock and Dowson (1977 a) regression formula for 
circular point contacts under viscous elastic regime of lubrication is used, the minimum 
oil film thickness value obtained is 4.473 nm. In fact, for all the cases, the error is reduced 
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Figure 4.12: Hydrodynamic pressure profile and film shape for W* =2.777Xl0-11 
and U* =1.631 Xl0-16, Case (8) 
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Figure 4.13: Hydrodynamic pressure profile and film shape for W* =1.111Xl0-IO 
and U* =6.525 XlO-16, Case (30) 
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Figure 4.14: Hydrodynamic pressure profile and film shape for W* =2.777XlO-10 
and U* =1.305 XIO-15, Case (50) 
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Figure 4.15: Hydrodynamic pressure profile and film shape for W* =2.221Xl0-9 and 
U* =6.525 XlO·15, Case (66) 
Chapter 4: Steady State Numerical Solution1l fOr Nano-Tribolo@Point ... 134 
I.OE-03 6.0E-05 
B.OE-04 
Lu 
~ 6.0E-04 
~ 
::l 
'" 
'" ~ 4.0E-04 
a. 
2.0E-04 
-Pressure 
..... Film thickness 
, 
, 
.. ' 
i 
:' 
; 
4.0E-05 ~ 
'" 
'" Cl
~ 
u 
:E 
-E 2.0E-05 iI: 
O.OE+OO +------.----e===--.,------,.-..I---I- O.OE+OO 
~ ~ ~ ~ 0 2 
xlb 
Figure 4.16: Hydrodynamic pressure profile and film shape for W* =1.638XI0-8 and 
U· =1.871 XlO-12, Case (70) 
to the range 3-16%. This point will be discussed in detail later in this chapter. 
A clearer picture can be seen in figures 4.17, 4.18 and 4.19, where the numerically 
predicted values of the minimum film thickness and that obtained using the regression 
formulae, equations (4-96) and (4-97), are shown as a function of the applied load and at 
a constant speed of entraining motion for set No. 1, 2 and 4. 
However, as shown in table (4-3) and figures 4.17, 4.18 and 4.19, there are some 
instances where the film thickness falls below I nm (Le. less than the molecular diameter 
of the intervening lubricant) and at the same time are in good agreement with the 
theoretical predictions. For instance, a lubricant film of 1 nm thickness, with a molecular 
diameter of 1 nm such as OMCTS, which are used as the intervening lubricant to 
construct the set No. (1-4, 8), could not physically obey the Newtonian slow viscous flow 
model, and by a direct consequence the classical theory of hydrodynamics, regardless of 
any successful numerical predictions. This has already been shown by AI-Samieh and 
Rahnejat (200 I). Therefore, the classical physics holds true for a lubricant film thickness 
in excess of two molecular diameters of the intervening fluid. With such thin films the 
action of molecular forces have become significant and the mechanism of fluid film 
formation is no longer purely governed by the viscous action of the fluid. Therefore, the 
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first step in the analysis is to validate the numerical method employed to evaluate the film 
thickness formation in ultra-thin film lubrication mechanism, including the effect of the 
surface forces and molecular interactions. For this purpose, a simulation study is carried 
out with the conditions pertaining to the theoretical investigation reported by Jang and 
Tichy (1995). The common parameters such as lubricant and material properties are the 
same as shown in table (4-2) for set No. (5-7). The details of the numerical results are 
recorded in table (4-3), set No. (5-7). Figure 4.20 shows the total pressure distribution and 
the corresponding lubricant film thickness in the direction of entraining motion through 
the central film, obtained for the case (78). Those depicted by figure 4.20 (a) are the 
results obtained by Jang and Tichy (1995), while those illustrated in figure 4.20 (b) are 
obtained in the current analysis. As can be observed, very good agreement exists between 
both sets of results. In fact, the minimum film thickness is obtained as 1.142 nm in the 
current analysis, and as 1.1 nm in Jang and Tichy (1995). It can be observed that, under 
these conditions, the elastohydrodynamic contribution dominates the generation of 
contact pressure. Jang and Tichy (1995) have ignored the effect of pressure on the 
. viscosity of the mineral oil used by them; the value was 0.0411 Pa.s. The current analysis 
in figure 4.20 (b) has imposed their iso-viscous conditions for the purpose of comparison, 
by letting: a'" I.1XIO-12 m21N, thus giving G* =0.2418. However, the effect of viscosity 
variation with respect to pressure should not have been ignored. When this was included 
in the current analysis, pertaining to full EHL conditions, the maximum pressure was 
increased by nearly 15%, resulting in an increase in the minimum oil film thickness of 0.6 
nm (or 34%). Figure 4.21 shows the central oil film lubricant film thickness profile both 
with and without the effect of lubricant viscosity variation with pressure. The 
corresponding pressure distribution for the above mentioned conditions, piezo-viscous 
conditions, are shown in figure 4.22. 
In order to more precisely examine the effects of surface forces in determining the film 
thickness formation, under the conditions presented by Jang and Tichy (1995), two 
different operating conditions are applied, one for case (77), where the applied load was 
decreased to 0.9 mN and at the same speed of entraining motion as in case (78), and the 
other one for case (74), where the applied load and speed of entraining motion was 
increased to 8.12 mN and 25 mmls respectively. Figures 4.23 and 4.24 present the total 
pressure distribution and the corresponding lubricant oil film thickness, obtained for the 
same model parameter, for case (77) and (74) respectively. It is clear that, under these 
conditions the mechanism of the oil film thickness formation is governed by the viscous 
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action and the contribution due to surface force of solvation and Van der Waals' are 
insignificant in detennining the oil film thickness. In fact, this is in line with findings of 
other research workers, that for higher viscosity fluids the effect of surface forces is 
negligible and lubricant discretization does not take place (see Matsuoka and Kato 
(1997), Smeeth and Spikes (1995) and Guanteng and Spikes (1994)). To corroborate this 
point, figure 4.25 shows a comparison of the variation of the minimum oil film thickness 
with load for the numerical analysis carried out here and the theoretical results presented 
by Jang and Tichy (1995) in the case of U· =1.871XIQ-12, for the case where the surface 
forces has been considered under iso-viscous conditions and for numerical results 
including the hydrodynamic action alone and the effect of viscosity and the theoretical 
solutions presented using either Hamrock and Dowson (1978, 1977 a) or Brewe el al 
(1979) extrapolated oil film thickness equations, both for circular point contact 
geometries, for the set No. (5) and (7). 
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U* =1.871 XlO-12 for set No. (5) and (7) 
3 
In fact, Jang and Tichy (1995) should not have employed the aforementioned model 
parameters for their mineral oil, since these parameters correspond to non-polar lubricants 
such as OMCTS. In order to obtain a more realistic comparison for the current analysis, it 
is necessary to use the correct viscosity of 2.35 mPa.s for OMCTS and compare with the 
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numerical predictions and experimental findings presented by Matsuoka and Kato (1996) 
and (1997). 
Figure 4.26 shows the comparison between the numerical predictions of Matsuoka and 
Kato (1997) (figure 4.26 (a» and the current analysis (figure 4.26 (b» for total pressure 
distribution and the corresponding elastic film shape for the central line of contact, for 
case (27) of table (4-3), where the governing parameters are: W· =2.77XIO-1I (i.e. 0.1 
mN), U· =6.525XIO-'6 and G· =360 (for Mica surfaces and a = 10GPa-' for OMCTS). 
The common parameters such as lubricant and material properties are the same as shown 
in table (4-1) for set No. (1-4, 8). The detailed of the numerical results are recorded in 
table (4-3), set No. (1-4, 8). Very good agreement is obtained between both sets of 
analyses. In particular, they both exhibit the dominant role of solvation pressure under 
these conditions. The solvation pressure has an oscillatory repulsive-attractive nature. The 
overall film thickness is 3.79 nm, whereas the numerically predicted value for 
hydrodynamic action alone is 0.672 nm and that obtained using Brewe et al (1979) 
formula is 0.690 nm. The conditions relate to iso-viscous rigid. It can be seen that the 
effect of hydrodynamic action is less than 18% of the actual film. 
Figures 4.27, 4.28 and 4.29 show the variation of lubricant film thickness with applied 
load. The speed of entraining motion is 25, 200 and 1000 J.DnIs respectively. In each 
figure, there are two graphs, one illustrating the overall minimum oil film thickness as the 
result of combined viscous action and surface force of solvation. The other gives the 
contribution due to hydrodynamics alone. It can be observed that the dominant film 
forming mechanism is due to action of structural forces. This also leads to the usual 
molecular ordering, manifested by discretization of the lubricant film. It should be noted 
that, as mentioned previously, the contribution due to hydrodynamic action provides a 
film thickness, which agrees with Hamrock and Dowson (1978) extrapolated oil film 
thickness formula for circular point contacts under iso-viscous elastic regime of 
lubrication. The results also conform well with Brewe et al (1979) iso-viscous rigid 
extrapolated formula for circular point contacts. However, the overall film thickness is 
much larger than those predicted by either of the formulae, because they do not take into 
account the dominant regime of lubrication, which is due to surface forces. 
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To see the effect of surface forces in determining the formation of ultra-thin film 
thickness, figures 4.30, 4.31 and 4.32 show the pressure distribution and the 
corresponding film thickness for the cases (I), (40) and (56) of table (4-3). In this region 
the effect of hydrodynamic pressure is still quite significant. The overall film thickness is 
5_69, 5.88 and 7.04 nm, whereas the numerically predicted value for hydrodynamic action 
alone is 3.78, 5.45 and 7.05 nm respectively and that obtained using Brewe et al (1979) 
formula is 4.31, 5.64 and 7.67 nm respectively. The conditions pertain to the iso-viscous 
rigid action. As the load is increased, for example in figures 4.33, 4.34 and 4.35 for cases 
(9), (47) and (60) the dominant mechanism of pressure generation is due to solvation. It 
can be seen from these figures that an elastically deformed, flattened solid surface has 
occurred. The overall film thickness is 3.77, 2.87 and 3.74 nm respectively, and those 
obtained numerically for hydrodynamic action alone and using Hamrock and Dowson 
(1979) formula are 0.203, 0.617 and 1.94 nm and 0.217, 0.666 and 1.84 nm respectively. 
The conditions relate to iso-viscous elastic. It can be seen that the effect of hydrodynamic 
action is less than 20% for the first two cases and 50% for the last case of the actual film. 
Therefore, in these narrow conjunctions the use of extrapolated formulae is inappropriate. 
This is also true of the validity of the Greenwood's chart (1969), as will be shown later in 
this chapter. 
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Figure 4.34: Total pressure profile and film shape for W* =1.666XlO·10 and 
U· =1.305 XIO· IS, Case (47) 
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However, for the same load of 0.3 mN (W* =8.330XIO- I \ but with an increased speed of 
entraining motion from 25 pmls (U· =1.63IXIO-16), figure 4.36 (case (80)), to 900 pmls 
(U· =5.873XIO- I \ figure 4.37 (case (89)), the effect of hydrodynamic pressure becomes 
significant. A clearer picture emerges, if for a given value of load, the entraining speed is 
increased (set No. (8)) to obtain the demarcation boundary between the region dominated 
by EHL and that by the surface force action in the formation of a lubricant film. Figure 
4.38 shows such a plot of h against u for the value of W· =8.330X I 0-11 • It can be seen 
that an approximately a constant absolute film thickness exists, with a value being 
approximately equal to 3.7 nm, at the lower values of entraining speed, up to u'" 700 
pmls. This minimum unique value, showing that the solvation pressure is independent of 
the speed of entraining motion. As the speed is increased, the contribution to the fluid 
film formation by viscous action becomes significant. 
The above-illustrated results present the fully flooded conditions, where the inlet and 
lateral boundaries are selected in such a way that by their extension, the minimum film 
thickness does not changes. Figure 4.39 present the variation of the minimum film 
thickness with the speed of entraining motion for the value of W* =2.777 X 10-11 (Le. 0.1 
mN) under starved conditions, see table (4-4). The collected numerical results for 
minimum oil film thickness due to hydrodynamic action alone is shown in the tenth 
column, while column eleventh shows the calculated minimum film thickness according 
to Brewe et al (1979) extrapolated oil film thickness formula under iso-viscous rigid 
regime oflubrication. Column twelfth of table (4-4) shows the collected numerical results 
for minimum film thickness as the result of combined viscous action and surface force of 
solvation. It should be noted that the layering effect (Le. discretization of the lubricant 
film) takes place at the lower values of entraining speed, up to U'" 1500 pmls. This 
corresponds to a film thickness of approximately up to 4.6 nm. Thereupon, the viscous 
hydrodynamic effect gains in ascendancy and shows a linear variation for the film 
thickness with the increasing value of u > 1500 pmls. The characteristics here are 
completely governed by hydrodynamic behaviour of the film. However, as shown in 
figure 4.39, this starved condition leads to the solvation effect, and may be explained by 
the absence of wear in lightly loaded contacts at low loads and relatively high speed of 
entraining motion for the case of very smooth and highly polished surfaces. For instance, 
instrument bearings have their best performance under starved conditions. 
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~ ~ ~ ~ b b '" ..::: .§ ;; ~ * ;; ~ G, G. h:in hmin hminJ '" ~ 0 2, ~ 
'" cS I:t: S:: " ~ <l:: (nm) (nm) (nm) . 
1 100 0.653 166.10 18.115 f.R 0.563 0.690 3.590 
2 200 1.305 41.507 4.5269 I.R 0.875 2.761 3.604 
3 500 3.262 6.6417 0.7243 I.R 2.098 17.14 3.613 
4 700 4.568 3.3886 0.3696 I.R 2.343 33.59 3.626 
5 900 5.872 2.0499 0.2236 I.R 3.200 55.52 3.641 
6 1100 7.178 1.3272 0.1497 f.R 3.631 82.94 4.488 
7 0.1 2.78 360 1300 8.483 0.9825 0.1072 f.R 4.165 115.84 4.544 
8 1500 9.788 0.7379 0.0805 f.R 4.466 154.23 4.594 
9 2000 13.05 0.4151 0.0453 I.R 5.496 274.18 5.525 
10 2500 16.31 0.2657 0.0289 f.R 6.347 428.41 6.162 
11 3000 19.58 0.1845 0.0201 I.R 7.533 616.91 7.130 
12 3500 22.84 0.1356 0.0148 f.R 7.985 839.68 7.793 
13 4000 26.10 0.1038 0.0113 I.R 8.196 1096.7 8.506 
Table (4-4): Film thickness results with and without surface force 
However, as described previously the discretization of the film and its limiting absolute 
minimum film thickness in ultra-thin conjunctions is determined by the applied load. This 
fact has been shown by Matsuoka and Kato (1997) and AI-Samieh and Rahnejat (2001). 
The layering effect yields equi-distant levels by approximately the molecular diameter of 
the intervening fluid. However, the discretization steps do not take place at regular 
loading intervals. The work done by the contact load is transformed to the kinetic energy 
in expUlsion of a molecular layer of the intervening fluid, as well as increasing the energy 
of the contained layers at a lower film thickness and at an increased contact pressure, 
generated by the dominant mechanism of solvation. The discretized lubricant film 
thickness is approximately an integer multiple of a molecular layer. The energy required 
for a reduction of the film thickness by a layer is exponential (i.e. an energy gain of the 
order of e is required to reach the next discretized layer). Therefore, the required load to 
achieve the next layer depends on this energy gain. This is mathematically shown by 
equation (4-22). The lubricant film layering effect, shown in figures 4.27, 4.28 and 4.29, 
corroborates the above arguments. 
4.5.2 Comparison with experimental and numerical results 
The numerical predictions carried out here can be compared with the experimental and 
theoretical results of Matsuoka and Kato (1997), which also incorporates the results from 
the model employed by Jang and Tichy (1995), and with those of Ch an and Horn (1985). 
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Figures 4.40 and 4.41 show such a comparison with the lubricant being OMCTS and 
Mica contacting surfaces. In all cases the variation of the minimum oil film thickness is 
shown for increasing values of applied load. [t can be observed that as the applied load is 
increased at constant speed of entraining motion (being 100 f.D1lI"s), the film thickness is 
reduced and lubricant discretization appears. The effect of solvation becomes more 
dominant for film thickness around 4.6 nm in the current analysis, and around 7-8 nm in 
Matsuoka and Kato (1997). It should be noted that, the predicted film thickness is lower 
for the reported results in Matsuoka and Kato (1997) than for the other analyses. 
Matsuoka and Kato (1997) have attributed this difference to the effect of elastic 
deformation upon the solvation pressure, noting that the surface forces are overestimated 
when the effect of surface deformation upon them is ignored. This would yield a larger 
total pressure in all the cases other than those obtained in Matsuoka and Kato (1997), 
which, therefore, exhibits thinner films. This explanation is corroborated by the present 
analysis, which employs the same exponential-cosine solvation variation as in Jang and 
Tichy (1995), see figure 4.40, and Chan and Horn (1985), see figure 4.41. On the other 
hand, Matsuoka and Kato (1997) use the Voghepol transformation to the solution of the 
Reynolds hydrodynamic equation, which is computationally time intensive. The current 
analysis uses the Newton-Raphson method, which results in greater stability at higher or 
lower load intensity and particularly at low speeds of entraining motion. Thus, the elastic 
film shape obtained would be more accurate. More significantly, Matsuoka and Kato 
(1997) retain their viscous contribution in arriving at a lubricant film thickness less than 
two molecular diameters of the intervening fluid at the higher values of load in figures 
4.40 and 4.41. The observations in section 4.2 show that their assumption ofa continuum 
in such cases is not justified, as it abrogates the rigidity of the Newtonian hard molecular 
spheres. [n this vanishing region of space-time the force of solvation governs the 
molecular action. Their results could only be relied upon if such an approach was 
undertaken. However, the analysis presented in this chapter does not need to be extended 
to such considerations, because the predicted films remain firmly within the bounds of 
both Newtonian viscous flow model and that of Lifshitz structureless continuum. 
It should be noted that the use of Mica surfaces ensures molecularly smooth surfaces. If 
this were not to be the case, the geometry on an asperity could become comparable in 
dimension to that of the radius of the Hertzian contact. The constancy of the speed of 
entraining motion would lose its physical meaning, and the use of Reynolds' equation 
would become inappropriate. A more insurmountable problem would be that for a single 
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asperity contact, the principal radii of curvature would become smaller than the 
dimensions of the Hertzian contact under the loads employed here. This fact, together 
with the low generated pressures observed, would lead to the breakdown of the validity of 
continuum mechanics. However, it is hoped that the results obtained in this chapter show 
this not to be the case under the simulated conditions. 
4.5.3 Boundary cbanges between rigid and elastic Iso-viscous lubricant due to 
structural forces in Ultra-tbin conjunctions 
As shown previously, although the film thickness obtained in ultra-thin film conjunction 
has been predicted using the extrapolated oil film thickness formulae of Hamrock and 
Dowson (1978) or by Brewe et al (1979) under iso-viscous elastic or iso-viscous rigid 
regime of lubrication respectively, the actual film thickness values in such narrow 
conjunctions is far exceeded by these predictions, because they do not take into account 
the dominant regime of lubrication, which is due to surface forces. In such regime of 
lubrication, the effect of hydrodynamic action is less significant in determining the actual 
film. Therefore, in these narrow conjunctions the use of extrapolated formulae IS 
inappropriate. This is also true of the validity of the Greenwood's chart (1969). 
Figure 4.42 shows the standard Greenwood chart (1969). This chart is a map of 
dimensionless viscosity parameter, G_, versus the dimension less elasticity parameter, G" 
as defined below: 
G'w" 
G_ = U.' (4-98) 
The various regimes of lubrication, based on the Newtonian viscous flow model are 
defined in the map. Therefore, the map does not take into account the effect of molecular 
action, which is prevalent in ultra-thin film conjunctions. This effect can become 
dominant as already described in the previous paragraph. Conditions that promote 
significant molecular action pertain to lack of elastic deformation due to 
elastohydrodynamic action, as well as low lubricant bulk viscosity, with rapid oscillatory 
variation, analogous to the molecular ordering in solvation. This means that molecular 
behaviour is not encountered in piezo-viscous regions of the Greenwood chart (1969) in 
either rigid or elastic form. Molecular and structural forces are active in the lower regions 
of the chart, particularly as the effect of hydrodynamic action becomes less pronounced. 
Figure 4.42 shows the numerically predicted results as a series of almost parallel straight 
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Figure 4.42: Standard Greenwood chart 
lines. Each line corresponds to a given speed of entraining motion, as indicated in the 
figure. Along each line the contact load increases to the right of the chart. The square 
symbol along each of these lines indicates the onset of solvation effect for that speed of 
entraining motion. The locus of all such points is a straight line, which demarcates a new 
boundary, separating the iso-viscous elastic and rigid regions in the Greenwood chart 
(1969). This line runs below the boundary between the iso-viscous elastic and viscous 
elastic (EHL) boundary in the conventional Greenwood chart. Therefore, an area is 
highlighted below the line, and in the iso-viscous elastic and rigid regions, where for 
ultra-thin films the contribution of molecular forces become significant. For those 
lubricants where polarization plays an important role, electromagnetic forces replace the 
solvation effect. 
Jang and Tichy (1995) did not observe the solvation effect, when investigating films of 
molecular dimensions. This runs contrary to the findings of Matsuoka and Kato (1997) 
and AI-Samieh and Rahnejat (2001). An explanation for the non-conformance of their 
results was put forward by AI-Samieh and Rahnejat (200 I), based on the high viscosity of 
lubricant employed in their analysis. The current analysis confirms this, when their results 
are plotted on the new chart. Their predicted values are shown by full circular 
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annotations, showing clearing that they lie outside the aforementioned region, where 
molecular interactions become dominant. 
4.6 Closure 
It has been shown that the behaviour of lubricants, such as mineral oils, in concentrated 
counterformal contacts under load in the range 0.3-8.17 mN is governed by hydrodynamic 
effect. The effects of surface forces and molecular interaction are negligible. This finding 
conforms to the conclusions of Jang and Tichy (1995). This result is due to the high 
viscosity of such lubricants. On the other hand, with non-polar lubricant such as OMCTS, 
the lubricant behaviour goes through a transition, such that for the conditions investigated 
here, with separation decreasing from a value of 5 nm the effect of surface forces become 
dominant. The contribution due to the Van der Waals' force remains small, even for 
lubricant films down to 3 nm thicknesses. Although, some claims have been made, 
regarding the significance of Van der Waals' force, this appears to be unfounded. Current 
research shows that the effect of Van der Waals' force would become appreciable, only 
when the separation of the surfaces is of the order of tenths of a nanometre. This means 
that in tribological terms, both the molecular diameter of the intervening fluid and the 
spacing between them should be on an atomic scale. Since, for most lubricants this is not 
the case, the inclusion of pressure, generated by Van der Waals' force would be 
insignificant, in comparison with the structural force of solvation. 
The conditions that promote the formation of such ultra-thin films comply with iso-
viscous rigid or elastic conditions in the traditional continuum mechanical perspective. 
Although the film thickness has been predicted using extrapolated oil film formulae 
obtained in such regions of lubrication charts, the results show that the actual film 
thickness values far exceeded these predictions, leading to a new interpretation of such 
charts. 
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Chapter 5 
Numerical Solutions for Ultra-thin Lubricating Films under Transient 
Conditions 
5.1 Introduction 
A clear fundamental understanding of the influence of combined entraining and normal 
squeeze motion is very important for highly stressed machine elements such as meshing 
gears, rolling element bearings, cams and followers. The film thickness in these machine 
elements exhibits a cyclic variation over time. Recent applications in the precision 
mechatronics devices involve components that undergo intermittent or reciprocating 
motions produced by stepping or other motors, for which bearings obviously have to 
support the load under varying speed. The breakdown of lubricant film thickness occurs 
under such conditions, which can eventually give rise to failure of lubricated contiguous 
surfaces. Thus, it is extremely important from the practical point of view to study non-
steady state behaviour of the lubricant films and to establish proper models in order to 
predict film thickness under such conditions. From a mathematical point of view, for the 
combined entraining and normal squeeze motion, the pressure and the film thickness are 
time dependent and must be obtained by solving the coupled transient Reynolds and 
elasticity equations. 
Transient solutions to the EHL problem have been carried out in recent years. They 
evolved from the pure squeeze effect by Christensen (1962,1970) and Herebrugh (1970). 
They were extended to quasi-static analyses for circular and elliptical point contacts with 
the combined entraining and squeeze effect by Rahnejat and Gohar (1985), Ghosh et al 
(1985) and lalali et al (1998) and for finite line contacts by Mostofi (1981), Wada and 
Tsukijihara (1981) and Rahnejat (1984). The enhanced load carrying capacity observed 
under these conditions, as opposed to steady entraining motion, provided a physical 
explanation for the absence of wear in cessation of entraining motion, or in cases where 
the mating surfaces were subject to stop-start or reciprocating relative motion. The 
agreement, mostly in qualitative terms, obtained between such numerical predictions and 
experimental results gave an added impetus to the development of transient EHL analysis. 
For instance, the concordance of theoretical quasi-static predictions for wavy surfaced 
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discs' contact obtained by Mehdigoli et al (1990) with the experimental work of Dareing 
and Johnson (1975) was quite striking at the time. 
Dowson et al (1983) carried out a numerical prediction of lubricant film thickness in the 
contact of a piston ring against the cylinder liner to observe two distinct squeeze film 
effects; one due to the rigid body approach of the two bodies and the other due to the 
local variation of the lubricant film thickness during a cycle of simulation. The latter, of 
course, is the local time rate of change of film, referred to as the elastic squeeze film 
effect. It then became apparent that transient, rather than quasi-static, solutions to the 
Reynolds equation are required to fully explain the mechanism of lubrication in a wide 
variety of situations, such as in cam-follower (particularly at the points of inlet boundary 
reversal), synovial joints and bearing elements subjected to cyclic loading. 
Oh (1984) developed a numerical method, based upon the finite element approximation 
of the governing field equation, and used the Newton-Raphson algorithm to solve a 
dynamically loaded EHL point contact problem. He assumed a sinusoidal variation for 
the contact load and considered the effect of deformation rate and analysed the squeeze 
film motion under dynamic loading. Larsson and Lundberg (1994) studied EHL in 
combined sliding and squeeze motion, both theoretically and experimentally and showed 
good agreement. Jalali et al (2001) provided the solution to the same conditions, using the 
Effective-Influence Newton (EIN) low relaxation iteration technique, and they found that 
their results conformed closely to that of Oh (1984), with marginal differences, owing to 
their finer computational mesh density. They extended their studies to obtain agreement 
between their numerical predictions and the experimental findings of Ren et al (1991). 
The agreement was found to be only qualitative, as the experimental results indicated 
little or no variation in the minimum exit film during the oscillating cycle. 
Film thickness measurements in dynamically loaded contacts have been rare, because of 
the rather complicated nature of oscillating experiments. There have been only a few 
reported studies of transient EHL using such experimental techniques. The work ofRen et 
al (1991) has been one such case. The interesting feature of their findings that conforms 
to the other aforementioned work has been the formation of a dimple-shaped film during 
the part of the cycle that an increase in contact load occurs. The maximum depth of the 
dimple was 0.6 {lm, which is very significant, when considering its implications in terms 
of fatigue of mating members. 
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Recently, Sugimura et al (1996,1998) developed a new technique for film thickness 
measurements in rolling EHL contacts under non-steady state conditions. This technique 
is based on ultra-thin film interferometry in a ball on flat contact geometry and allows the 
central film thickness measurements down to less than 5 nm, and also film profile across 
the EHL contact to be precisely measured every 0.02 seconds. They investigated the EHL 
film behaviour in a number of different non-steady state types of motion, including rapid 
halting, unidirectional on-off motion, acceleration and deceleration; and reciprocating 
motion. 
Agreement between numerical predictions and experimental findings under transient EHL 
conditions have been found by the conformance of the results of Jalali et al (200 I) for the 
case of combined rolling and squeeze film motion in reciprocating point contact problem 
with the experiments reported by Nishikawa et al (1995) and AI-Samieh and Rahnejat 
(2001 b) for the case of acceleration and deceleration motion with the experimental work 
ofSugimura et al (1996,1998). 
This chapter provides a full numerical solution for solving EHL point contact problem, 
based upon Newton-Raphson scheme. The EHL film behaviour and pressure profile in a 
number of different types of non-steady state motion, including acceleration and 
deceleration and unidirectional on-off motion are investigated in this chapter, and show 
good agreement with the optical interferometry studies reported by Sugimura et al 
(1996,1998). This conformance with the experimental findings has resulted in the 
extension of the methodology to transient solutions for ultra-thin films, when non-polar 
lubricants are employed. 
5.2 Background theory 
5.2.1 The Reyno1ds equation 
The Reynolds equation that determines the hydrodynamic pressure distribution for 
transient conditions can be written in dimensional form as: 
~(PhJ aPh)+~(phJ aPh)=~[ph(UA +uB)]+~[Ph(VA +VB)]+ a(ph) (5-1) 
ax 121] ax ay 121] ay ax 2 ay 2 at 
As conditions and assumptions used in this chapter is the same as that used in chapter 4, 
therefore, by making use of the same dimensionless group as in equation (4-6), equation 
(5-1) can be written in a dimension less form as: 
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~(PH3 aPh)+~(PH3 aPh)=/f/{a(PHJ + bE' (pal!. +Ha~)} (5-2) 
ax f[ ax ay f[ ay ax 'lA, at at 
Where: r =E't/ll., and 
The last term in equation (5-2) represents the time dependent portion of the Reynolds 
equation. It allows for the mutual approach and separation of loaded rolling members. It 
should be noted at this point that the Reynolds equation is based on the assumption that 
the inertial forces within the fluid are small compared to the other forces that are present, 
such as pressure and shear. This is valid because of the very small mass of fluid that is 
actually within the contact zone at any given instance. 
The boundary conditions that are imposed on the Reynolds equation are taken as 
X=O,X=Xu " =>Ph=O 
Y=O,Y=Ya " =>Ph=O 
p = aPh = aPh = 0 
h ax ay 
5.2.2 Viscosity- and density-pressnre equations 
(5-3) 
The Roelands (1966) equation expressing the influence of pressure upon viscosity has 
been adopted. In non-dimensional terms, it can be written in the form: 
f[ = exp[ln 'I. + 9.671(1 + 5.1*10-9 PhPH,,)' -I j (5-4) 
Where: 
. a z - ----;:7"""----, 
- 5.1*10 9 [In '1. +9.67] 
The variation in density of the lubricant with pressure is described by Dowson and 
Higginson's model (1966). The non-dimensional form of this model reads as: 
(5-5) 
Where: e and t; are constants related to the type oflubricant employed (see table (5-1 )). 
5.2.3 Elastic film sbape 
The film thickness in an EHL contact under transient conditions is described in 
dimension less form as: 
(5-6) 
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Where 0/) (I) is the total elastic deformation of the contiguous bodies in contact. In the 
dimensional form, 0/.) (l) can be written as: 
s: (-) 2 PH" ~ ~ (- D 
U J.J t = ---, L... L... Phi.) t) (./ 
1C E J=I.2i=1.2 
t =11-11+1 
Where, according to Dowson and Hamrock (1976): 
/ =IJ-jl+1 
(5-7) 
The contact influence coefficient matrix, D ... , is given by 10hnson (1985) and is 
, .} 
provided in chapter 4, equation (4-44). 
5.2.4 Load balance equation 
At any time instant, the external load is balanced by the integral of pressure in the 
lubricant film. In non-dimensional form, the instantaneous load equation can be written 
for point contact geometry as: 
~ ~ 2 J Jp(X,Y,I)dX dY = ; 
-~ ~ 
(5-8) 
5.2.5 Finite difference representation (Discretization) of the Reynolds equation 
Generally, only numerical solutions can be obtained to the EHL problem, where the 
Reynolds, elasticity and lubricant rheological state equations, are coupled together. 
Equation (5-2) can be discretized using a mixed central difference and the backward 
difference methods in space and backward difference in time as follows: 
( pH) aPh]" (PH) aPh]" (PH) aPh]" (PH) aPh]" 
-,-_T/ __ ax_.::i+c.:'/-=:',,-.J _-'----T/ __ a_~-'-',:...:_,"-I'=.J + f[ ay l,j+1 / 2 f[ ay ;,j-1/2 
t'>X 6Y 
'!f[(PH )i~J - (pH );'-',J + bE' a(p~ )i.J] 
t'>X 1]ou~ al 
(5-9) 
The last term in equation (5-9) can be obtained as follows: 
a(pH),.J (pH):') -(pH);')' 
= at 6i (5- 10) 
Substituting equation (5-10) into equation (5-9) gives: 
(PH) ap,]" _ (PH) aPh)" (PH) aPh)" _ (PH) aPh)" 
- ax . - ax . - ay - ay 
-,-_1] __ -=--c'+c.:'/-=':l-'} ---:-:'----1] __ ~I:.:::_'"-1 =2.) 11 i .j+1I2 " i,j-1/2 
- + = 
t'>X 6Y 
'!f[(PH )'~J -(pH );'-',J + bE' (pH )i~J -(pH XJ'] 
6X 1].U m, 61 
(5-1 I) 
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Rearranging equation (5-11) yields: 
P~ hl'J+~y hi,} _ P~ _ hi,} .1.Y h',j_1 (-3)" [P.-P.J" (-3)" [P.-P. J" 17 i,j+\/2 7J 1,)-112 (5-12) 
~y 
If! I.j I .j + J,j _ I,j 
[
(pH)" -(pH )~, . bE' (pH)" -(pH r'] 
!'!J( 1/0 uw 6t 
Rearranging equation (5-12) gives: 
{( 3 J" ( 3 J" } I pH pH P". P" 2M' -=-. . + -=- . (hHtJ - h,.1)-
T} HI.} '7 i.} 
{( 3 J" ( 3 J" } _1_ pH + pH P" _ P" . + 2M' - . - (h,.J hi-l,J) 
1] i.J 17 i-I,} 
{( 3 J" ( 3 J" } _1_ pH + pH P". -P" _ 2ilY' -. . - (h,.J+I h'.i) 
1] I,j 'I i,j+l 
(5-13) 
{( 3 J" ( 3 J" } _1_ pH + pH p" . _ r. = 2ilY' - - (h,.J h,.J-,) 77 i,j ." i,j-l 
If/[(PH)i:J -(pHJi"-ti + bE' (pHJi:i -!PHX;I] 
M 1Jou~ 6t 
Rearranging equation (5-13) gives: 
I {( -H
3 J" (-f{3 J" } __ L- +L- P" + 2M' - -. ( hi+l.i) 
T} i+i,j 1] I,) 
I {(-f{3J" (-f{3J"} .. 
__ L- + L- P". + 2M' - . - .. ( hi-,.J) 
TJ I., 1] I-I.} 
I {( -f{3 J" (-f{3 J" } __ L- +L- P" + 2ilY' - -. (h,.i+') 
1] /,j+1 17 t,} 
1 {( -f{3 J" (-f{3 J" } __ L- +L- P".-2ilY' -. . - . (h,.r,) 
",.} 1] i,J-l 
_1_ pH +2 pH + pH (r)-{( 3 J" (3 J" ( 3 J" } 2M' - . -. -.. h'.J 
1] i+I.} T} i,j rJ I-I,] 
_1_ pH +2 pH + pH (P" .)= {( 3 J" ( 3 J" ( 3 J" } 2~y2 -. - -. h'.J 
"i,j+i "',j 1] I.j-i 
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'I/[(PHhj-(PHY:-,.) + bE' (PHXj-(PHXi'] 
M 1],u~ M 
(5-14) 
By transferring the parameters to the left-hand side, equation (5-14) can be written as: 
{( ])" ( ])"} F - _ I pH pH p" ,.It) - 2M' -=-. . + -=- . ( h'+l.j)+ 
1J 1+1,) "i.J 
__ L- +L- p" + I {(-H])" (-H])" } 
2M' Tf ',j Tf;-(,j (h'-I.}) 
I {( -H] )" (-H])" } __ L- +L- p" + 
2tlY' -. . -.. (h',j+l) 
"',j+l 1] I,) 
__ L- + L- ~"_ I {( -H] )" ( -H])" } 
2tlY' Tf ',) Tf ',)_, (hi,j-') 
I {(PH])" (PH])" (PH')" }(") -- -- +2 -- + -- ~ .. -2M' - - - h.,) 
." i+I,j 1] i,j TJ i-I,} 
_1_ pH +2 pH + pH (r)-{( ')" ( ])" ( ')"} 2tlY' - - -. h.,) TJ ;,j+i 1] i.j 1] 1,)-1 
'I/[(PH):'j - (pHtl.} + bE' (pH ),:j -!pH Xi'] = 0 
M 1],ua, M 
(5-15) 
Equation (5-15) represents the discretized form of the transient Reynolds equation. 
5.3 Numerical solution 
In solving the isothermal EHL point contact problems, the coupled Reynolds, film thickness 
and load balance equations must be solved simultaneously in the contact conjunction at 
each time step, In this study the Newton-Raphson method is used to solve the coupled 
system's equations. Therefore, the modified Newton-Raphson equation for the Reynolds 
equation (5-15) can be expressed as: 
For: 
N M of,,} (r) _ LL M'hk.l =-F,.j(t) 
/.2 •• , aPh • .1 
and 
(5-16) 
The detailed method of solution has been described in chapter 4. Where, the derivative 
oF, ,(r) .. 
parameter, .) , in equation (5-16) can be replaced by a lacobian matrix, J;'! , which 
~.1 . 
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contains a set of derivatives of the function with respect to all the variables. This can be 
defined as: 
. aF,} (I) p.} - --".'----
'.1 - a~ 
hi,l 
(5-17) 
Where F,.i (I) can be obtained from equation (5-15) and the lacobian matrix, J;'; , can be 
obtained by differentiating F,.i (I) with respect to Ph •• I • As the number of grid points in 
EHL problems, especially in point contact problems is necessarily large, calculating the 
lacobian matrix for all the nodes is not only a time consuming process, but also requires a 
high computational memory space allocation. To save the computer storage, the 
algorithm proposed by Lee and Hsu (1993,1994) in calculating the lacobian matrix was 
aF,(I) 
used, where .} are set to zero for k less than i-I and greater than i+ I, and I being 
ap .. ,1 
less than j-I and greater than j+ I, Le" 
J '.} -0 k,l - when {
i + I < k < i-I} 
j+I<i<j-1 (5-18) 
Therefore, by introducing the above mentioned conditions, the lacobian matrix J;',; was 
reduced to nine tenns in each row, 
aF,.i (I) aF,.} (I) aF,.p) aF,.i (I) aF,.J (I) 
8Phi,j ' 8Phi+I,J' 8Phi_l,j , BPhi,}+1 ' BPhi,J-l ' 
aF',i (I) aF,.i (I) aF"J (I) aF"J (I) 
8Phi+l,j+1 ' BPhi+1,J-1 ' 8Phi-I.J+1 ' 8Phl-I,J-l 
Hsu and Lee (1994) and Dowson and Wang 
(1994) in their solutions have considered only the five tenns, 
~~~m~m~~~m. ., 
.J .} } ,} .} of these nme tenns of the lacoblan matnx 
BPhi,J ' 8PhHI,j' 8Phi-l.} , 8Phi,J+l ' 8Phi,J-1 ' 
aF, . (I) aF, (I) aF, (I) aF, (I) 
and deleted the other four tenns, .} , .} , .} , ,} , and they found 
8Phi+J,J+1 8Phi+I,J-1 8Phi-I,j+l 8Phi-I,J-l 
that the convergence for the pressure does not have any significant influence. This means 
that only five adjacent nodal points, (i,j),(i + I,j),(i -I,j),(i,j + I),(i,j -I), are 
considered here in calculating the lacobian matrix. 
By introducing the above mentioned conditions, equation (5-16) can be written as: 
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~)m ~)~ ~)~ ~)m 
, M' + ' M' + ' M'+ ' M' + BP, . _ hi,} BP hl+l,} BP" hJ-l.) BP, _ h',J+1 
hI,) h,+l,j hi-I,) hl,)+1 (5-19) 
can be obtained as 
BPhi,j 'BPhi+I,J' BPhl-l,J ' BP hi.j+l ' BPhi,J-1 ' 
follows: 
aF(i) 1 [( -) H' ( GP )]" i,) ___ P 3H' Z D +- A . . +---"i... H., ~"+ 
ap.. - 2M' - i+i,} R ',i Pi,} 22.,) - (\ + n> P)' hi+i,} ~ q~J ~J ~-~ 
1 [ (-) H' ( GP )]" __ - A .+ P 3H' Z D +---"i... H., P" + 2M' P.,} ",,) -.. H,} R ',i -. (1 + n> P)' h.-i,} 
" I-I,} 1]1,1 IT Hu hi.l 
\ [( -) H' ( GP )]" __ P 3H' Z D + -A +---"i... H., P" + 2~Y' -. i,}+i Ri,' Pi,) 22.,} -.. (1 + n> P.)' hi,}+i 
1J i.}+1 'I,,} '='"' Her hI,} 
[ ( )]" \ - H' GP __ P 3H 2 Z D + -. ,A .. +---"i... H" P" . 2~Y' (-).. ',)-i Ri,' P") 22.,) -. (\ + if. p .. )' hI,)-i 
" l,j-l 'I/,} Her hI,} 
2M' 
(75) 3H' ZD +2-A +2H;') ( GPH" )" - Hi,} R ',i P.,) 221,} -. (1 + n> P .)' 
." i+l,j 7],,) '='"' Her hi,} n 
Phi,) -+(~). 3Hi~i,}ZRD"i 
1] I-I.) 
2~Y' 
(
-) H' ( GP ) n P 3H 2 Z D +2-A .. +2_") H" + 
- .,)+i R I.' P.,) 22.,) -. (1 n> P . )' 
1J i.j+1 '11,) + ~ Her hI,) Ph~.j -
2~~,[(75;'J'}+i +{75;'J., + (75;1Jn (5 - 20) 
L[- Z D +H.( &PH" )_- Z D ]n MP.,) R l.l ',J (1 n> P)' P,-I.J R ',i 
+ '='"' Her hI,} 
'I' bE' - Z D H ePH" 
[ )]
n ~t q,u~' ' , ((l + <;PH., Phi,) ) ~-- Pi j R 11 + i J 2 
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aF(i) 
'.) 
aF'J(1) 
8Phi-1J 
[ ( )]
n 
1 - H' ~ 
__ P 3H 2 Z D + -, _ +~ Hr:r p'n ,+ 2M2 (-). '.j R 2.1 P,+l.jA,2i+1.) - (I + sp, P. .)2 "+1.) 
" i" 1]1+1.) Hr:r hl+I.J 
n 
H' ( ~ ) (-) - .. +~ H" +2 P 3H2ZD+ Pi+l.jA,2i+1.) - (1 17> P. .)2 - I.j R 2.1 
17;+1.) + ':r Her hl+l.J ." i,j 
2M2 ( ~) 3H,:l.jZRD,.l 
1] I_I,) 
(5-21) 
n 
2M2 
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(5-22) 
'11 bE' (- Z D )" 
A--- PiJ R 2.1 
ut '1oUav 
2M2 
[ ( ) ]" 1 H' &p --- - A .. +~ H" + P 3H' Z D ~". + 2!'.Y' p'.j+1 22,.}+1 - (1 + ~ ~. )' (-J '.j R I.' hi.)+! 1] Her hl.j+l 1] i.) 
2!'.ly, [( p;' J.j+1 + (p;1J + 
2!'.ly, [( ;J/Hi~jZA.' +( ;}.J_13Hi~j-IZA.' r Ph;.j-I 
2~' [(~). 3Hi~I.}ZRD,., +2(~) 3Hi~JZRD1.2 +(~) .3HLl.jZ RD,.,]" Ph;.j-
7] 1+1.; 1J I,J 1] I-I,) 
" 
2!'.Y' 
~h~· -
'.} 
(5 - 23) 
and 
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\ [( -) H' ( ~ )]" -- P 3H2 Z D + -. A +~ Ho, P" + 2~y2 - '.) R 1.2 P,.}-I W.)-I -: . (\ + P P. )' hi.}-I 77 i.j 'l"j-l H~r hl,j-I 
2~y2 
(5 - 24) 
Equation (5-\9) can be solved for M h , making use of different numerical methods such 
as Gaussian elimination or Gauss-Seidel iterations. In Gauss elimination method, because 
of the need for matrix inversion, a large amount of memory space is required, especially 
when the number of nodes is high as in the case of EHL point contact problems. 
Therefore, because of this problem, Gauss elimination method is not suitable for point 
contact problems, which involve a high mesh density. The Gauss- Seidel iteration method 
is an alternative, which can overcome all such difficulties. Using the Gauss-Seidel 
iterative method, the system equation (5-19) can be rewritten as: 
(5-25) 
Where n' is the iteration counter, within a time step n. 
5.4 The computer program flow chart 
The computer flow chart for the solution of transient point contact EHL is shown in 
figure 5.1. The numerical algorithm starts from a steady state solution. The Hertzian dry 
contact pressure distribution is used as an initial guess for the steady state solution and 
from which the elastic film shape is calculated. In the second time step, the pressure Phi.) 
and the rigid separation film thickness Ho from the previous time steps are assumed as 
the initial values for the current time step. In each time step, a set value of Mh will be 
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obtained, using equation (5-25) and a new hydrodynamic pressure distribution is obtained 
as follows: 
(5-26) 
By making use of these new values for the hydrodynamic pressures, the following 
pressure convergence criterion is applied: 
MxN 
(5-27) j .. I,2, .. i=I,2 •.. 
If the criterion in equation (5-27) is not satisfied, then for the reason of good stability, an 
under-relaxation factor is employed to update the hydrodynamic pressures according to: 
n' n'-l n' ~h = ~h·· + n~h· . I,j I,j I,} (5-28) 
Where n is an under-relaxation factor, which ranges from 0.01 to 0.1. 
The newly obtained value of hydrodynamic pressure distribution is then used to calculate 
the new values of lubricant state conditions and elastic film shape. The above process is 
repeated until the convergence criterion in equation (5-27) is satisfied. 
After convergence of pressure, the pressure values are used to determine the total amount 
of normal load (equation (5-8». The convergence criterion on load balance is given as 
follows: 
If f p(X,r,i)&dr-¥l::;;IO-' (5-29) 
If the convergence criterion is satisfied, the last values of the calculated pressures and 
film thickness represent the final solutions at each time step. Otherwise, if the 
convergence criterion (equation (5-29» is not satisfied, the value of the rigid separation 
film thickness Ho (t) is updated according to the following relation: 
(5-30) 
Where P is a damping factor, was chosen to be 0.0 I under the reported conditions in this 
chapter. 
This process is repeated until the convergence criterion in equation (5-29) has been 
satisfied. 
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Figure 5.1: The flow chart of the computer program 
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5.5 Non-Steady state numerical results 
5.5.1 Acceleration/deceleration motion 
Simulations are carried out in which the speed of the contiguous surfaces is ramped up 
and down linearly, always moving forward in one direction. This given motion, which is 
theoretically constant acceleration is followed by an instantaneous transition to constant 
deceleration. The predictions from the current numerical analysis have been compared 
with the experimental investigations carried out by Sugimura et al (1996,1998). They 
investigated lubricant film behaviour, using ultra-thin film interferometry, under transient 
conditions, induced by the acceleration-deceleration motion of a ball against a flat glass 
race with a constant applied contact load of 20 N, with a maximum entraining velocity of 
0.19 mls. The entraining conditions used here for the purpose of comparison are shown in 
figure 5.2, where the glass race is driven initially with a constant acceleration, followed 
by the same rate of deceleration. The maximum speed, therefore, occurs at the mid-cycle. 
The lubricant and material properties are listed in table (5-1). 
Three conditions, depending on the period of the imposed motion, have been used for the 
purpose of comparison: 0.5, I and 5 seconds respectively, which correspond to 2, I and 
0.2 Hz respectively. The maximum velocity is reached after 0.25, 0.5 and 2.5 seconds, 
respectively. The corresponding acceleration-deceleration values for these conditions are 
± 0.76 mli, ± 0.38 mli and ± 0.076 mll respectively for the representation in figure 5.2. 
Figures 5.3 (a), 5.3 (b) and 5.3 (c) show the variations in the central oil film thickness 
with increasing and decreasing entraining velocity as a result of the accelerative-
decelerative nature of the imposed motions, obtained experimentally by Sugimura et al 
(1996,1998). Figure 5.3 (a) corresponds to the periodic motion of 5 seconds, whilst 
figures 5.3 (b) and 5.3 (c) correspond to the periodic motions of I and 0.5 seconds 
respectively. When the entraining velocity diminishes, the mechanism of film retention is 
by squeeze film action. This condition occurs at the beginning and at the end of the 
imposed motions, where the lubricant film thickness is at its lowest value. 
Figures 5.4 (a), 5.4 (b) and 5.4 (c) illustrate the same variations, predicted by the 
numerical analysis carried out in this chapter. Good agreement, in most parts, is evident 
by pair-wise comparisons of the numerical predictions with the experimental findings, 
reported by Sugimura et al (1996,1998). This agreement is only qualitative in nature. The 
quantitative difference may be as a result ofa number of reasons. The piezo-viscosity 
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Time 
Figure 5.2: Non-steady state motion, acceleration-deceleration 
No. Parameters Symbols Quantities 
I Viscosity of lubricant at P -0 17, 0.5059 Pa.s 
2 Piezo-viscosity coefficient a 9.7XI0·' Pa·' 
3 Density coefficient & 5.83XI0·w Pa 
4 Density coefficient ~ 1.68X10·' Pa 
5 Young's modulus of surface A EA 0.746XIO" Pa 
6 Young's modulus of surface B E8 0.211X101L Pa 
'} Poisson's ratio of surface A vA 0.25 
8 Poisson's ratio of surface B V8 0.3 
9 Radius of ball R 0.01 m 
10 Velocity u (0-0.19) mls 
11 Load W 20 N 
Table (5-1): Lubricant and material properties used by Sugimura et al (1998) 
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Figure 5.4: Numerically predicted changes in central film thickness with speed in 
acceleration-deceleration motion 
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index at the bulk oil temperature of 25 'C and 100 'C for the perfluoropolyether 
(PFPEZ) lubricant has been given by Sugimura et al (1996,1998). It should be noted that 
PFPEZ behaves as a non-Newtonian lubricant, whereas the current analysis is for the 
Newtonian case. This may account for some of the differences between the numerical 
predictions shown in figures 5.4 (a), 5.4 (b) and 5.4 (c) and the experimental findings 
shown in figures 5.3 (a), 5.3 (b) and 5.3 (c), particularly in a decelerative motion, where 
there is a greater tendency for mutual convergence of mating members. Furthermore, the 
exact value of piezo-viscosity index is not known, due to its temperature dependence, in 
the absence of a direct method of measurement of the contact temperature. The value at 
25 'C was taken in the numerical analysis to represent an isothermal solution. 
Clearly, the film thickness increases in the first part of the cycle due to an increased speed 
of entraining motion. In the subsequent decelerating half-cycle the lubricant film reduces 
gradually with a corresponding decrease in the speed of entraining motion. The effect of 
squeeze film motion is more important at the very beginning and at the end of the cycle. 
The physics of the problem can best be described by investigating the contribution of 
entraining and squeeze film motions to the overall mechanism oflubricant film formation 
and retention. The prevailing conditions, corresponding to figures 5.3 (c) and 5.4 (c), 
show a larger disparity between the lubricant film thickness history during the 
accelerative and decelerative half-cycles than those at the lower rates of change in figures 
5.3 (a,b) and 5.4 (a,b). In the numerical predictions these disparities are more 
concentrated at the beginning and at the end of the cycle. This is an expected outcome, 
because in these regions the effect of squeeze film motion is more significant. In IRe 
beginning of the cycle, with the increasing speed of entraining motion the squeeze film 
effect is manifested in a separation effect (with a positive value for ah). Under these 
at 
conditions the lubricant film shape is similar to that due to entraining motion (see figures 
5.5 (a,b), 5.6 (a,b) and 5.7 (a,b) for the periodic motions of 5, I and 0.5 seconds, 
respectively). At the end of the cycle due to the decreasing speed of the entraining motion 
the contiguous bodies in contact undergo mutual convergence, resulting in a negative 
squeeze velocity (i.e. ah < 0). This effect is usually referred to as the squeeze film effect, 
at 
which is responsible for increased load carrying capacity. Therefore, at a constant applied 
load, the film thickness increases, forming a dimple shape in the central region of the 
contact (see figure 5.5 G,k), 5.6 G,k) and 5.7 G,k)). This effect has been observed 
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experimentally under pure squeeze motion by Safa and Gohar (1986) and Dowson and 
Jones (1967) and also through numerical analysis by Dowson and Wang (1994) and 
Larsson and Hoglund (1994). Figures 5.5 (t), 5.6 (t) and 5.7 (t) show the central lubricant 
film shape at mid-cycle, where the squeeze film action "almost" instantaneously reverses 
its action, from one of separation effect to one of approach. Under this condition, the 
effect of entraining motion becomes predominant and, as is observed in the figures, the 
elastic film shape tends to one reminiscent of steady state conditions. Figures 5.5 (c,d,e), 
5.6 (c,d,e) and 5.7 (c,d,e) show the central lubricant film shape at intennediate cycle 
during the acceleration period, whilst figures 5.5 (g,h,i), 5.6 (g,h,i) and 5.7 (g,h,i) show 
the same behaviour during the deceleration period. It is clear that, in these intennediate 
cycles, the results for the deceleration period is almost a mirror image of the acceleration 
period. Under this condition, the squeeze film action has a negligible effect in 
determining the oil film gap and the elastic film shape is the same as that obtained under 
steady state conditions. 
To obtain a clearer picture of the role of squeeze film action, a time history of the 
dimensionless squeeze-roll ratio (i.e. ~ ah) is shown in figure 5.8 (a,b,c) for the rate of 
u& . 
change of 0.2, I and 2 Hz, respectively. It is evident that the effect of squeeze film action 
is most significant at the end of the cycle due to the largest negative value of the 
aforementioned ratio. At the beginning of the cycle the largest positive value of the ratio 
occurs, but the film thickness is dominated by the entraining motion, because a positive 
squeeze effect does not increase the load carrying capacity. This is corroborated by the 
absence of the dimple at the beginning of the cycle (see figures 5.5 (a,b), 5.6 (a,b) and 5.7 
(a,b)). Wu and Yan (1986), in studying non-steady motion under a concentrated line 
contact problem, have come to the same conclusion, pointing to the significant role of 
negative approach in the enhancement of a lubricant film by the fonnation of a dimple 
and vice versa during a positive squeeze velocity. This dimple formation is sometimes 
referred to as squeeze-cave effect. 
Increasing the cycle rate to 8 Hz, a clearer difference is obtained between the film 
thickness values formed during acceleration and deceleration motion, as shown in figures 
5.9, 5. \0 and 5.11. Therefore, it is evident that, as the cycle rate is increased from 0.2 to 8 
Hz, the film thickness values diverges, with those formed during acceleration, falling 
below those formed during deceleration as shown in figures 5.3, 5.4 and 5.9. This 
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behaviour is corroborated by the values of the dimension less squeeze-roll ratio (i.e . 
.!. ah) as shown in figures 5.8 and 5.10. The value of the negative dimension less squeeze-
u at 
roll ratio increases as the cycle rate is increased from 0.2 to 8 Hz. This conclusion is 
clearly shown by comparing the dimple formed in figures 5.5 U,k), 5.6 U,k), 5.7 U,k) and 
5.11 U,k), where the dimple depth shown in figure 5.5 U,k) is much smaller than that 
shown in figures 5.6 U,k), 5.7 U,k) and 5.11 U,k). 
Figures 5.12, 5.13, 5.14 and 5.15 show the corresponding central pressure profiles in the 
direction of entraining motion for the various film thickness profiles, shown in the figures 
5.5,5.6,5.7 and 5.11 at the cycle rate of 0.2, 1,2 and 8 Hz, respectively. As expected the 
maximum pressures occur at the beginning and at the end of the cycle (see figures 5.12 
(a,bj,k), 5.13 (a,bj,k), 5.14 (a,bj,k) and 5.15 (a,b,j,k)), since in these regions the 
entraining speed is at its lowest values. The absence of a secondary pressure peak, which 
it must be formed due to the dimple formation shown in figures 5.5 U,k), 5.6 U,k), 5.7 
U,k) and 5.IIU,k), is attributed to starved conditions. This can clearly be shown by 
referring to figures 5.12 U,k), 5.13 U,k), 5.14 U,k) and 5.15 U,k), where the pressure 
distribution conforms to a Hertzian distribution. At the intermediate part of the cycle, the 
central pressures decrease slightly during the acceleration period and vice-versa during 
the deceleration period (see figures 5.12 (c,d,e,f,g,h,i), 5.13 (c,d,e,f,g,h,i), 5.14 
(c,d,e,f,g,h,i) and 5.15 (c,d,e,f,g,h,i)). 
For a physical understanding, it is indispensable to know the prevailing lubrication 
regime in the numerical results to make a comparison between these (reported in this 
section) with the applicable regression formulae reported by other researchers. As shown 
in chapter I, there are four regimes classifYing the lubrication conditions (i.e., load, speed 
and lubricant type) and the applicable expressions under steady state conditions are 
different, in different regions of lubrication charts as indicated by Hamrock and Dowson 
(1979). The four regimes are determined by a combination of properties of the lubricated 
solid (rigid, R or elastic, E) and lubricant (iso-viscous, 1 or piezo-viscous, Y). Figure 5.16 
represents the Greenwood diagram (1969) for the point contact in which the range of the 
present numerical results is indicated by symbols. The horizontal axis: elasticity 
parameter G" and the vertical axis: viscosity parameter G" in this diagram are defined 
as follows: 
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G, G'W" U·' (5-31 ) 
[t is evident from figure 5.16 that the lubrication regime in the present numerical analysis 
is in the margin line between f.E and V.E regimes, but it is nearest to the V.E regime. The 
relationship between the dimension less central film thickness, Ha"' dimension less speed, 
U·, and dimension[ess load, W', in this region is defined according to Hamrock and 
Dowson (1977 a) as follows: 
(5-32) 
Tab[e (5-2) shows the results obtained for different lubricant entraining velocities, taken 
at certain time step for the case of rate change of 0.2 and 8 Hz. The calcu[ated central 
film thickness by using Hamrock and Dowson's (1977 a) regression formula (equation (5-
32) is shown in the fifth column of table (5-2). Columns sixth and seventh of the same 
table show the collected numerical results for central film thickness under acceleration 
and deceleration conditions for rate change of 0.2 Hz, respectively, whilst columns eighth 
and ninth for rate change of 8 Hz. The final columns provide the percentage errors for the 
central film thickness values, formed during acceleration and deceleration conditions, for 
rate change of 0.2 and 8 Hz, respectively, obtained when the numerical results are 
compared with the Hamrock and Dowson (1977 a) regression formula. Good agreement 
between the numerical results and the regression formula is evident, the percentage error 
in most cases is below 10%, except for the case of very low speed of entraining motion as 
shown in table (5-2) and in figure 5.17. In general, the trend is that as the rate of 
acceleration is raised the film thickness formed falls further and further below the steady 
state conditions and conversely for deceleration. This difference at low speeds of 
entraining motion is attributed to the effect of the squeeze film action, as be shown in 
figures 5.8 and 5.10, where, the effect of squeeze action becomes very important at very 
low speeds of entraining motion. During separation the rate of reduction in contact 
deformation (due to reduced pressures) is faster than rigid separation itself (i.e., 
Ih, 1-<:-<: 181), see figure 5.18. Therefore, this results in dramatic reduction in elastic film 
shape. During normal approach, the effect of the squeeze action is to increase the film 
thickness as the results of an increasing deformation rate (see for example, Oh (1984), 
Ghosh et al (1985) and Jalali et al (200 I )). [n fact, the value of the dimension less speed 
and load used to drive Hamrock and Dowson (1977 a) regression formula (equation (5-
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2.4 17.771 15.992 31.554 15.968 95.128 10.01 77.56 10.15 435.3 
5.3 29.599 23.062 39.170 15.993 96.332 22.09 32.34 45.97 225.5 
8.3 41.152 39.176 47.922 16.020 98.113 4.80 16.45 61.07 138.4 
11.3 50.626 50.890 56.473 16.047 100.41 0.521 11.55 68.30 98.34 
17.2 67.024 69.127 72.227 16.144 106.31 3.14 7.76 75.91 58.61 
23.1 81.541 84.361 86.428 19.819 113.49 3.46 5.99 75.69 39.18 
20 29 95.266 97.886 99.409 41.279 121.43 2.75 4.35 56.67 27.46 
43.9 
'" 
125.63 127.35 128.25 105.40 142.50 1.37 2.09 16.10 13.43 ,. 
58.7 152.62 152.89 153.49 140.15 163.57 0.177 0.57 8.17 7.17 
88.3 200.69 197.05 197.41 190.41 203.40 1.81 1.63 5.12 1.35 
118 243.63 235.39 235.64 231.08 239.70 3.38 3.28 5.15 1.61 
132.8 263.74 253.03 253.25 249.42 256.79 4.06 3.98 5.43 2.64 
147.6 283.11 269.85 270.05 266.66 273.12 4.68 4.61 5.81 3.53 
162.4 301.80 285.97 286.15 283.18 288.84 5.25 5.19 6.17 4.29 
190 335.27 314.05 314.05 311.82 313.23 6.33 6.33 6.99 6.57 
Table (5-2): Comparison between numerical results for rate cbange of 0.2 and 8 Hz 
with Hamrock and Dowson formula (1977 a) 
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Figure 5.18: Difference between rate of change of rigid separation and elastic 
deformation 
32» is in the range of (8.416XIO-13 -5.05XIO-Il ) and (0. 1l06Xl 0-6 -1.290XI0-6), 
respectively, whereas in the present numerical results the range of dimension less speed is 
(I.012XIO-12 - 8.1 \3XIO-Il ) and the value of the dimensionless load is 1.688XIO-6. 
Therefore, the difference between the predicted central film thickness and the regression 
formula of Hamrock and Dowson (1977 a) is attributed to the squeeze effect. 
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[n the conditions described above the lubricant film thickness is never below 15 nm. 
Thus, for the purpose of comparison, as will be seen in the next chapter, the conditions 
used by Matsuoka and Kato ([997) and AI-Samieh and Rahnejat (2001), given in table 
(5-3) are used here, together with the transient conditions of acceleration-deceleration. 
Figure 5.19 shows the transient central oil film thickness for rate change of 0.2 Hz for 
OMCTS, which corresponds to acceleration-deceleration rate of ± 0.36mm/ s'. The 
results show how the film thickness varies as the speed of entraining motion is raised and 
lowered. It is clear that, the same oil film thickness characteristics are observed, as in the 
case of figures 5.3, 5.4 and 5.9. [n fact, it can be seen that the values of the central film 
thickness diverge, with those formed during acceleration, falling below those formed 
during deceleration. 
Figure 5.20 shows the numerically predicted transient central film thickness profiles at 
certain time steps. During acceleration, it is clear that the film thickness increases as the 
entraining speed increases, as shown in figure 5.20 (a,b,c,d,e), until the film thickness 
reaches a maximum value of approximately [2 nm at the maximum entraining speed of 
0.9 mm/s, as shown in figure 5.20 (t). During deceleration, the film thickness starts to 
decrease as the entraining speed decreases, as shown in figure 5.20 (g,h,ij,k), but the 
rate of film thickness decrease is much slower than that of increasing under accelerating 
condition. The lag between the film thickness formed during acceleration-deceleration 
conditions is attributed to the effect of the squeeze action as shown previously. 
Figure 5.2[ illustrates the variation of the ratio of the central squeeze velocity/entraining 
velocity with time in normal approach or separation. [t is evident that, in the first part of 
the cycle during normal separation, the dimension less squeeze-roll ratio has a positive 
value, and the film thickness is dominated by the entraining motion, because 
superimposed departing normal motion considerably reduces the net load carrying 
capacity during normal separation. 
[n the subsequent decelerating half-cycle and during normal approach, the squeeze-roll 
ratio has a negative value and considerably increases the load carrying capacity. At the 
mid cycle, at approximately 2.5 sec, the squeeze film action instantaneously reverses its 
action, from one of separation effect to one of approach, as shown in figure 5.21. [n fact, 
the effect of the squeeze action can be explained as follows. During the normal approach, 
as the two surfaces approach each other, the film thickness values decrease in reality, due 
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No. Parameters Symbols Quantities 
I Viscosity of lubricant at P-O 'I, 2.35 XIO-
J Pa.s 
2 Piezo-viscosity coefficient a 10XIO-" pa-J 
3 Density coefficient E 5.83XIO- 'U Pa 
4 Density coefficient ~ 1.68XIO-' Pa 
5 Young's modulus of surface A EA 34.5 XIO-> Pa 
6 Young's modulus of surface B EB 34.5 XIO-> Pa 
7 Poisson's ratio of surface A vA 0.205 
8 Poisson's ratio of surface B VB 0.205 
9 Radius of ball R 0.01 m 
10 Velocity u (0-0.0009) m/s 
11 Load W (0.2-0.3)XIO·' N 
Table (5-3): Lubricant and material Properties 
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Figure 5.19: Numerically predicted changes in central film tbi~kuess with speed in 
acceleration-deceleration for rate change of 0.2 Hz for OMCTS 
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to increasing the value of the contact load and, therefore, the pressure distribution 
increases (for example, the ball bounce problem, see chapter 7). However, in the 
numerical study, the value of the applied contact load is kept constant, and the integration 
of the pressure must balance the applied load. Therefore, at a constant load with 
approaching solids, the film thickness must necessarily increase to account for the 
squeezing action. The physical interpretation of this is an increased load carrying capacity 
for approaching solids. This means that for a constant load a greater film thickness can be 
attained when squeeze film action operates than under pure entraining motion. 
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Figure S.21: Mid-contact central squeeze velocity/entraining velocity versus time 
history in acceleration-deceleration for rate change of 0.2 Hz for OMCTS 
Figure 5.22 shows the corresponding central pressure profiles in the direction of 
entraining motion for the various film thickness profiles shown in figure 5.20 at the cycle 
rate of 0.2 Hz for OMCTS. As expected the maximum pressure decreases during the 
acceleration period as the entraining speed is increased (see figure 5.22 (a,b,c,d,e)), until 
it reaches its lowest value at the maximum entraining speed of 0.9 mmls (see figure 5.22 
(t)). During the deceleration period, the maximum pressure starts to increase as the 
entraining speed is decreased (see figure 5.22 (g,h,ij,k)), but the rate of rise in the 
maximum pressure is much lower than that under pressure decreasing conditions, because 
of the increased value of the oil film thickness. 
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Figure 5.22: Numerically predicted transient EHL central pressure profiles for rate 
change of 0.2 Hz for OMCTS 
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5.5.2 Unidirectional stop-start motion 
Stop-start motion can be regarded as similar to a finite duration impact problem with low 
inertial dynamics. This would be true of a small steel ball, falling from a very small 
height of the order of a few tens of nanometre. These hypotheses lead to the conclusion 
that a stop-start motion can lead to conditions pertaining to a long duration impact. As a 
ball is suddenly decelerated from a steady entraining motion relative to a flat frictionless 
surface, the gap size is subjected to a diminution as the ball falls. After a period of time 
the ball can be accelerated to a steady entraining speed. The entraining action aids in the 
separation of the bodies, simulating a slow rebound condition (since the inertial force is 
ignored). Figure 5.23 shows the entraining speed variation that can be imposed. Notice 
that this is equivalent to the imposition of an impulse of similar duration between the 
instants of deceleration and acceleration inputs. In effect decelerating and accelerating 
induces gravitational actions other than the acceleration of free fall and the gap is 
supported by the kinetic action of the intervening fluid. This argument is in accord with 
the general theory of relativity through the equivalence principle, as shown by Einstein 
(1916), and thus the justification for the aforementioned hypotheses. 
Time 
Figure 5.23: Non-steady state motion, unidirectional stop/start motion 
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Referring back to Figure 5.23, an initial entraining speed of 9.7 mmls is employed, as in 
the case of the experimental work carried out by Sugimura et al (1998). The properties of 
the Perfluoropolyether A (PFPEA) lubricant used are given in table (5-4). The load is 
kept constant at 20 N. The diameter of the steel ball is 20 mm. Figure 5.24 (a) shows the 
non-steady lubricant film behaviour, for both the central, as well as the minimum 
lubricant film thickness. Figure 5.24 (b) shows the experimental results, obtained by 
Sugimura et al (1998) under identical conditions. Good agreement can be observed 
between the numerical predictions and the experimental findings. The initial minimum 
film thickness has reduced rather markedly at first to a value of 20 nm in both cases. The 
numerical predictions indicate a very gradual reduction thereon, as would be expected of 
pure squeeze film action, which has also been observed by Ai and Yu (1988) and Peiran 
and Shizhu (1991). This is not observed as clearly in the experimental findings (figure 
5.24 (b)), perhaps due to a small entrapment. The agreement between the prediction and 
measurements is particularly striking for the case of the central oil film thickness values. 
This agreement is only qualitative in nature. The quantitative difference may be due to the 
fact that the experimental results are carried out at 30 QC, while the current numerical 
results are simulated at 25 QC. This may account for some of the differences between the 
numerical predictions shown in figure 5.24 (a) and the experimental findings shown in 
figure 5.24 (b). Furthermore, the temperature in the contact, affecting lubricant viscosity 
and not the same as the bulk oil temperature. 
Figures 5.25 (a) and 5.25 (b) show the transverse elastic film shapes for numerically 
predicted and the corresponding experimental results of Sugimura et al (1998) for the 
aforementioned conditions respectively. Good agreement has been obtained for central 
film thickness profiles as already mentioned. The same degree of conformance is not 
noted for the values of minimum film thickness, as already described. The film shape in 
the period 0.6-0.62 seconds after the cessation of entraining motion show a gradual 
reduction in the central film thickness, because of a combination of sudden separation 
event due to the commencement of entraining motion, but with an insufficient amount of 
lubricant to constitute fully flooded conditions. This can be observed by referring to the 
corresponding pressure distribution for the same period, where the lack of a secondary 
pressure peak is indicative of starved conditions, conforming to a Hertzian distribution 
(see figures 5.26 and 5.27). This is also corroborated by the squeeze film time history of 
both central and minimum side exit locations (see figure 5.28). An interesting 
phenomenon is observed here. When the ball is accelerated, the lubricant film is subjected 
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No. Parameters Symbols Quantities 
1 Viscosity of lubricant at P -0 T/, 1.198 Pa.s 
2 Piezo-viscosity coefficient a 24XIO'" Po" 
3 Density coefficient & 5.83XIO·1U Po 
4 Density coefficient .; 1.68XIO·" Po 
5 Young's modulus of surface A EA 0.746X10" Po 
6 Young's modulus of surface B E. 0.21IXIO'" Po 
7 Poisson's ratio of surface A vA 0.25 
8 Poisson's ratio of surface B v. 0.3 
9 Radius of ball R 0.01 m 
10 Initial entraining speed u 0.0097 m/s 
11 Load W 20 N 
Table (5-4): Lubricant and material properties used by Sugimura et al (1998) 
to a rigid body squeeze effect, which is applied to every point in the contacting domain. 
Additionally, the surface of the ball is subjected to elastic deformation, the time rate of 
which necessarily varies from location to location according to the geometry of the 
contacting solids. The combination of these two effects is referred to as the elastic body 
squeeze film velocity. For a constant applied load, bodies subjected to a negative squeeze 
effect and under EHL condition exhibit a larger lubricant film thickness, which form a 
central dimple in the contacting profile when the squeeze film action becomes dominant. 
Therefore, any unexpected reduction in the elastic film shape under negative squeeze film 
effect indicates a faster rate of change of rigid body squeeze in an approach sense than the 
accompanied expected deformation rate in a separation sense. At the instant of the 
commencement of the entraining motion, the rate of change of rigid body squeeze in a 
separation effect is much faster than the expected decrease in the deformation rate. This 
effect is manifested in the rapid increase in the central film thickness, even the positive 
squeeze effect appeared. This is the explanation for the observed rapid reduction and a 
subsequent increase in the central oil film thickness in figure 5.24 (a). 
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Figure 5.24 (a): Numerically predicted minimum and central film thickness 
variation for PFPEA, 1 Hz, 9.7 mmls 
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Figure 5.25 (b): Film thickness profile in transverse direction in a stop/start test with 
PFPEA, 1 Hz, 9.7 mmls (after Sugimura et al (1998)) 
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1 Hz, 9.7 mmls 
The above observed condition is in fact an exact phenomenon similar to an impact 
problem, where the central film thickness dimple decreases, whilst the minimum film 
thickness marginally increases as the ball rebounds (see Dowson and Wang (1994) and 
Safa and Gohar (1986». This finding j ustifies the hypothesis that stop-start motion can be 
considered as a simulation of impact dynamic conditions. 
For the purpose of comparison, as will be seen in the next chapter, the conditions used by 
Matsuoka and Kato (1997) and AI-Samieh and Ranejat (200 I), given in table (5-3) are 
used here, together with the transient conditions of stop-start motion. In this case, an 
initial entraining speed of 8 mmls is employed and the load is kept constant at 0.3 mN. 
Figure 5.29 shows the transient central oil film thickness behaviour for this condition. 
The initial central oil film thickness has rapidly collapsed to a value of 2.5 nm, when 
motion is halted, and from which the central oil film thickness subsequently decays 
further, as would be expected of pure squeeze film action. Upon the resumption of 
motion, the film thickness rises rapidly and conforms to the steady state conditions. The 
oil film thickness shape and the corresponding pressure distribution at certain snap shots 
of time for the aforementioned conditions are shown in figures 5.30 and 5.31, 
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Figure 5.29: Numerically predicted central film thickness variation for OMCTS, 1 
HI.,8mmls 
respectively. In this case, the contiguous surfaces are subjected to a rigid body squeeze 
effect, which is applied to every point in the contacting domain and the effect of elastic 
deformation is neglected, since the operating conditions pertain to the iso-viscous rigid 
regime ofJubrication in the Greenwood chart (1969). 
However, according to the Newtonian viscous flow model, where the physics of motion is 
described by relative motion of hard spherical molecules and with a thickness in excess of 
two molecular diameters of the intervening liquid, the presented central film thickness 
shown in figures 5.20 and 5.30 is not justified, as it abrogates the rigidity of the 
Newtonian hard molecular spheres, because the film thickness reaches a value less than 2 
molecular diameters of the intervening fluid. In such narrow gaps, as shown in chapter 4, 
other forces are important and must be taken into consideration, when calculating the oil 
film gap, such as effects of Van der Waals' and the electrostatic double layer forces. As 
the film thickness is reduced further, the solvation forces are dominant. As shown by 
Matsuoka and Kato (1997), AI-Samieh and Rahnejat (2001), for non-polar lubricants such 
as OMCTS, the effect of structural solvation force becomes dominant in gaps of the order 
of a few to several diameters of the intervening fluid. This is the subject of the next 
chapter. 
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Figure 5.30: Numerically predicted film thickness profile in the direction of motion 
in a stop/start test with OMCTS, 1 HZ, 8 mmls 
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Figure 5.31: Numerically predicted pressure profile in the direction of motion in a 
stop/start test with OMCTS, 1 Hz, 8 nunls 
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5.6 Closure 
The studies carried out here show close conformance between the numerical predictions 
and the experimental results for acceleration-deceleration and stop-start motions under 
point contact condition with a constant applied load, as reported by Sugimura et al 
(1996,1998). The physics of fluid film lubrication formation, for the case of the 
Newtonian continuum mechanics, has shown to be the contribution of entraining and 
squeeze film motions, for a polar chain lubricant. This is in concordance with the 
observations of Christens on et al (1982) and Christenson (1983) that such lubricants have 
flexible chains that promote the retention of a continuum. 
The transient analysis, as opposed to the steady state condition, shows that the effect of 
squeeze film motion is significant, where the hydrodynamic effect is dominant, 
particularly during the deceleration phase or during the cessation of motion as in the case 
of stop-start motion, where surface approach occurs due to local elastic squeeze film 
effect. Note that the squeeze film motion is not present under steady state condition. 
Therefore, full film lubrication is maintained during any finite period of cessation of 
entraining action, which is otherwise predicted by the classical hydrodynamic theory to 
be diminished. This is in-line with the experimental findings, such as those by Sugimura 
et al (1996,1998). 
One should also note that as the frequency of the acceleration-deceleration motion 
increases the numerical predictions indicate that the difference in the film thickness 
between its decelerative and accelerative values increase, in-line with the experimental 
findings of Sugimura et al (1996,1998). 
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Chapter 6 
Non-Steady State Solution for Ultra-thin Lubricating Films due to 
Combined Elastohydrodynamic and Surface force action 
6.1 Introduction 
The transient elastohydrodynamic regime of lubrication is commonly encountered in the 
contact conjunction of many machine elements such as in the meshing of rolling, sliding 
and mutually approaching and separating gear teeth contacts, cam/follower and ball and 
rolling elements-to-raceways contacts during variations in load, speed of entraining 
motion or surface curvature radii. The film thickness in these machine elements exhibits a 
cyclic variation over time. For the combined entraining and normal squeeze motion, the 
pressure and the film thickness are time dependent and must be obtained by solving the 
coupled transient Reynolds' and elasticity equations. With miniaturisation and reduction 
in the mass and inertial properties of components in machines, the loads applied to the 
mating members in contact have been dramatically reduced in recent years. This trend has 
resulted in the formation of vanishing narrow conjunctions, with an ultra-thin lubricant 
film of the order of a few to tens of nanometres. Typical examples of mechanisms in 
which nano-tribology plays an important role include high-performance gears and hard 
disk drive systems in magnetic storage media. With micro-engineering and nano-
technology applications, mechanisms such as gears can now be fabricated with 
dimensions of the order of molecular structure. The separation between the surfaces in 
such cases is on a molecular scale; of the order of the diameter of the molecules of the 
intervening liquid. 
Chan and Horn (1985) have presented measurements of oil film thickness as a function of 
time as the liquid films are squeezed between two molecularly smooth Mica surfaces. 
They found that Reynolds' theory of hydrodynamic lubrication seems to be applicable 
down to a film thickness of 50 nm. They also found that, for thinner films the drainage of 
the fluid film is slower than that theoretically predicted. In the case of very thin films, the 
assumption of a continuum in the Reynolds theory breaks down, as drainage occurs in a 
series of abrupt steps, whose size matches the thickness of the molecular layers of the 
lubricant film, and qualitatively this stepwise approach of the surfaces can be understood 
in terms of the surface force. As the two Mica sheets approach, they encounter a series of 
Chapter 6: Non-Steady State Solution for Ultra-thin Lubricating Films due to... 208 
repulsive barriers of increasing height, which have the effect of holding them almost 
stationary at certain separations, which are mUltiples of the molecular layer thickness. 
This seems to suggest the conformance of the kinetic action with quantum mechanics, an 
important issue, the investigation of which is one of the key objectives of the current 
chapter. 
Jang and Tichy (1995) have presented a combined study of EHL and molecular and 
structural forces of solvation and Van der Waals', using the experimental data provided 
by Chan and Horn (1985). However, their investigation showed no effect from the surface 
and molecular forces, even down to a film thickness of 2 nm. This finding was intriguing 
at the time, and not in accord with the conclusions of Chan and Horn (1985) and the 
works reported by other researchers such as Matsuoka and Kato (1997) and AI-Samieh 
and Rahnejat (2001 a,b), who noted that the difference was probably due to the fact that 
Jang and Tichy (1995) had used a lubricant with a relatively high value of bulk viscosity. 
Matsuoka and Kato (1997) have presented a method for calculating the solvation 
pressure, acting between solid surfaces, when they approach each other to within a very 
small distance in a liquid medium. They applied the solvation pressure to the EHL 
problem in which the film thickness is very small and the solvation and Van der Waals' 
forces cannot be neglected. They found that the surface elastic deformation due to 
structural force causes a thicker lubricant film, which cannot be neglected any more, 
when compared with the ordinary fluid viscous force. An interesting conclusion from 
their result is that, the film thickness agrees well with the conventional lubrication theory 
of Hamrock and Dowson (1977 a) (EHL theory) in case of films larger than 7-8 nm, and 
deviation from the theoretical prediction and discretization of the film thickness is 
observed in cases of film thickness of several nanometres or less. Experimental studies 
reported by Dalmaz (1978) showed that a lubricant film thickness, more than 50 nm, 
agrees well with the theoretical prediction of Hamrock and Dowson (1977 a) film 
thickness formula. Johnston et al (1991) have shown that the measured film thickness 
down to 15 nm conforms to the same theoretical predictions, and that below this value 
there is an even stronger dependence on the entraining speed. Further experimental work 
carried out by Cooper and Moore (1994) shows that the lubricant film thickness down to 
\0 nm agrees well with the theoretical prediction. A number of researchers, such as 
Guanteng and Spikes (1994) and Smeeth and Spikes (1995) have shown that with certain 
lubricants, the effect of surface force is negligible and that the lubricant film behaviour 
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follows the EHL theory down to the thickness of I nm. The physical explanation for this 
has been put forward by Christenson et al (1982), Christenson (1983) and Chan and Horn 
(1985) in that these lubricants have either a chain or branched structure, and owing to 
their flexibility entangle and exhibit little solvation effect adjacent to the solid surface. 
Another equally plausible, but rather disappointing explanation can be that the agreement 
with the EHL theory in most of these experimental investigations has been with 
predictions provided by Hamrock and Dowson (1977 a) regression formula, which has 
been obtained outside the range of operating parameters reported in these experiments. 
Extrapolation beyond the range of the formula gives no credence to the arguments put 
forward. It is also not prudent to talk of agreement with the theory within the context of a 
given film thickness. If one is to adopt the explanations put forward by Christenson et al 
(1982), Christenson (1983) and Chan and Horn (1985) for the aforementioned 
experimental results' conformance within the realm of Newtonian physics, then not only 
the molecular disposition, but also the molecular size of the lubricant should be taken into 
account. For instance, a lubricant film of I nm thickness, with a molecular diameter of I 
nm such as Octamethylcycotetrasiloxane (OMCTS) could not physically obey the 
Newtonian slow viscous flow model, and by a direct consequence the classical theory of 
hydrodynamics, regardless of any successful numerical predictions (this has already been 
shown by Al-Samieh and Rahnejat (2001 a,b) and Al-Samieh et al (2002)). Therefore, the 
classical physics holds true for a lubricant film thickness in excess of two molecular 
diameters of the intervening fluid. 
The investigations reported above relate to the physics of steady state motion of a 
lubricant film, which in ultra-thin film conjunctions occur due to the combined effect of 
viscous action and intermolecular interactions. The former contributes to the promotion of 
a continuum, when the contiguous bodies are subjected to entraining and squeeze film 
motions, whilst the latter dominates under conditions that induce a structure less 
environment. The dynamic nature of the contact problem in practical applications 
necessitates the study of the physics of motion of the lubricant film under transient 
conditions. Indeed, due to molecular polarization and ordering effects, the structural and 
molecular interaction forces have a transitory nature, which may be represented in terms 
of the instantaneous gap size, as shown by Israelishvili (1992). This gap size is 
determined by the elastic deformation of the contiguous bodies in contact and the relative 
entraining motion of the surfaces. Within the region, where Newtonian continuum 
mechanics holds, the relatively slow viscous motion of the fluid renders the use of the 
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Reynolds equation valid for the determination of the gap size, together with the use of 
elasticity equation. However, due to the changing nature of the forces, a transient solution 
to the Reynolds equation is essential. This approach, combining the effect of the transient 
EHL, the structural surface and molecular forces has not hitherto been undertaken. This 
chapter attempts to fill this void in the fundamental knowledge. 
In the previous chapter, a full solution of the problem investigated by Sugimura et al 
(1996,1998) are predicted accurately within the bounds of Newtonian continuum 
mechanics to yield results that conform very closely to the reported experiments. This 
conformance with the experimental findings has enabled an extension of this 
methodology to develop a numerical solution including the effect of surface force to 
understanding the mechanism of film formation, when conditions promoting the 
formation of ultra-thin films of the order of few nanometres, with the use of a non-polar 
lubricant. Furthermore, a fundamental explanation about the nature of the kinetics of 
solvation effect in terms of its conformity with quantum mechanical behaviour in ultra-
thin films in lubrication is discussed in this chapter. The study has shed light on the effect 
of various forces at the boundary between the structured continuum mechanics and the 
conditions, which promote molecular motion in an unstructured manner. The results 
presented here in conjunction with chapter 5 have been published by Al-Samieh and 
Rahnejat (200 I b). 
6.2 Background theory 
The use of EHL theory is justified m this analysis, as the Newtonian continuum 
mechanics holds true for the viscous flow of fluids in any conjunction, where the physics 
of motion is described by the relative motion of hard spherical molecules and with a 
thickness in excess of two molecular diameters of the intervening fluid. In narrower gaps 
effects of Van der Waals' and the electrostatic double layer forces begin to dominate in 
the case of polar particles. As the film thickness is reduced further, the ensuing 
unstructured environment contravenes the Newtonian viscous flow model and the Lifshitz 
structureless continuum theory. In such cases, the use of EHL theory becomes suspect. 
Matsuoka and Kato (1997), and Al-Samieh and Rahnejat (2001 a,b) have shown that for 
non-polar lubricants such as OMCTS the effect of structural solvation force becomes 
dominant in gaps of the order of a few to several diameters of the intervening fluid, but 
that in itself does not preclude a modest contribution due to viscous action. 
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It should be noted that Mica surfaces are molecularly smooth. If this were not to be the 
case, one should investigate the validity of both EHL and micro-EHL in such 
conjunctions. 
6.2.1 The total pressure 
The above described surface forces result in molecular layering of non-polar lubricants 
such as OMCTS. The formulation of these forces assumes the lubricant molecules in the 
form of undeformable solid spheres. Layers of such molecules, sliding upon each other 
would conform to the Newtonian viscous flow theory, if the gap is in excess of two 
molecular diameters of the fluid. The load carried by the lubricant is thus shared by a 
combined mechanism of pressure generation in the contacting region, as: 
P=Ph+P,+PwJw (6-1) 
The total pressure in equation (6-1) is calculated simultaneously with the elastic film 
shape equation in the same manner as that carried out for the conventional solution to the 
EHL problems. 
The use of the above equation is justified by the fact that the load carried by the lubricant 
is supported by all the mechanisms that contribute to the formation of the lubricant film 
through generation of pressure. In the case of Van der W aals' force the attractive nature 
of the force leads to suction (i.e. negative pressures). This force, therefore, tends to bring 
the two surfaces together. In an ultra-thin film conjunction with little or no viscous effect, 
if this were to be the case the adjacent solid surfaces would tend to stick to each other. 
However, this is not the case due to the repulsive action of the structural solvation effect. 
Therefore, the net force balances the applied load according to the Newton's third axiom 
and yields the gap size. This is the justification for the use of equation (6-1) by the 
Bernoulli's Principle of Superposition. This approach was established by Matsuoka and 
Kato (1997), and Al-Samieh and Rahnejat (2001 a,b). 
6.2.2 The Reynolds equation 
The Reynolds equation that determines the hydrodynamic pressure distribution for 
transient conditions can be written in dimensional form as: 
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As conditions and assumptions used in this chapter is the same as that used in chapter 4, 
therefore, by making use of the same dimension less group as in equation (4-6), equation 
(6-2) can be written in a dimensionless form as: 
~(pH3 ap')+~(PH3 ap')='If{a(PH) + bE' (pal!. +Ha~)} (6-3) 
ax 1/ ax ay 17 ay ax 1].Ua• at at 
Where: t=E't/l]., and 
The last term in equation (6-3) represents the time dependent portion of the Reynolds 
equation. It allows for the mutual approach and separation of loaded rolling members. It 
should be noted at this point that the Reynolds equation is based on the assumption that 
the inertial forces within the fluid are small compared to the other forces that are present, 
such as pressure and shear. This is valid because of the very small mass of fluid that is 
actually within the contact zone at any given instance. 
The boundary conditions that are imposed on the Reynolds equation are taken as 
X=O,X=Xa " =>P,=O 
r = o,r = Yu " 
p = ap, = ap, = 0 
, ax ay 
(6-4) 
Note that the boundary conditions are applied to the case of the mechanism that promotes 
the formation of a continuum, in this case the hydrodynamic viscous action. Other 
contributing mechanisms do not advance the formation of a continuum and as such are 
governed by direct molecular interactions. Therefore, it is assumed that the boundary 
conditions should not be applied to the total pressure. The mechanism of transition from 
continuum physics into a structureless environment is not well understood at the present. 
More research regarding the effect of solvation upon computational boundary is required. 
6.2_3 Viscosity- and density-pressure equations 
The lubricant viscosity variation with pressure is given by Roelands (1966) in non-
dimensional form as: 
(6-5) 
Where: 
_ a 
Z - ---"'-------., 
- 5.1*10 9[ln1]0 +9.67] 
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The lubricant density variation with pressure is defined by Dowson and Higginson 
(1966) in non-dimensional form as: 
(6-6) 
Where: li and t; are constants related to the type oflubricant employed (see table (6-1)). 
6_2-4 Elastic film shape 
The dimension less film thickness between the contacting surfaces is described as: 
_ _ ROJJ(I) 
HIJ(t)=Ho(t)+SIJ + " 
. . b (6-7) 
Where o} J (I) is the total elastic deformation of the contiguous bodies in contact. In the 
dimensional form, 01 J (I) can be written as: 
< (- 2 PH" ~ ~ -
U IJ t) = ---, L.. L.. P;,j(t)D,../ 
;r E I=l,1i=1.2 
i' = 11-,1 + I 
Where, according to Dowson and Hamrock (1976): j' =IJ-jl+1 
(6-8) 
The contact influence coefficient matrix, D ... , is given by 10hnson (1985) and is 
, .} 
provided in chapter 4 (equation (4-46)). 
6_2_5 Load balance equation 
At any instant, the external load is balanced by the integrated oil film pressure 
distribution. In non-dimensional form, the instantaneous load equation can be written for 
point contact geometry as: 
~ ~ 2 J Jp(X,YJ)dX dY = ~ 
--co -<>:I 3 
(6-9) 
6_2.6 Solvation pressure 
Now, it is clear from chapter 3 that the solvation force (i.e. the structural force) is a 
surface interaction force that acts between two solid surfaces, when they approach each 
other to form a very small gap filled by a fluid. Van Megen and Snook (1979), Horn and 
lsraelachvili (1981), Christenson et al (1982), Israelachvili et al (1988), Homola et al 
(1989) and Israelachvili (1992) studied the solvation force in the narrow contact of 
contiguous bodies. They all showed that these surface forces have generally a decaying 
oscillatory characteristic as a function of the gap size (i.e. the film thickness). This 
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characteristic varies as attractive and repulsive forces, with a periodicity equal to the 
mean diameter of the fluid molecules. Such oscillatory forces arise from the molecular 
geometry and local structure of the liquid medium, and reflect the forced ordering of the 
liquid molecules into discrete layers, when constrained between two surfaces. These 
forces have a transient nature due to their oscillatory decaying behaviour, manifested by 
the negative exponential term in the equation for the solvation pressure, which is obtained 
by Chan and Horn in (1985) as 
C ~1+4;r2 
p e(-h(<)la) cos(27th(t) I a + tP) 
2;ra 
(6-10) 
Where: tantP = -2;r and for OMCTS a = I nm (Horn and Israelachvili (1981». This 
yields that the value of the coefficient of expression (6-10) is 174 MPa from value of 
C p =172mNlm. 
By using the same dimension less group mentioned in chapter 4, equation (6-10) can be 
written as: 
P, =- 174 e(-H(i)b'IRa) cos(2trH(J)b' I Ra+tP) 
PHer 
6.2.7 Van der Waals' pressure 
(6-1 I) 
The attractive Van der Waals' force acts between two surfaces, when they are separated 
by a very thin gap or liquid film. Prieve and Russel (1988) and lsraelachvili (1992) have 
shown that, the Van der Waals' pressure between planar surfaces, separated by a gap of 
thickness h is given as: 
p wJw = A\lI I 67th' (I) (6-12) 
Where, the solid surfaces are denoted by I and the liquid medium by 3. 
Horn and Israelachvili (1981) and Israelachvili (1992) have calculated the Hamaker 
constant for the case of two Mica surfaces separated by an OMCTS lubricant, and they 
found that the values for the Hamaker constant for this combination to be in the range: 
lA x 10-'0 - 10-19 J . 
By using the same dimensionless group mentioned in chapter 4, equation (6-12) can be 
written as: 
(6-13) 
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6_3 Numerical solution 
Since the pressure profile and the film thickness must be compatible, the coupled Reynolds, 
elasticity and load balance equations must be solved simultaneously in the contact 
conjunction at each time step n. In this study the Newton-Raphson method is used to solve 
the coupled system's equations. Therefore, the modified Newton-Raphson equation for the 
Reynolds equation (6-3) can be expressed as: 
N M 
L~>~',{L\Ph'.1 =-F,)I) (6-14) 
1=2 k:2 
Where F"j (/) was defined by equation (5-15) (see chapter 5) and J~'.; is the Jacobian 
matrix, given in terms of the residual derivatives as: 
1',J _ aF,.j (/) 
'.1 - a~ 
hk,f 
(6-15) 
The expanded Jacobian terms were defined by equations (5-20-5-24) (see chapter 5). 
Using the Gauss-Seidel iteration method, the system state equation can be written as: 
L\Ph~'.1 = (-F,.1 (/) - J;!,.,L\P;;_,.I - J;ll.lL\Ph~':I'.' - J;:!_I L\Ph~','_1 - JU+,L\P;;,~~,) /J~:: (6-16) 
Where n' is the iteration counter in the above recursive equation, within a time step n. 
For the reason of good numerical stability an under-relaxation factor is employed to 
update the pressure according to: 
n' n'-\ A on' Ph' = Phi' + nL>"h' . I,).} I,) (6-17) 
Where n is the under-relaxation factor, typically chosen as 0.0 I under the reported 
conditions in this chapter. 
Finally, the convergence criteria for the pressure and load balance equations are: 
[
"" (n' n'-I )']0.5 ~ ~ Phi,) - Phi,) 
, J ~ 10-3 
MxN 
(6-18) 
(6-19) 
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6.4 The computer program flow chart 
The computer flow chart for the solution of transient point contact EHL including the 
effects of solvation and Van der Waals' pressures is shown in figure 6.1. The numerical 
algorithm starts from a steady state solution. The Hertzian dry contact pressure 
distribution is used as an initial guess for the total pressure for the steady state solution 
and from which the elastic film shape is calculated according to equation (6-7). From the 
calculated elastic film shape, solvation and Van der Waals' pressures are calculated 
according to equations (6-11) and (6-13). In the second time step, the total pressure, P,.J' 
and the rigid separation film thickness, H" from the previous time steps are assumed as 
the initial values for the current time step. The assumed values of the total pressure are 
used to calculate the elastic film shape according to equation (6-7) and from which the 
solvation and Van der Waals' pressures are calculated according to equations (6-11) and 
(6-13). The hydrodynamic pressure in each time step is calculated by subtracting the total 
pressure from solvation and Van der Waals' pressures. The lubricant state conditions are 
calculated according to equations (6-5) and (6-6). [n each time step, a set values of M, 
are obtained, using equation (6-16) and a new hydrodynamic pressure distribution is 
obtained as follows: 
n' n'-\ n' 
Phi,) = Phi,) + Mhi,j (6-20) 
By making use of these new values for the hydrodynamic pressure, the pressure 
convergence criterion equation (6-18) is applied. [f the criterion of equation (6-18) is not 
satisfied, then for the good stability reason, an under-relaxation factor is employed to 
update the hydrodynamic pressure according to equation (6-17). The newly obtained 
value of hydrodynamic pressure is then added to the calculated values of solvation and 
Van der Waals' pressure to calculate the total pressure. The new values of lubricant state 
conditions and elastic film shape are obtained. The above process is repeated until the 
convergence criterion in equation (6-18) is satisfied. 
After pressure convergence, the total pressure values are used to determine the total 
amount of normal load (equation (6-9)). The convergence criterion on load balance is 
given by equation (6-19). [fthe convergence criterion has been satisfied, the last values of 
the calculated pressures and film thickness represent the final solutions at each time step, 
n. Otherwise, if the convergence criterion (equation (6-19» has not been satisfied, the 
value of the rigid separation film thickness, H, (I) , is updated according to the following 
relation: 
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Start Read Data Calculate Hertzian pressure P,.; 
Calculate p,;.;, P ",,",.; pressures 14----1 
Calculate 
W&Ho Yes 
Iterate Reynolds' equation 
Is Ph,., 
Converged? 
Is W 
Converged? ,>---No 
P"Ci + 6.1) = P;,.(i) Set . . 
Ho(i + 6.1) = Ho(i) 
Calculate oil film shape H;.; 
No 
n'+1 n' Set Ph· 1 = Ph· . I, I,} 
SetH n••1 = H n• 
o 0 
Iterate Reynolds' equation Calculate Tf, p Calculate Ph;.; 
Set 
P n'+1 (- A') pn· (- A-) h,.; I + '" = h;.1 I + ul 
P;,j = Phi,) + PSi,} + P vciwi,J No 
14--- No -~C"" Check for final time step 
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Figure 6.1: Computer program flow cbart 
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(6-21) 
Where P is a damping factor, which ranges from 0.005 to 0.0 I. This process is repeated 
until the convergence criterion in equation (6-19) has been satisfied. 
6.5 Non-Steady state numerical results 
6.5.1 Acceleration/deceleration motion 
The close conformance of the numerical predictions with the experimental findings of 
Sugimura et al (1996,1998) for acceleration-deceleration motion in point contact 
conditions with a constant applied load, discussed previously in chapter 5, has opened the 
way to study the multi-physics of the film formation, when conditions promoting the 
formation of ultra-thin films of the order of a few nanometres, with the use of a non-polar 
lubricant. However, as mentioned previously in chapter 5, according to the Newtonian 
viscous flow model, the presented central film thickness shown in figure 5.19 is not 
justified, as it abrogates the rigidity of the Newtonian hard molecular spheres as the film 
thickness reaches less than 2 molecular diameters of the intervening fluid at the lower 
values of entraining speed. In such narrow gaps, Matsuoka and Kato (1997) and Al-
Samieh and Rahnejat (2001 a,b) found that other forces are important and must be taken 
into consideration, when calculating the oil film gap, such as effects of Van der Waals' 
and solvation pressures. This case is the subject of this section. 
To observe the contributions from the action of the surface solvation force and the 
molecular Van der W aals' force, the conditions that promote the formation of ultra-thin 
film used in the previous chapter, reported by Matsuoka and Kato (1997) and Al-Samieh 
and Rahnejat (2001 a,b), given in table (6-1) are used here. The entraining condition used 
is shown in figure 6.2, where the Mica disc is driven initially with a constant acceleration, 
followed by the same rate of deceleration. Two conditions, depending on the period of the 
imposed motion, have been used: 5 and I seconds, which corresponding to 0.2 and I Hz 
respectively. The maximum velocity is reached after 2.5 and 0.5 seconds, respectively. 
The corresponding acceleration-deceleration values for these conditions are 
± 0.36mm / s' and ± 1.8mm I s' respectively for the representation in figure 6.2. The 
contact load was 0.2 mN. 
Figures 6.3 (a) and 6.3 (b) show the variation in the central lubricant film thickness with 
increasing and decreasing entraining velocity as a result of the accelerative-decelerative 
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nature of the imposed motion, obtained numerically. Figure 6.3 (a) corresponds to the 
periodic motion of 5 seconds, whilst figure 6.3 (b) corresponds to the periodic motion of 
I second. The same oil film thickness characteristics were observed as in the case of 
figures 5.4 (a), 5.4 (b) and 5.4 (c), shown previously in chapter 5, where by increasing the 
cycle rate from 0.2 to I Hz, the film thickness formed during acceleration falling below 
those formed during deceleration, especially at high speed of entraining motion during a 
cycle, owing to the negative squeeze effect (representing the mutual rigid body approach 
of the surfaces) that increase the load carrying capacity of the contact. At a constant value 
of load, therefore, the film thickness value increases due to the increased value of the 
equivalent speed. This point is explained in detail previously in chapter 5. The only 
difference between both sets of results shown in figures 5.4 (a), 5.4 (b) and 5.4 (c) and 
those shown in figures 6.3 (a) and 6.3 (b) is that in the latter cases the difference between 
the film thickness formed during acceleration and deceleration is more pronounced, even 
at low cycle rate of 0.2 Hz. This difference may be as a result of a number of reasons: the 
amount of lubricant existing at mid-cycle, where the squeeze film action "almost" 
instantaneously reverses its action, from one of separation effect to one of approach. This 
may account for some of the differences, where the degree of starvation for the film 
thickness shown in figures 5.4 (a), 5.4 (b) and 5.4 (c) at this point is clearly shown by the 
absence of the secondary pressure peaks (see figures 5.12 (t), 5.13 (t) and 5.14 (t)) and of 
the greater value than that shown in figures 6.3 (a) and 6.3 (b). This means that the 
amount of lubricant existing in the latter cases, at the point of instantaneous reversal in 
direction is sufficient to create a greater film thickness value than that shown in figures 
5.4 (a), 5.4 (b) and 5.4 (c). Furthermore, from a practical point of view, the low inertia of 
the Mica disc in comparison to that of the Glass disc may also account for some of the 
differences. However, the ultra-thin lubricant film thickness (in the region of3.70-12 nm) 
was formed by the combined action of viscous flow and structural surface and molecular 
interaction forces. In the regions of low speed of entraining motion, the contribution due 
to solvation effect is dominant, indicating lubricant discretization that can be observed in 
the figures. This effect is evident during the accelerative phase of the motion, up to a film 
thickness of approximately 5 nm, with the entraining velocity of up to 0.57 mm/so Two 
distinct layering effects can be observed, as indicated in the figures. The first discretized 
layer ofa unique value of3.70 nm corresponds to the entraining speed of (0.0087-0.463) 
mm/so The second discretized layer of an almost constant film thickness value of 4.74 nm 
corresponds to the entraining speed of (0.467-0.568) mm/so The mechanism of lubricant 
film formation above 5 nm is dominated by the Newtonian continuum mechanics (i.e. the 
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hydrodynamic effect). This finding is in-line with those of Matsuoka and Kato (1997) and 
AI-Samieh and Rahnejat (2001 a,b), although both of these contributions describe steady 
state behaviour of ultra-thin films. The layering effect can also be observed under 
decelerative conditions. Two distinct layering effects can also be observed, as indicated in 
the figures during this period. The first discretized layer of an almost constant film 
thickness value of 4.74 nm corresponds to the entraining speed of (0.507-0.336) mm/so 
The second discretized layer of a unique value of 3.70 nm corresponds to the entraining 
speed of (0.332-0.00438) mm/so To corroborate these findings the total pressure 
distribution is shown in a number of regions during the transient action. In the 
aforementioned, the initial part of the accelerative phase, the generation of pressure is 
dominated by the surface force of solvation. This is shown in figures 6.4 (a-d) and 6.5 (a-
d) for the periodic motion of 5 and 1 seconds, respectively, for speeds of entraining 
motion of 0.2, 0.4, 0.5 and 0.55 mm/s, respectively. It is clear that the total pressure is 
significantly dominated by the solvation effect. 
At the intermediate accelerative part of the cycle, the pressure distribution is dominated 
by the viscous flow action as can be observed in figures 6.4 (e) and 6.5 (e) for speed of 
entraining motion of 0.7 mm/s, for the periodic motion of 5 and 1 seconds, respectively. 
The effect of solvation is still evident in small oscillations, superimposed upon the 
hydrodynamic pressure distribution. Figure 6.4 (t) and 6.5 (t) shows the total pressure 
distribution at the maximum value of entraining motion, being 0.9 mm/s, for the periodic 
motion of 5 and I seconds, respectively. The pressure distribution is entirely 
hydrodynamic. During the accelerative period, the maximum pressure is slightly 
decreased during each discretized layer, due to the fact that the surface force of solvation 
is entirely independent of speed of entraining motion. However, when the entraining 
velocity increases (or when the discretized layer diminishes), the maximum pressure is 
decreased to nearly more than half of its value, when comparing with figures 6.4 (a-d) 
and 6.5 (a-d). This is because of an increase in the domain of pressure, under the same 
constant value ofload. A significant conclusion is that with reduced hydrodynamic effect, 
the structural forces contribute in a reduced pressure generating domain. Note that only 
repulsive action of the structural forces generate load bearing pressures (i.e. negative 
pressures do not contribute to load carrying capacity). Thus, for a constant load these 
pressures would be higher than those experienced, when the hydrodynamic effect 
dominates. 
=~-"---- -~ ------- ~-~~~-.-~--
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No. Parameters Symbols Quantities 
I Viscosity of lubricant at P =0 17, 2.35 XIO-J Pa.s 
2 Piezo-viscosity coefficient a IOXIO-" pa-] 
3 Density coefficient & 5.83XIO-1U Pa 
4 Density coefficient ~ l.68XIO-" Pa 
5 Young's modulus of surface A EA 34.5 XIO-' Pa 
6 Young's modulus of surface B EB 34.5 XIO-' Pa 
7 Poisson's ratio of surface A VA 0.205 
8 Poisson's ratio of surface B VB 0.205 
9 Radius of ball R om m 
10 Velocity u (0-0.0009) m/s 
II Load W (0.2-0.3)XIO-> N 
12 Lubricant molecular diameter (J I nm 
13 Hamaker constant Al3l 10-
1
' Joules 
Table (6-1): Lubricant and material Properties 
Time 
Figure 6.2: Non-steady state motion, acceleration-deceleration 
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Figure 6.5: Numerically predicted transient EHL central pressure profiles for rate 
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Figures 6.4 (g-k) and 6.5 (g-k) show the pressure distribution during the deceleration part 
of the cycle for the periodic motion of5 and 1 seconds, at 0.7, 0.47, 0.41, 0.2 and 0.035 
mm/s speed of entraining motion, respectively. These figures are self-explanatory, 
conforming to the previous discussions. 
Figures 6.6 and 6.7 show the corresponding film thickness profiles in the direction of 
entraining motion for the various central pressure profiles shown in figures 6.4 and 6.5, 
for the periodic motion of 5 and 1 seconds, respectively. According to the Greenwood 
chart (1969), the operating conditions of the numerical predictions shown in figures 6.6 
and 6.7 pertain to the iso-viscous rigid region, where elastic deformation is negligible. 
Therefore, the elastically deformed flattened solid surfaces with a central film thickness 
of about 3.7 nm shown in figures 6.6 (a,b) and 6.7 (a,b) and that of 4.74 nm thickness 
shown in figures 6.6 (c,d) and 6.7 (c,d) is due to the solvation pressure. As the entraining 
speed is increased, the elastic deformation of the flattened solid surface has decreased, as 
shown at the intermediate acceleration cycle in figures 6.6 (e) and 6.7 (e). Figures 6.6 (t) 
and 6.7 (t) show the film thickness profile at the maximum value of entraining motion, 
being 0.9 mm/so The film thickness profile is entirely hydrodynamic. 
Figures 6.6 (g-k) and 6.7 (g-k) show the film thickness profiles during the deceleration 
part of the cycle for the periodic motion of 5 and 1 seconds, respectively, for speeds of 
entraining motion being 0.7,0.47,0.41,0.2 and 0.035 mm/s, respectively. As expected, at 
the end of the deceleration period, the solid surface deforms elastically as shown in 
figures 6.6 (h-k) and 6.7 (h-k), where discretization of film thickness occurs. At the 
intermediate dece1erative part of the cycle, the degree of the elasticity of the solid surface 
decreases and the film thickness conformss to the hydrodynamic action as can be 
observed in figures 6.6 (g) and 6.7 (g). 
An interesting feature of this is the starved conditions, especially at high speed of 
entraining motion. In order to guard against starvation, one would need to increase the 
inlet meniscus distance at the beginning of the cycle during the simulation study. For this 
reason in the current results an inlet distance 35 times the Hertzian radius of the contact 
has been used in the direction of entraining motion. This constitutes a mesh density of 
398 X 120 (the former being in the direction of entraining motion), for which the solution 
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has to be obtained in 412 steps during the transient action. The computational task, 
therefore, is quite large, both in terms of simulation time and computer storage memory. 
The total CPU time on a 1 GHz machine was approximately 4 days. 
However, by increasing the applied contact load to 0.3 mN and with an increase in the 
period of the imposed motion to 10 seconds, which corresponding to 0.1 Hz, the transient 
central oil film thickness during an initial acceleration period of 5 seconds to a maximum 
velocity of 1.3 mm/s, followed by the same deceleration rate for the same period is shown 
in figure 6.8. The corresponding acceleration-deceleration value for this condition is 
± 0.26mm / S2. It is clear that the difference between the film thickness values formed 
during acceleration and deceleration is reduced in comparison with that shown in figures 
6.3 (a) and 6.3 (b). At low speeds of entraining motion, the same oil film thickness 
characteristics were observed as in the case of figures 6.3 Ca) and 6.3 Cb), where the 
mechanism of film thickness formation is by surface force action. This condition occurs 
at the beginning and at the end of the imposed motion, where the lubricant film thickness 
is at its lowest value, when calculated according to the hydrodynamic action alone. Two 
distinct layering can be observed during acceleration period. The first one corresponds to 
a unique film thickness value of 3.65 nm, for a speed of entraining motion in the range: 
0.0126-0.745 mm/so The second discretized layer corresponds to a value of film thickness 
of4.75 nm, for a speed of entraining motion in the range of 0.751-0.814 mm/so [n fact, the 
discretized layers can also be observed during the deceleration period. The first one 
corresponds to a film thickness value of 4.75 nm, for a range of speed of entraining 
motion of: 0.77-0.568 mm/so The second layer corresponds to film thickness of 3.65 nm, 
for a range of speed of entraining motion of 0.562-0.0063 I mm/so An interesting point can 
be observed by referring back to figure 4.38 (see chapter 4), where the film thickness in 
this figure was plotted against speed of entraining motion under steady state condition for 
the same conditions as that in figure 6.8. Although the steady state analysis has indicated 
that the film thickness is entirely independent of the speed of entraining action, this does 
not appear to be the case shown in figure 6.8. It can be seen that the same oil film 
thickness characteristic was observed in both cases up to a speed of entraining motion of 
0.7 mm/so When the entraining speed is slightly increased, figure 6.8 shows another 
discretized layer, as discussed previously, which is not shown under steady state analysis. 
This point clearly shows that the importance of studying the transient event under such 
Chapter 6: Non-Steady State Solution (or Ultra-thin Lubricating Films due to... 229 
14 
12 
~ 10 
E 
E-
l/) 
I/) 
Q) 
c 
-" 0 
:c 
-
,§ 
LL 
8 
6 
4 
2 Layering 
0 
0 0.26 0.52 0.78 1.04 1.3 
Velocity (mm/s) 
Figure 6.8: Changes in the central film thickness with speed in acceleration-
deceleration 
narrow conjunction. In fact, in this set of results the degree of starvation is reduced in 
comparison to that shown in figures 6.3 (a) and 6.3 (b), where the percentage error is 
13.9% at maximum speed of 1.3 mm/s, when the numerically predicted film thickness is 
compared with the theoretical predictions of Brewe et al (1979) (see chapter 4 (equation 
(4-96») under iso-viscous rigid regime of lubrication. In this case an inlet distance 30 
times the Hertzian radius of the contact has been used in the direction of entraining 
motion. This constitutes a mesh density of 350 X 120 for which the solution has to be 
obtained in 412 steps during the transient action. 
Unfortunately, there exists no experimental or previous numerical work in the area of 
transient ultra-thin film lubrication to compare with this set of results in this chapter. This 
is an area requiring more research effort, and it is hoped that this initial investigation will 
induce further work. 
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6.5.2 Unidirectional stop-start motion 
The practical importance attached to the mechanism oflubrication in the stop-start motion 
of contiguous surfaces is alluded to in the introduction to this section. Furthermore, the 
cessation of entraining motion results in the diminution of gap between the bodies in 
contact. When the entraining motion is completely ceased, a coherent lubricant film can 
only be maintained through the load carried entirely by the squeeze film action. The 
entrapment of the lubricant can take place over a period of time after an initial drop in its 
thickness. [f a long enough period of inaction is allowed for in an analysis, the minimum 
film thickness gradually diminishes, as predicted by the classical hydrodynamic theory of 
lubrication, as shown in chapter 5. This argument seems to run contrary to some 
experimental findings and practical evidence for absence of wear, in that an entrapped 
lubricant film layer, however small remains always present, (see Sugimura et al 
(1996,1998)). The traditional explanation for this has been the entrapment oflubricant in 
surface undulations, when the entraining action has ceased for a long enough period that 
one would normally expect the lubricant film to vanish. However, recent experimental 
and numerical works have shown that for even molecularly smooth surfaces a lubricant 
film is maintained at quite low speeds of entraining motion, (see Matsuoka and Kato 
(1996,1997) and AI-Samieh and Rahnejat (2001 a,b)). This shows that under such 
limiting conditions, other mechanisms than those in accord with the Newtonian physics 
are at least in part responsible for the maintenance of a lubricant film. An interesting 
finding in these limiting cases for ultra-thin film conjunctions has been the gross 
insensitivity of the lubricant film thickness to the applied load, even more so than that 
encountered under elastohydrodynamic regime of lubrication. [t has been observed that 
with increasing load (these being very lightly loaded contacts) over a few orders of 
magnitude, the lubricant film thickness changes in a step-wise fashion, and in a discrete 
manner, analogous to specific energy levels (see chapter 4). The discretization follows the 
average molecular size of the intervening fluid, as shown by Matsuoka and Kato 
(1996,1997) and AI-Samieh and Rahnejat (200 I a,b). The existence of discrete levels 
points to a quantum mechanical behaviour of the lubricant in the micro-scale physics of 
lubrication. [f one were to take this proposition as an initial postulate, it would be 
necessary to show that the principle of conservation of momentum would only hold at 
some pre-specified levels. [t seems, therefore, that an ideal investigation of the transient 
contact phenomenon would be the impact of a falling ball onto a plate with a very thin 
film of a non-polar lubricant. However, such a study would pose the problem that the 
high inertial forces would result in the local elastic deformation of the rebounding ball, to 
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an extent, that the mechanism of EHL would become dominant, thus significantly 
diminishing the contribution due to molecular interactions. The alternative is to undertake 
stop-start transient analysis of lightly loaded contacts, which is in fact also in-line with 
the important practical significance of such conditions in various machinery contacts. 
The equivalence of stop-start motion to the impact dynamics phenomenon for low inertial 
dynamics (see chapter 5) provides an opportunity to study transient response of ultra-thin 
conjunctions under impact conditions. Figure 6.9 shows the entraining speed variation 
that can be imposed. This approach is computationally far more convenient than rebound 
of a small ball from an almost infinitesimal height upon an oily plate in conjunctions of 
order of nanometres. This is true because computational step size is so small as to cause 
numerical difficulties with stability. Furthermore, the ensuing elastic deformation due to 
impact causes sufficient elastic deformation as to result in the dominance of viscous 
effect. For this investigation, the OMCTS lubricant is used, the physical properties of 
which and that of the Mica surfaces are given as before in table (6-1). 
When the duration of cessation of entraining motion (i.e. the stop period) is varied, this 
would result in an effective change in the impulsive action. Furthermore, at a given 
applied load the speed of entraining motion can be varied, which is equivalent to changes 
in the magnitude of impulsive action. The slope or the rate of decrease or increase in 
entraining action (in cessation of entraining or its commencement) introduces the 
deceleration or acceleration action. This is the same as a change in inertial force induced 
by a local gravitational effect by the equivalence principle as shown by Einstein (1916). 
Figure 6.10 shows the results obtained by the imposition of stop-start motion from 
different values of entraining motion (i.e. at different decelerations). The stop period is 
the same for all conditions, which is 0.05 seconds. Therefore, the magnitude of impulse is 
changed, although the applied contact load is the same. An interesting observation is that 
the minimum lubricant film at a thickness of 3.5 nm is found to be independent of the 
impact force, but dependent entirely upon the applied contact load, as shown in chapter 4. 
The initial film thickness and the transitional values during both deceleration and 
acceleration phases alter due to diminution or enhanced entraining motion respectively. 
The minimum unique value is entirely due to solvation effect, showing it to be 
independent of the initial entraining action, where the effect of varying applied 
momentum is seen as discretized. 
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Figure 6.11 shows the same load and speed of entraining motion conditions as in figure 
6.10, but with longer durations for the stop action, which is 0.6 seconds (or an order of 
magnitude in excess of the previous case). The deceleration and acceleration values are 
almost identical as for the previous cases. Therefore, figure 6.11 exhibits lubricant 
behaviour, when subjected to a reduced impulsive action. This is a further proof of 
independence of solvation from effect of impact dynamics, since the minimum film 
thickness remains the same as in the cases illustrated in figure 6.10. Figure 6.12 shows a 
comparison of minimum oil film history for different stop periods (i.e. corresponding to 
impact times). It can be seen that a unique absolute film thickness exists, regardless of 
impact duration. One can then conclude that for a given load, the value of the absolute 
minimum film thickness in ultra-thin film conjunctions is governed by the solvation effect 
for such non-polar lubricants as a steady state level, determined by the contact load and 
not the applied momentum (i.e. the principle of conservation of momentum holds in a 
discrete manner). This argument can be underpinned by the observation that a steady state 
contact condition is a special case of impact dynamics, where the period of impact 
approaches an infinite value. This is the same analogy as that regarding statics as a special 
case in dynamics, or dynamics of a stationary system, being independent of time. 
Time 
Figure 6.9: Non-steady state motion, unidirectional stop/start motion 
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Referring back to figure 6.10, the ramp down time occurs between 0.425 and 0.475 
seconds and the ramp up time occurs between 0.525 and 0.575 seconds and the stop 
period is 0.05 seconds. Figures 6.13 through 6.16 and 6.17 through 6.20 represent the 
total pressure distribution and the corresponding film thickness shape during the halting 
of motion from different speeds of entraining motion of 0.004, 0.006, 0.008 and 0.0 I m/s, 
respectively. The time T shown in these figures represents the time elapsed since 
stopping. At T =-0.05 s, the entraining motion is at the speed of 0.004, 0.006, 0.008 and 
0.0 I m/s, while at T =0, present the instant at which the motion is halted (see figures 6.13 
through 6.20, respectively). During these periods the dominant hydrodynamic pressure 
distribution and the corresponding film thickness shape are shown in figures 6. \3 (a,b) 
through 6.16 (a,b) and 6.17 (a,b) through 6.20 (a,b), respectively. During the deceleration 
phase the dominance of hydrodynamic action is gradually reduced and the effect of 
molecular interactions start to emerge (see figures 6.13 (c,d) through 6.16 (c,d) and 6.17 
(c,d) through 6.20 (c,d». Pressure distributions in figures 6.13 (e,f,g) ) through 6. I 6(e,f,g) 
and the corresponding film thickness shapes in figures 6.17 (e,f,g) through 6.20 (e,f,g) 
depict the period of static equilibrium, maintained entirely by the solvation effect. During 
the acceleration phase, illustrated in figures 6.13 (h,i) through 6.16 (h,i) and figures 6.17 
(h,i) through 6.20 (h,i), for the pressure distribution and the corresponding film thickness 
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Figure 6.16: Numerically predicted transient EHL central pressure profiles for stop 
period of 0.05 sec, for speed of 0.01 mls 
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Figure 6.17: Numerically predicted transient EHL central film thickness profiles for 
stop period of 0.05 sec, for speed of 0.004 mls 
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Figure 6.19: Numerically predicted transient EHL central film thickness profiles for 
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Figure 6.20: Numerically predicted transient EHL central film thickness profiles for 
stop period of 0.05 sec, for speed of 0.01 mls 
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shapes, respectively, the effect of solvation is still evident and the progressively 
increasing entraining action brings back the hydrodynamic shape. Figures 6.13 0) through 
6.16 0) and 6.17 0) through 6.20 0) show the pressure distribution and the corresponding 
film thickness shape, respectively for the case where the entraining motion reaches its 
initial value. In this case, the dominant hydrodynamic pressure distribution and the 
corresponding film thickness shape is the same as that shown in figures 6.13 (a,b) through 
6.16 (a,b) and 6.17 (a,b) through 6.20 (a,b), respectively. It can be seen from figures 6.17 
through 6.20 that the film thickness remains constant during the period of cessation of 
motion, since the load is unaltered. The elastic flattened shape of the film, with a unique 
value of the minimum film thickness of 3.5 nm, in the central region shown in figures 
6.17 (e,f.g,h) through 6.20 (e,f.g,h) is not due to the usual elastohydrodynamic effect, but 
due to high solvation pressures. 
Figures 6.21 through 6.24 and 6.25 through 6.28 represent the total pressure distribution 
and the corresponding oil film thickness shape at different snapshots of time for different 
entraining speeds of 0.004, 0.006, 0.008 and 0.0 I m/s respectively, for the case shown in 
figure 6.11. The ramp down time in this figure occurs between 0.15 and 0.2 seconds and 
the ramp up time occurs between 0.8 and 0.85 seconds and the stop period is 0.6 seconds. 
The time T shown in figures 6.21 through 6.28 represents the time elapsed since stopping, 
where at T =0 present the instant at which the motion is halted (see figures 6.21 through 
6.28). The entraining motion at this instant is at its initial value and the dominant 
hydrodynamic pressure distribution and the corresponding film thickness shape are shown 
in figures 6.21 (a) through 6.24 (a) and 6.25 (a) through 6.28 (a), respectively. As 
mentioned before, the dominance of hydrodynamic action is gradually reduced and the 
effect of molecular interactions starts to emerge during deceleration phase (see figures 
6.21 (b) through 6.24 (b) and 6.25 (b) through 6.28 (b». When the entraining motion is· 
completely stopped, the oil film thickness is maintained entirely by the solvation effect, 
as shown in figures 6.21 (c,d,e,f,g) through 6.24 (c,d,e,f,g) and 6.25 (c,d,e,f,g) through 
6.28 (c,d,e,f,g). The dominant mechanism of pressure generation in this period is 
solvation. The solvation pressure has an oscillatory repulsive-attractive nature. Note that 
the film thickness remains constant throughout this period, since the load is unaltered and 
the elastic flattened shape of the film, with the absolute minimum film thickness value of 
3.5 nm, in the central region is due to high solvation pressures. During the acceleration 
phase, illustrated by figures 6.21 (h,ij) through 6.24 (h,i,j) and 6.25 (h,ij) through 6.28 
(h,ij), the progressively increasing entraining action brings back the hydrodynamic shape. 
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Figure 6.21: Numerically predicted transient EHL central pressure profiles for stop 
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Figure 6.28: NumericalIy predicted transient EHL central film thickness profiles for 
stop period of 0.6 sec, for speed of 0.01 mls 
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An important observation can be noted from the above presented results. In order to guard 
against starvation, one would need to increase the inlet meniscus distance at the beginning 
of the cycle during the simulation study. Although, in the current numerical analysis, an 
inlet distance 30 times the Hertzian radius of the contact has been used in the direction of 
entraining motion, starved conditions have occurred. In order to obtain a fully flooded 
condition, the inlet meniscus distance required is more than 70 times the Hertzian radius 
of the contact in the direction of entraining motion and in the transverse direction. 
However, this starved condition has no effect during the cessation of entraining motion, 
as the initial entraining speed and the initial film thickness have negligible effects on the 
film thickness reached at the end of the first stage of film thickness collapse (see Glovnea 
and Spikes (2000)). 
For the numerical results presented here, a mesh density of 350 X 100 is used (the former 
being in the direction of entraining motion), for which the solution has to be obtained in 
412 steps during the transient action. The computation task, therefore, is quite large, both 
in terms of the simulation time and computer storage memory. The total CPU time on a 1 
GHz machine was approximately 4 days. 
It is appropriate to provide a critique of the approach made in the current analysis. The 
fall and rebound of the ball due to cessation of entraining motion and the corresponding 
diminution or increase of the lubricant film thickness is affected by the drag of the 
lubricant. When the inertial dynamics of a bouncing ball onto an oily plate is considered, 
as in the cases shown by Safa and Gohar (1986) and Dowson and Wang (1994), the effect 
of hydrodynamic drag can be ignored. The drag force is directly proportional to the 
viscosity ofthe lubricant, which will remain insignificant at the sides of the contact due to 
low pressures there, where the drag force is active. The situation is different in ultra-thin 
film conjunctions, such as those reported above, where the meniscus force can be quite 
significant when compared to structural and Van der Waals' forces, in the case of static 
conditions or at low velocity of approach or separation. In order to guard against this, and 
observe in isolation the effect of solvation pressure, the stop-start motion is taken at high 
values of deceleration and acceleration. This inhibits the generation of a significant 
meniscus force in the lubricant layer, whilst it serves the purpose of simulating an 
impulsive action. 
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6.6 Closure 
When an ultra-thin film transient condition is induced by use of a non-polar lubricant at 
low loads and speeds of entraining in acceleration-deceleration modes, lubricant 
discretization takes place due to the action of structural solvation force in a diminishing 
gap of the order of a few to several molecular diameters of the intervening fluid between 
the adjacent solid surfaces that are molecularly smooth. 
The effect of squeeze film motion is significant where the hydrodynamic effect is 
dominant, particularly during the deceleration phase, as shown by Sugimura et al 
(1996,1998). When the solvation force is the dominant pressure generating mechanism, 
the effect of squeeze film diminishes and a flat parallel film results. 
Another important conclusion can be made as the result of the stop-start conditions. The 
lubricant film thickness does not diminish entirely under any period of cessation of 
entraining action, which is otherwise predicted by the classical hydrodynamic theory. 
This is in-line with the experimental findings, such as those by Sugimura et al 
(1996,1998), who attribute this to the entrapment of the lubricant under 
elastohydrodynamic conditions and due to surface undulations. The analysis here shows 
that even for molecularly smooth surfaces, one would not expect to observe dry contact of 
elastic solids in the presence of a lubricant, even at low loads, owing to the formation of 
molecular films. It has also been shown that under these conditions, the absolute 
minimum film thickness is independent of the deceleration value, or in other words the 
applied momentum, since the values of momenta in such narrow conjunctions, promoting 
lubricant layering effect, are insignificant (i.e. no inertial effect) when compared to the 
static applied load, which maintains the contact. When the inertial force is included (such 
as in chapter 7), the above statement is not true. 
The findings indicate that both momenta and energy are "quantized", the latter by integer 
multiples of e, as shown in chapter 4. A perplexing issue is the lubricant film thickness 
and energy discretization, which occur at irregular intervals of applied load, where for the 
assumed and observed linear translational layering effect one would normally expect 
energy levels in regular intervals of load from a quantum mechanical perspective. The 
effect, however, must be real, because of the experimental nature ofthe applied relations 
for the solvation effect. A plausible explanation, based on quantum effect would be that 
the irregularity of energy levels is due to the motion of layers' or molecules with different 
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modes of motion than merely the presumed translational action in the layering effect, a 
fact that could not have been observed by the experimental set up described by Chan and 
Horn (1985). It is, however, imprudent to claim with certainty a quantum state for the 
discretized layers of molecules of macroscopic size, for if such states were to be defined 
one would need to have irrefutable proof beyond mere discreteness of the energy states, 
as shown in this chapter. Evidence for identity or in other words the uniqueness of all 
molecules in each discrete layers of the ultra-thin film need to exist. One can then propose 
that since the behaviour of such thin films cannot be explained in classical continuum 
physics, then discretization of both energy levels and momenta point to a "quantum 
mechanical behaviour", something that is evident in other macroscopic systems, but not 
proven such as in superconductivity. 
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Chapter 7 
Regimes of Lubrication in Impact Dynamics and in Diminishing Gaps 
7.1 Introduction 
In many lubricated conjunctions squeeze film motion plays an important role in the 
formation of a lubricating film. This is the case, when loading conditions are unsteady, 
for example, in impact conditions. In pure squeeze motion, the contiguous surfaces, 
separated by a lubricating film, undergo mutual approach without entraining motion. 
When the surfaces approach each other in rigid mode the lubricant is squeezed out from 
the contact region. Due to shear stresses within the fluid and between the fluid and the 
surfaces, the lubricant cannot leave the contact very fast and pressure is generated in the 
thin film, which is trapped between the approaching bodies. 
In 1962, Christensen introduced the first numerical solution to the pure squeeze problem. 
He investigated the squeeze film between normally approaching lubricated cylinders. In 
his solution, the lubricant was assumed to be incompressible, and he neglected the elastic 
squeeze film action due to deformation, in order to reduce the numerical difficulties. 
Subsequently, this effect was shown to play an important role during the normal approach 
problem by Lee and Cheng (1973). Following his earlier investigation, Christensen 
{I 970), and Conway and Lee (1975) presented numerical solutions for the motion of a 
rigid sphere through an oil film towards a rigid surface as functions of time and distance. 
This type of analysis, for inertial-less conditions, was extended later for rigid and elastic 
ellipsoids by Bedewi et al (1992) and Rahnejat (1984). They developed an analytical 
expression for the load carrying capacity and normal approach velocities for pure squeeze 
film motion between an ellipsoid and a semi-infinite plane surface for both iso-viscous 
and piezo-viscous lubricants. Recently, Yang and Wen (1991), Dowson and Wang (1994) 
and Larsson and Hoglund (1994,1995) theoretically investigated the case of a ball 
impacting upon a flat lubricated surface, using a forward iterative procedure. The results 
of their analyses showed the effects of ball mass, initial impact velocity, lubricant 
properties and the thickness of the drop of oil on the time history of the minimum oil film 
thickness. 
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Experimental confirmation of the essential features of this elastohydrodynamic squeeze 
film action has been reported by Christensen (1962). He dropped a steel ball from a 
certain height under gravity into a polished surface of a metal specimen. He showed that 
the deformations in the presence of a lubricant are deeper than under dry Hertzian contact 
conditions. Another experimental work was presented by Dowson and Jones (1967), 
when they studied pure squeeze film, using a conventional optical interferometry 
technique between a loaded steel ball and a glass plate. Using a high-speed photographic 
camera, they measured the squeeze film between a loaded steel ball and a glass plate in 
the presence of lubricant. They showed a central dimple in lubricant entrapment, which 
was predicted by Christensen (1962). Safa and Gohar (1986) carried out a very interesting 
experiment to investigate the normal approach problem. They used a small Manganin 
pressure micro-transducer to measure the transient pressure distribution in the contact of 
an impacting steel ball on a glass plate covered by an oil droplet. They found that the 
pressure distributions obtained were similar to those obtained theoretically elsewhere 
under a steady state EHL rolling contact, but exceed by far their magnitude, because of 
the force of impact. From the shape of the pressure gradient time trace, they showed that 
no metal to glass contact occurred and the oil film always separated the surfaces. 
Furthermore, they also showed that the dimples, sometimes referred to as squeeze film 
cavities were formed in each surface during the latter stages of the approach and in 
rebound. 
Agreement between numerical predictions and experimental findings under pure squeeze 
conditions have been found by the conformance of the results of Dowson and Wang 
(1994) and Larsson and Hoglund (1995) with the experimental work of Safa and Gohar 
(1986) for a falling ball onto an oily plate. 
This chapter provides a full numerical solution for solving the impact EHL problems, 
based upon Newton-Raphson scheme. The results show that a full solution of the problem 
of the ball bounce investigated by Safa and Gohar (1986) can be predicted accurately 
within the bounds of Newtonian continuum mechanics to yield results that conform very 
closely to the reported experiments. The methodology is then extended to the case of 
ultra-thin films with significant surface force contribution as well as the effect of 
meniscus force in such diminishing gaps. The equivalence of squeeze film action under 
impacting conditions with that of a converging/diverging gap in pure entraining motion is 
Chapter 7: Regimes of Lubrication in Impact Dynamics and ... 257 
also discussed. The results presented here have been published by AI-Samieh and 
Rahnejat (2002). 
7.2 Theoretical modelling of the bouncing ball problem 
The phenomenon studied here is the lubricated impact dynamics of a solid, elastic ball 
dropped from a certain height above a horizontal flat plate covered with a thin film of 
lubricant. As the ball enters the lubricating film, substantial hydrodynamic pressures are 
generated very rapidly and the ball deforms elastically in a conjunction of proportions 
comparable to those of the Hertzian region of dry contact. In most cases the stored elastic 
energy eventually causes the ball to rebound. Since the contact region between the ball 
and the flat surface is circular, and due to the pure squeeze motion, both pressure and film 
thickness are concentrically distributed around the contact centre. However, in order to 
investigate the impact problem in ultra-thin conjunctions of the order of nanometres, the 
ball should be dropped from a very small height. This is necessary, as any significant 
height would induce inertial forces that would lead to the local elastic deformation of the 
ball, so as to result in the dominance of viscous effect. In this case, effects of surface 
forces such as solvation, Van der Waals' contribution, conventional viscous pressure and 
meniscus forces should be considered. 
The theory of EHL can be employed in contact conjunctions, where the Newtonian 
continuum mechanics can be assumed and the viscous flow of fluids is described by the 
relative motion of undeformable spherical molecules, with a thickness in excess of two 
molecular diameters of the intervening fluid. In thinner elastic gaps, the effects of Van der 
Waals' and the electrostatic double layer forces become dominant in the case of polar 
particles. As the film thickness is further reduced, the ensuing unstructured environment 
contravenes the Newtonian viscous flow model, as well as the Lifshitz structure less 
continuum theory. The use of EHL theory in isolation becomes suspect. Matsuoka and 
Kato (1997), and AI-Samieh and Rahnejat (2001 a,b) have shown that for non-polar 
lubricants such as OMCTS the effect of structural solvation force and Van der Waals' 
force becomes dominant in gaps of the order of a few to several diameters of the 
intervening fluid, but that in itself does not preclude a modest contribution due to viscous 
action. Therefore, in the case of ultra-thin film thickness a pressure caused by the Van der 
Waals' inter-molecular forces and solvation pressure due to inter-surface forces should be 
considered. The total pressure P, is composed of three components, solvation pressure P" 
Van der Waals' pressure contribution Pvdw, and conventional viscous pressure Ph: 
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P=Ph+P,+P"", (7-1) 
The total pressure in equation (7-1) is calculated simultaneously with the elastic film 
shape equation in the same manner as that carried out for the conventional solution to the 
EHL problems. The calculation procedure for these pressure components is described in 
detail in the following sections. 
The use of the above equation (7-1) is justified by the fact that the ioad carried by the 
lubricant is supported by all the mechanisms that contribute to the formation of the 
lubricant film through generation of pressure. In the case of Van der Waals' force the 
attractive nature of the force leads to suction (Le. negative pressures). This force, 
therefore, tends to bring the two surfaces together. In an ultra-thin film conjunction with 
little or no viscous effect, ifthis were to be the case the adjacent solid surfaces would tend 
to stick to each other. However, this is not the case due to the repulsive action of the 
structural solvation effect. Therefore, the net force balances the applied load according to 
Newton's third axiom and yields the gap size. This is the justification for the use of 
equation (7-1) by the Bemoulli's Principle of Super position. This approach was 
established by Matsuoka and Kato (1997) and Al-Samieh and Rahnejat (2001 a,b). 
7.2.1. Hydrodynamic equations 
The pressure distribution within the lubricating film can be obtained from the Reynolds 
equation for pure squeeze conditions, written in dimensional form as 
(7-2) 
The last term in equation (7-2) represents the time dependent portion of the Reynolds 
equation. It allows for the mutual approach and separation of loaded rolling members. It 
should be noted at this point that the Reynolds equation is based on the assumption that 
the inertial forces within the fluid are small compared to the other forces that are present, 
such as pressure and shear. This is valid because of the very small mass of fluid that is 
actually within the contact zone at any given instance. 
As conditions and assumptions used in this chapter is the same as that used in chapter 4, 
therefore, by making use of the same dimensionless group as in equation (4-6), equation 
(7-2) can be written in a dimensionless form as: 
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Where: 
a 
oX (PH) of, )+~ (PH) of, )=,,(oCPl!)) Tj oX ay Tj ay at 
t=E't/Tlo, and 
The boundary conditions that are imposed on the Reynolds equation are taken as 
X=O,X=Xau =:>P,=O 
Y=O'Y=Yau =:>P,=O 
p = oP, = oP, = 0 
, oX ay 
7.2.2 Elastic film shape 
The dimensionless film thickness between the contacting surfaces is described as: 
_ _ ROI •J (t) H/J(t) = Ho(t)+S/J + 2 
. . b 
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(7-3) 
(7-4) 
(7-5) 
Where 01.J(t) is the total elastic deformation of the contiguous bodies in contact. In the 
dimensional form, 0f.J (t) can be written as: 
~ (-) 2 FH" -f ~ -) 
U I.J t = - --, L... LJ';.j (t D .. ,j' 
f( E j=i,2i=1,2 
Where, according to Dowson and Hamrock (1976): 
i' = 11 - il + I 
/ =IJ - jl+1 
(7-6) 
The contact influence coefficient matrix, D .. " is given by Johnson (1985) and is 
, ,J 
provided in chapter 4, equation (4-44). 
7.2.3 Viscosity- and density-pressure equations 
The variation in density of the lubricant with pressure is described by Dowson and 
Higginson (1966), In non-dimensional form the relationship is given as: 
(7-7) 
Where: [; and t; are constants related to the type of lubricant employed (see tables (7-2) 
and (7-3)), 
The Roelands (1966) equation, expressing the influence of pressure upon viscosity has 
been adopted. In non-dimensional terms, it may be written in the form: 
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(7-8) 
7.2.4 Load calculation 
The integrated pressure distribution at any instant over the contact gives the carried load. 
In dimensional form, the instantaneous load equation can be written as: 
~ ~ 
f fp(x,y,t)dxdy = Wet) (7-9) 
7.2.5 Finite difference representation (Discretization) of the Reynolds equation 
The dimension less form of the Reynolds equation (7-3) can be discretized using a central 
difference method in space and backward difference in time as follows: 
( pH) ap.)" (PH) ap.)" (PH) ap.)" (PH) ap.)" TfaX 1+I/2,J Tf ax i-1I2,} + if ar i,j+IJ2 'if ay i,j-1I2 = 
6X ~y 
[a(p-H) .] A I,J al 
(7-10) 
The last term in equation (7-10) can be obtained as follows: 
a(-H) (-H)". -(-H)"-' P ;.1 = _P_-'-"'.''---,=,P,---,-,,'.''-
al !!.t (7-1 I) 
Substituting equation (7-11) into equation (7-10) gives: 
( PH) ap.)" _(PH) ap'J" (PH) ap'J" _(PH) ap'J' 
- ax . - ax.. - ay. - ay 7J 1+112,) TJ 1-1/2.} + 1] ;,)+1/2 11 i,)-1I2 
6X ~Y 
,{ (pH)~1 ~/PH)~j'] (7-12) 
Rearranging equation (7-12) yields: 
( - ) J" (P -P J" (- ) J" (P -P . J" P~ hl+l.~ hi,) _ PI!. h,,} M hH,} ~~~~~I+~1I~2.~I~ ____ ~~_~~~;-~1I~2.~j~ ___ ~~+ 
6X 
(7-13) 
~Y 
A. P,,) P,,} [( -H)". - (-H)"-'] 
M 
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Rearranging equation (7-13) gives: 
{( ,)n ( ,)n} ._1_ pH + pH p" -p" _ 2M2 -.. -.. (hi+l,j hi,j) 17 I+!.} TJ t.} 
1 {( -H' )n (-H' )n } 2M2 P - . + P - . (Ph~,j - Ph~-I.J+ 
TJ I,j ",-i.) 
{( , )n ( , )n } _I _ pH + pH pn. _ pn. _ 26.y2 _. _. ( hi,}+1 h,,) ) 
1] I,) ""j+i 
(7-14) 
{( , )n ( , )n } _1_ pH + pH pn -p". _ 26.Y' -. . -.. (hi,j h"r.)-
1] I,} 1] I.j-l 
Rearranging equation (7-14) gives: 
1 {( -H' )n ( -H,)n } 2M2 P - . + P - .. (Ph~+I,j)+ 
l} HI,) TJ t,} 
1 {( -H' )n (-H' )n } __ E- + E- pn + 2M2 -.. - . ( hi-I,j) 
"t,} "i-I., 
1 {( -H' )n (-H,)n } __ E- + E- pn + 
26.y2 - _. ( h"j+l) 
1] ;,)+1 "i.J 
1 {( -H,)n (-H,)n } __ E- + E- pn._ 
26.y2 _. - ( hi,}-.) 
1] t,} 1J i,j-I 
_1_ pH + 2 pH + pH (pn)_ {( , )n (' )n ( , )n } 2M2 - - .. - h,,} 
T] i+l,J 17 I,) 1] i-I,1 
_1_ pH +2 pH + pH (pn)= {( ,)n ( ,)n ( ,)n} 26.y2 - - _. . h,,} 
1] i,j+i TJ ;,1 1] I,j-I 
A. P ',} P ',} [CH)n. -CH)"-' ] tJ (7-15) 
By transferring the parameters to the left-hand side, equation (7-15) can be written as: 
-------------
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I {( -H' )n (-H,)n } F,.) (t) = 2M2 P- . + P _ .. (P'~+I'))+ 
1] HI,) 1] I,' 
I {( -H' )n (-H,)n } --~+~ r+ 2M2 - -. . ( hH,)) 
1] ',j " I-I,} 
I {( -H' )n (-H,)n } --~ +~ r+ 2~y2 - -. (hi,)+I) 
1] /,j+i 17 I,} 
I {( -H,)n (-H,)n } __ ~+~ pn_ 2~y2 -. - . (.,,)-1 ) 
1] ',} 17 ;,j-i 
_1_ pH +2 pH + pH (pn .)_ {( , )" ( , )" ( , )n } 2M2 - -. -. m,) 1J i+I,} 1] E,} ." I-I,} 
_1_ pH +2 pH + pH (r)-{( ,)n ( , )n ( ,)n} 2~y2 -. - -. h,,) 
1] i,j+\ 1] i,j 1] i.}-I 
..1.[ (pH) 7,) ~(PH)7.jl ] = 0 (7-16) 
Equation (7-16) represents the discretized form of the transient Reynolds equation, 
7.2.6 Solvation pressure 
The solvation force (Le, the structural force) is a surface interaction force that acts 
between two solid surfaces, when they approach each other to form a very smal1 gap 
fil1ed by a fluid as shown by Van Megen and Snook (1979), Horn and Israelachvili 
(1981), Christenson et al (1982), Tarazona and Vicente (1985), Henderson and Lozada-
Cassou (1986), Israelachvili et al (1988), Homola et al (1989), Evans and Parry (1990) 
and Israelachvili (1992), In 1985 Chan and Horn performed experiments to measure the 
thickness of liquid films as a function of time as they were squeezed between two 
molecularly smooth Mica surfaces. They incorporated the hydrodynamic and the surface 
force effects, From their experimental work, they proposed the fol1owing exponential-
cosine model for the solvation pressure as shown in chapter 4 as: 
(7-17) 
Where: tan~ = -2;r and for OMCTS a = I nm (Horn and Israelachvili (1981)), This 
yields that the value of the coefficient of expression (7-17) is 174 MPa from a value of 
CF =172mNlm, 
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By using the same dimension less group mentioned in chapter 4, equation (7-17) can be 
written in dimensionless form as: 
(7-18) 
7.2.7 Van der Waals' pressure 
The attractive Van der W aals' force acts between two surfaces, when they are separated 
by a very thin liquid film. Prieve and Russel (1988) and Israelachvili (1992) have shown 
that, the Van der Waals' pressure between planar surfaces, separated by a gap of 
thickness h is given as: 
Pwlw = -Am / 61lh' (I) (7-19) 
Where, the solid surfaces are denoted by I and the liquid medium by 3. 
Horn and Israelachvili (1981) and Israelachvili (1992) have calculated the Hamaker 
constant for the case of two Mica surfaces separated by an OMCTS lubricant, and they 
found that the values for the Hamaker constant for this combination to be in the range: 
1.4xI0-20 -10'" J. 
By using the same dimension less group mentioned in chapter 4, equation (7-19) can be 
written in dimension less form as: 
(7-20) 
7.2.8 Meniscus force 
The meniscus force is a force of attraction that acts between any two surfaces, when they 
are separated by a very thin lubricant film. With the presence of a thin liquid film with a 
small contact angle at the contact interface, curved menisci form around contacting and 
non-contacting asperities due to surface energy effects. The attractive meniscus force 
arises from the negative Laplace pressure inside the curved meniscus, where the pressure 
inside the meniscus is lower than that outside the meniscus, which results in pulling the 
asperity further toward the liquid. The product of this pressure difference and the 
immersed surface area of the asperity is attractive and is referred to as the meniscus force. 
This attractive force may result in high static friction and wear. This problem is 
particularly important in the computer disk drive system. Note that, the derivation of the 
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Laplace equation is given by Adamson and Gast (1997) and Middleman (1998) and is 
shown in appendix B. 
In order to calculate the meniscus force, different meniscus geometries and assumptions 
have been used by various authors. In fac~ there has been much work recently on the 
mathematical description of meniscus force. Table (7-1) presents the existing models for 
calculation of the meniscus force between a sphere and a flat either with a liquid droplet 
(cases A and B) or with a uniform liquid film (case C). As shown in table (7-1), three 
theoretical approaches have evolved. These formulations are based upon the total surface 
free energy change of the system, in the contact of asperities on the adjacent surfaces. The 
first approach was developed by Bowden and Tabor (1950). They assumed a droplet of 
liquid upon a flat surface and derived the formula of the meniscus force, based upon the 
Laplace pressure in the liquid. According to Adamson and Gast (1997) and Middleman 
(1998), the Laplace equation, equation (B-7), (see appendix B) can be written as: 
p _p =-!!J'=y (_I +_1 ) 
o I Iv R R 
I , 
(7-21) 
For the case of R2 much greater than RI equation (7-21) reduces to: 
P -P =M=-Y" 
0' R 
I 
(7-22) 
The Laplace pressure acts on an area 1/X' '" 2:rRd between the two surfaces (see case A 
of table (7-1)). Thus the exerted force that pulls the two surfaces together is given as: 
(7-23) 
For small fjJ, 
d =2R, cosB (7-24) 
Therefore, the Laplace pressure contribution to the adhesion force is: 
Fm = -4:rRYI, cosB (7-25) 
The second approach was developed by Israelachvili (1992). He assumed a droplet of 
liquid upon a flat surface with a constant volume. In this case a macroscopic sphere (such 
as the ball) is resting on a droplet of fluid applied to a flat surface having a single asperity 
(see case B of table (7-1)). He showed that the variation of the total surface free energy of 
the system, w'o,' with separation h, can be calculated by using the Young's law (see 
appendix B). 
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Case Meniscus geometry Meniscus force Sources 
Fm = -4;rR.y,. cose Bowden and 
~ ~ I Tabor (1950) A l~~SI (Liquid droplet) ~~--, 
 
F = 4;rR.y,. cose m t~;, h B 1+- Israelachvili (1992) ~~~ d (Liquid droplet) 
C -+ ~"R Fm = -27rRr," (I + eosB) Gao et al (1995) 
, " 
_____ LR~~n!-' 
R, (Unifonn liquid film) d' 
"'----- -- -
~
Table (7-1): Different meniscus geometries and formula for calculating the meniscus 
force for a single asperity in contact with a Iiqnid 
The total surface free energy of the system, Ww,' can be obtained as follows: 
w,,, = 2;rR.2 sin 2 rp(y" -y,.) (7-26) 
According to the Young's law, equation (B-8) (see appendix B), the tenn (y" - y,J can 
be replaced by - y," cose. Where y," is the surface energy of solid-vapour interface, y" 
for the solid-liquid interface and y,. for the liquid-vapour interface. Therefore, equation 
(7-26) can be written as follows, for small rp: 
Ww, = _27tR
2rp2 y,. cosB 
The meniscus force due to a single asperity can be obtained as: 
Fm = - dWw, = 4;rR.2rpy," cose(drpJ 
dh dh 
(7-27) 
(7-28) 
The volume of the meniscus can be approximately expressed as (see Israelachvili (1992)): 
v = ;rR.2 sin 2 rp(h + d) - (;rR.' /3)(1- cosrp)' (2 + cosrp) (7-29) 
For small rp, equation (7-29) can be written as: 
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V = llR'ifl'h + llR'tP' /4 
Where, (l-costP)=2sin,f and (2+costP)=3 
2 
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(7-30) 
Israelachvili (1992) assumed a constant volume, V, of the meniscus, therefore, dV = O. 
dh 
By differentiating equation (7-30) with respect to surface separation, h, yields: 
dV = llR'(tP' + 2tP dtP h)+ llR' (4tP' d tP )= 0 
dh dh 4 dh 
= (tP + 2 dtP h) + R(tP' d tP ) = 0 
dh dh 
= dtP (2h + RtP') + tP = 0 
dh 
Therefore, from equation (7-31): 
dtP 
= 
tP 
dh (2h + RtP') 
I 
= (2; +RtP) 
Substituting equation (7-32) into equation (7-28), yields: 
Fm = -4llR'tPY,. cost![ I 2h] 
RtP+7 
I 
= -4llR'tPy,. cost! ---;----0-RtP(I+~) 
= -4llRy,. cost![ 12h] 
1+--
RtP' 
RtP' 
(7-31) 
(7-32) 
(7-33) 
Since, d = R(I- costP) = R( 2 sin' ~) '" R( 2 tP
4
' ) = R;' ,equation (7-33) reduces to: 
F = m 
4llRy,. cost! 
h 1+-
d 
(7-34) 
Equation (7-34) represents a mathematical description of the meniscus force that has been 
used in the current chapter. 
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The third model developed by Gao et al (\995) is more stochastically based upon a 
distribution of assumed asperities in the contact of solids, wetted by a coherent thin film 
thickness smaller than the RMS value of the asperities. Their derivation was also based 
upon the total energy change in the asperity-liquid contact. They derived the following 
relationship for the meniscus force: 
Fm =-2nRr,,(i+cosB) (7-35) 
Note that equation (7-35) is the special case, based upon the assumption of a single 
asperity and represents the maximum value. 
All of these formulations yield results that are very similar in value. It can be noted that 
the difference is negligible. The formulation by Israelachvili (1992), equation (7-34), 
includes the droplet thickness in the denominator, that by Gao et al (1995) appears to be 
independent of film thickness. If one assumes an asperity distribution function the 
equation, reported by Gao et al (1995) becomes dependent on the film thickness, rather 
similar to that given by Israelachvili (1992). It should be noted that these equations are 
sensitive to the contact angle, which causes wetting of surfaces and rather insensitive to 
film thickness. This is reasonable, because meniscus force operates within a very narrow 
conjunction. At lower separations (of the order of a couple of molecules) it leads to 
adhesion and ultimately to a dry contact. At a slightly higher film thickness it provides a 
slowly varying value, in-line with the associated contact angle. In other words not any 
given film thickness may be used irrespective of the associated contact angle. 
The individual parameters that constitute the above mentioned equations are defined in 
the following sections. 
7.2.8.1 Surface energy 
The surface energy, ri,' of a liquid is defined as the work per unit area done by the force 
that creates the new surface, where the process of creating the new surface is equivalent 
to separating two half-unit areas from contact. However, when dealing with liquids, it is 
more usual to use the term surface tension rather than surface energy, even though they 
refer to the same dimensional quantity. The surface energy across an interface or the 
surface tension at the interface is a measure of the energy required to form a unit area of 
new surface at the interface. The intermolecular bonds or cohesive forces between the 
molecules of a liquid cause the surface tension. When the liquid encounters another 
substance, there is usually an attraction between the two materials. The adhesive forces 
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between the liquid and the second substance will compete against the cohesive forces of 
the liquid. Liquids with weak cohesive bonds and a strong attraction to another material 
(or the desire to create adhesive bonds) will tend to spread over the second material, 
whereas liquids with strong cohesive bonds and weaker adhesive forces will tend to bead-
up or form a droplet when in contact with the second material. Therefore, the value of the 
surface energy depends on the cohesive force that binds the atoms of a molecule of 
lubricant. The adhesion between the liquid and the solid will curve the liquid surface to 
form a meniscus. The net inward force on the surface of a liquid makes the surface act as 
if it was an elastic skin that constantly tries to decrease its area. In physics, surface 
tension is the property that causes the surface of a liquid to behave as if it were covered 
with a weak elastic skin. 
7.2.8.2 Contact angle 
The contact angle e is defined as the angle formed by the solid/liquid interface and the 
liquid/vapour interface, measured through the liquid, see figure 7.1. The contact angle is 
measured by optical inspection and is used as a measure of the hydrophobicity (the 
inability to union with or absorb water). Good surface wetting requires the contact angle, 
e, to be much less than 90 degrees. Otherwise, for e >90°, the liquid forms droplets and 
no surface wetting occurs (hydrophobicity). Referring to figure 7.1, when r" and r" are 
in the same direction, the cosine of the contact angle is positive, i.e. the contact angle e is 
less than 90°. The meniscus in this case is positive and the liquid wets the surface, see 
Figure 7.1 (a). When r" and r" are in the opposite direction, the cosine of the contact 
angle is negative, i.e. the contact angle e is greater than 90°. In this case, the meniscus is 
negative and the liquid does not wet the surface, see figure 7.1 (b). In fact, the contact 
angle for most thin fluid films is very small. 
The practical significance of studies and measurements of contact angle of liquids on 
solids have great technological importance. This is especially true with water, where 
every action of water on earth is controlled by its wetting behaviour with the solid with 
which it comes into contact. For example, contact angle of water on our skin is about 90 
degrees. If it was zero, water could have penetrated the pores of the skin and possibly 
been absorbed by blood. Machines such as Lathes are usually coated with a thin layer of 
grease or oil especially during transportation to prevent corrosion by water. This is 
achieved by the fact that grease or an oil layer forms a highly non-wetting system with 
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(a) Positive meniscus 
Vapour 
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(b) Negative meniscus 
Figure 7.1: Schematic for comparison of the positive and negative meniscus 
water. In the manufacturing of printing inks, the contact angle formed by a drop of ink on 
paper determines the printing quality of ink. It has been practically observed that the 
contact angle must be ideally between 90 degrees and 110 degrees. If it is less than 90 
degrees, the ink will spread on paper. If it is more than 110 degrees, breaks will occur 
while printing. Knowledge of contact angle behaviour ofliquid metals on metal and oxide 
surfaces is essential in understanding the process of soldering, brazing and tinning. Other 
applications of contact angle measurements are in the field of adhesives, lubricants, 
surface treatments, polymers, biomedicine, etc. Many more specific examples can be 
cited, but from those discussed already, it is clear that contact angle plays a significant 
role in a number of manufacturing industries. 
Matsuoka and Kato (1996) measured the meniscus force for the case of two Mica surfaces 
separated by an OMCTS lubricant by using the apparatus, which can measure force and 
separation between surfaces. They found that, the value for the contact angle for this 
combination was B =7°, whilst the constant, (lld), in equation (7-34) is in the range 
(7.1-10) x 10-4 pm-I. They obtained the value for the constant by using the least square 
fitting for the film thickness. Since the film thickness, in this chapter, is smaller than 100 
nm, the value of hI d appearing in equation (7-34) is much smaller than unity and 
therefore, negligible. For simplicity, the meniscus force is calculated assuming 
11 d = 8.5 X 10-4 pm-I. 
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7.3 Ball motion 
It is assumed that the ball falls freely under gravity, without air resistance, until it meets 
the upper surface of a thin layer of lubricant on the horizontal flat rigid plate. As the ball 
impacts the thin film of lubricant and moves through it, very high resisting forces are 
generated such that the surface of the ball is deformed elastically either by 
elastohydrodynamic squeeze film action for the case where the hydrodynamic viscous 
action is dominant or due to the action of the surface forces for the case where the 
dominant film forming mechanism is due to the action of structural forces. The centre of 
the ball is brought to rest, with much of the initial kinetic energy being converted into 
stored elastic energy prior to the rebound. Since the region of major local elastic 
deformation is very small compared with the radius of the ball, it is reasonable to assume 
that the centre of the mass remains located at the geometric centre of the undeformed ball. 
Therefore, the equation of motion for the ball can be written as: 
W(t) - Fm - mg = mz(t) (7-36) 
Where z is a coordinate describing the position of the ball's centre of gravity, assumed to 
be coincident with its geometric centre, as shown in figure 7.2, and can be defined as 
z(l) = R + ho (t) 
Using equation (7-37), the equation of motion (7-36) can be written as: 
h~(t) = W(I) _ Fm _ g 
m m 
(7-37) 
(7-38) 
Equation (7-38) is used to determine new values of the rigid separation constant, ho' by 
using the average acceleration method to integrate equation (7-38) as follows: 
h; (t) = h:-' (I) + ii:-' (t)M 
h: (t) = h:-' (t) + h:-' (t)M 
+ 
mg 
W(t) 
Figure 7.2: Forces acting on the ball 
(7-39) 
r 
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7.4 Hertzian model for dry impact of two elastic spheres 
The classical analysis of impacting, friction less, elastic spheres by Hertz (1881), followed 
directly from his theory of dry contact. The elastic wave motion in the bodies was ignored 
and the total mass of each body was assumed to be moving with the velocity of its 
geometric centre. Hertz (1881) gives the expressions for maximum elastic defonnation, 
maximum contact force, maximum contact width, maximum contact pressure and total 
contact time in dry elastic impact. These expressions can be written as· follows: 
Maximum elastic defonnation: O. = 15mwb ( ']'" 8.JRE' (7-40) 
Maximum contact force: F = 3..JRE'(o· 'f" mu 3 (7.41 ) 
Maximum semi-contact width (radius): b =(~ Fmu R )'" 
mu 2 E' (7.42) 
Maximum contact pressure: Pmu 
3 Fmu (7.43) =---
2 trb~u 
Total contact time: Tmu =2.94£ (7.44) 
Wb 
These equations are useful in detennining the size of the computation domain, in 
evaluating the magnitude of the pressures likely to be reached during the impact and in 
the nonnalization of the governing equations in numerical calculation as shown by 
Dowson and Wang (1994). They also enable interesting comparisons to be made between 
the results of both dry and lubricated impact conditions. 
7.5 Numerical procedure 
Since the pressure profile and the film thickness must be compatible, the Reynolds, elastic 
film and ball equations must be solved simultaneously in the contact conjunction at each 
time step, n. In this study the Newton-Raphson method is used to solve the coupled 
system's equations. Therefore, the modified Newton-Raphson equation for the Reynolds 
equation (7-16) can be expressed as: 
For: 
~ ~ 8F;.J (t) _ 
L... L... ----'''-C_ M.t .' = - F;.J (t ) /., t., JP.tI 
and 
(7-45) 
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The derivative parameter, aF,.i (I), in equation (7-45) can be replaced by a Jacobian 
aPhJd 
matrix, J;'.;, which contains a set of derivatives of the function with respect to all the 
variables. This can be defined as: 
(7-46) 
Where F,.i(l) can be obtained from equation (7-16) and the Jacobian matrix, J;-}, can be 
obtained by differentiating F,.i (I) with respect to P "'.I . 
Now the expanded Jacobian terms can be obtained as follows: 
1 [( -) H' ( &P J]" __ P 3H 2 Z D + - A .. +~ H" po + 2M2 -. I+I.J R '.1 P,.1 22'.J -. (1 + n> P.)' hi+1.J 7J I+I,J 'I/,} ~ Her hI,) 
[ ( J]
" 
- H' &P 
_1- - A . + P 3H 2 Z D +~ H" P" + 2M' P •. J 22'.i (-) . H.1 R '.1 -. (I + t;P, P. )' hi-I.} 7J i-I,] 1JI,J Her h,.} 
[ ( J]
" 1 - H' &p 
-- P 3H' Z D + -A +~ H" P" + 2L1.Y' (-).. I.J+I RI.' P •. J 221.i - (I + t;P, P .. )' h • .}+1 
1] I,j+] 1]',J Her h,.} 
1 [( -) H' ( &P J]" -- P 3H' Z D + -A . +~ H" p" 2L1.y2 -. '.i-I RI.' P •. J 22'.1 -. (I + n> P.)' hl.i-I 
1] 1,)-1 'l,,} ':r'- Her hI,) 
2M2 
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2~ ~, [( p;3 J.J+I + 2( p;3 J'J + (p;1J" - (7 - 47) 
~[- Z D + H.( &PH., J]" ~t p',J R 1.1 '.J (I n> P)' + ~ Her hi,} 
aF,./t) 
BPhi+1,J [ ( J]
" 1 - H3 &P 
-- P 3H' Z D + - A. + ~ H., P" . + 2M' (-) ;,) R ',I P;+I,J 22,+I,} - . (I t;P, p. . )' hHI,J 
7] i,j 17Hi,} + Her hl+I,) 
2M' 
(7 - 48) 
aF,/fJ 
aPhl-l J 
2~' [(p;3 JJ +(p;3 LJ + 
_I_[(P) 3H' Z D + - A + Hi_IJ ( "PH" J]" P" + 
2 A v' - ;J R '.1 P;-IJ 22HJ -. (I rp P. .)' hHJ ilA 1'/ iJ 11l-iJ + ':0' Her hl-iJ 
_1_, [(~) 3H;~+IZRD", +(~) 3H;~ZRD"I]" Ph~J+I + 2~Y '1 ;J+I '1 ;J 
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2M2 
(7 - 49) 
oF"j (/) 
8Phi,/+1 
2M2 
1 [ H' [ liP J (-) ]n __ - A . + ~ H" + £!... 3H 2 Z D ~n + 2dy2 P,,)+I 22,,)+1 - (I I"P p)2 - ',j R 1,2 h',j+1 
1] + '::r'- Her hl,}+l 17 i,j . 
2d
l
y2 [(;) 3H,~jZRDI,2 +(;)_ 3HI~j_IZRD1,3]n Ph~,j-I-
I,j l.j 1 
2~2 [(~). 3H'~l,;ZRD2,2 +2(~), 3H'~jZRDI,2 +(~), 3HI'-.I,j Z RD2'2]n Ph~,j-
1/ Hi,} 1] I,) _ T} I_I,) 
2dy2 
H' [ liP J (-) n 
- A . +~ H" +2 P 3H 2 Z D + P"j+1 221,)+1 . (I I"P P . )2 - I,j R 1,2 
17,.j+l + '::r'- Her hl,j+! 1] i,J Ph~ .-( ) ',) ~ 3H'~J_IZRDI,3 
1] i.j-1 
(7 ~ 50) 
and 
- -------
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aF(i) 
'.1 
I [(-) H' ( GP )]" -- P 3H'Z D - A. ~ H" p" 26Y' -. '.1 R I.2 + P;.J-l 22'.j-l + - . (I + PP)' h;.j-l + 
1] I,) 'l',J-1 Her hl.)-l 
[ ]" 261y, (p;' J.j + (p;' J.J-l-
26Y' 
(7-51) 
Equation (7-45) can be solved for M h , making use of the Gauss-Seidel iteration method. 
Therefore, the system state equation can be written as: 
(7-52) 
Where n' is the iteration counter, within a time step n. 
For the reason of good numerical stability an under-relaxation factor is employed to 
update the pressure according to: 
n' n'-I n' 
Ph;.J = Ph;.J + 0.MM.J (7.53) 
Where 0. is the under-relaxation factor, was chosen to be 0.1 under the reported 
conditions in this chapter. 
Finally, the convergence criteria for the pressure can be written: 
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MxN 
(7-54) )=1,2, .. ;=1,2, .. 
It is necessary to specify the initial value for the thickness of the lubricant layer. At the 
initial stage of impact, the ball just reaches the lubricant layer on the flat surface. The load 
capacity is, therefore, W (I) = 0, and the surfaces are not deformed. The acceleration of 
the ball is due only to gravity and the initial ball velocity is Wb = ~2gH ~ , where H ~ is 
the specified height. The time stepping process is as follows: 
• Calculate the value of rigid separation ho at time step n by using equation (7-39). 
• Solve Reynolds' equation (7-16) and the film thickness equation (7-5) 
simultaneously, using the modified Newton-Raphson method. 
• Check pressure convergence criteria: equation (7-54). 
• Integrate the pressure distribution to get the load carrying capacity from equation (7-
9). 
• Proceed to the next time step, n+ 1, and repeat the same procedure, by using the 
pressure distribution from the previous time step as an initial condition. 
This procedure is repeated until the ball has rebounded and the pressure in the lubricant 
film has vanished. 
7.6 Validity of using Reynolds' equation under transient analysis 
The squeeze velocity at any location in an elastohydrodynamic contact under non-steady 
condition varies with time, and not necessarily in the same manner at all locations. This 
means that the motion of fluid elements used in the derivation of Reynolds' equation 
takes place in a curvilinear manner. It should be noted that all accelerated motions 
describe a curvilinear path. Since Reynolds' equation is based upon streamline motion of 
these fluid elements its validity under curvilinear action comes to question. This section 
aims to show that such curvilinear motions are indeed streamline actions when observed 
in an inertial frame of elemental motion, thus in accord with the basis upon which 
Reynolds' equation rests. This is a fundamental issue in the case of lubricated impact 
dynamics, which is the subject of this chapter. 
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Dowson and Wang (1994) have shown that the Couette flow tenn in the Reynolds 
equation can be manipulated to find an equivalent squeeze film action, as: 
8h 8x 8h 8h 
u-=--=-
ax 81 ax 81 
(7-55) 
In fact, the local rate of change of squeeze velocity is the surface acceleration of the film 
in that location. This can be obtained by a further differentiation of equation (7-55) with 
respect to time as: 
~(8h)=~(U 8h)= 8h du +u~(8h) 
dl 81 dl ax ax dl dl ax 
=a
8h 
+udx ~(8h) 
ax dl dx ax 
(7-56) 
8h ,8'h 
=a-+u 
ax ax' 
Note that the first tenn on the right-hand side of the above equation gives the tangential 
component of acceleration of the lubricant film along the path that its surface follows. 
The slope of the film rise is given by the wedge shape, 8h, in the direction of entraining 
8x 
motion. The second tenn on the right-hand side is the resulting centripetal acceleration of 
the local lubricant film surface, which increases the film perpendicular to its surface, 
where 8'7 is the local surface of curvature. The equation shows that the surface of the 
ax 
film moves in a curvilinear path at any location (see figure 7.3), detennined by an 
induced local "gravitational field" due to inertial action with an instantaneous 
I · . I d(M) acce eratlOn eqUlva ent to a = - - . 
dl 8t 
An axiomatic proof also necessitates the confinnation of the validity of Reynolds' 
equation as prerequisite under such accelerative motions of lubricant surface, since 
Reynolds' equation is valid for laminar flow in entraining action, where the velocity of 
lubricant layers in contact may not change in direction, in-line with the Newtonian slow 
viscous action. If one were to prove the above argument, then it is necessary to show that 
motion of lubricant surface under accelerative entraining motion takes a geodesic path. 
This means that the motion of lubricant surface follows a streamline action. This appears 
to be contrary to equation (7-56) at the first glance. However, the principle of general 
covariance, stated by Einstein (1916) can be used to show that the motion of the lubricant 
surface is in fact streamlined and on a geodesic path. 
Chapler 7: Regimes of Lubrication in Impacl Dynamics and ... 278 
Note that equation (7-56) is obtained within a fixed frame of reference, I,z (see figure 
7.3). The surface of the lubricant film at any location moves with acceleration, given by 
equation (7-56) in this frame of reference. For simplicity the gravitational field is 
assumed to be constant in this vanishing region of space-time as a. The principle of 
general covariance proposes an inertial frame of reference; r,,; to be attached to the 
lubricant surface and falling with the gravitational potential a. One can map the curved 
path (hereinafter referred to as the translate H) from frame of reference t,z to r,,; by the 
following hyperbolic transformations: 
l
ea. 
r=-sinhal 
M :(t,z) ~ (r,,;) e~' 
,;=-coshal 
a 
(7.57) 
Now the translate H in frame of reference I, z is given by an expression of the form: 
I l { la } 
z= a n cosha(l-k) (7-58) 
Where f. is the depth of a layer or a vertical local component of the translate, whilst k is 
its apex value, as shown in figure 7.3. Now the above mapping transformation, equation 
(7-57), can be applied to the expression of equation (7-58), together with a shift: r = t - k 
to obtain the following transforms: 
ea(;;-'nl~::ar}l . lsinha(r+k) 
r = smh at = ---"----'-
a coshar 
ea(~{o::ar}] lcosha(r+k) 
,; = cosh at = -------''----'-
a coshar 
(7-59) 
Now using additional formulae for hyperbolic functions, it follows that: 
,; = tanhak(r - lsinhak) + f.coshak , which is the equation ofa straight line with a slope 
tanh ak , the important conclusion being that the motion of the surface is along a straight 
line path and geodesic. Thus, the non-steady accelerative entraining motion of the 
lubricant surface, being equivalent to the impact dynamics phenomenon is in-keeping 
with the fundamental basis upon which Reynolds' equation rests. 
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Figure 7.3: Film thickness variation in a hyperbolic frame of reference 
7.7 Results and discussion 
7.7.1 Elastohydrodynamic conjunction 
The first step in the analysis is to validate the numerical method employed in the chapter. 
For this purpose, a simulation study was carried out with the conditions pertaining to the 
experimental investigation reported by Safa and Gohar (1986). This condition is also the 
same as that predicted numerically by Dowson and Wang (1994), and Larson and 
Hoglund (1995). They have both found good agreement with the experimental work of 
Safa and Gohar (1986), which is the only one reported in the field for the measurement of 
transient pressure distribution during impact and rebound of a ball on an oily plate. Table 
(7-2) lists the parameters pertaining to the experiment reported by Safa and Gohar (1986). 
Figure 7.4 (a) shows the pressure distribution obtained by a Manganin pressure micro-
transducer by Safa and Gohar (1986) at the centre of the contact during the impact and 
rebound. Figures 7.4 (b) and (c) illustrate the corresponding result, predicted through 
current numerical analysis. The pressure distribution shown in both cases is the variation 
of the maximum instantaneous pressure element at the centre of the contact during impact 
and rebound. The maximum pressure, indicated by a pressure spike occurs during the 
rebound of the ball. The pressure spikes found by Dowson and Wang (1994) and Larson 
and Hoglund (1995) differ from that reported by Safa and Gohar (1986). The problem of 
non-conformance of predicted magnitude of pressure spike with that obtained 
experimentally has been an age old problem. There are a number of reasons for this 
anomaly. 
Firstly, the width of the active element of the micro-transducer determines its spatial 
resolution. The width of such micro-transducers is typically 10- I 5 f.D/l, see Safa and 
Gohar (1986), with the pressure region in their experiment varying approximately 
- - -- - ------------
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between 25-400 J1m in diameter. This means that merely 1-40 points are obtained, in 
spatial terms for the entire instantaneous pressure distribution, with only a fraction of 
these relating to the region of maximum pressure spike, if the frequency response of the 
transducer is within the required limit in the temporal sense (i.e. the sampling rate is 
consistent with the time rate of change of the spike's magnitude). The storage rate of the 
oscilloscope was I JlS per sample, indicating that more than 10 samples could have been 
obtained during the final rebound period, when the pressure spike generates. Therefore, 
the shortcoming in the case of experimental results is due to spatial resolution, not in the 
data acquisition rate. This problem does not exist with numerical analysis, as increasing 
the computational mesh density poses no particular problems. Thus, one would expect to 
obtain pressure spikes well in excess of their experimental counterparts, as indeed is the 
case in both references of Dowson and Wang (1994), and Larson and Hoglund (1995). In 
fact, theoretically, the limit on the magnitude of the pressure spike is infinite, although 
not achievable owing to the zero width elements required. It is, therefore, not surprising 
to obtain much higher secondary pressure peaks than those found experimentally, even 
with such intricate transducers as reported by Safa and Gohar (1986). 
Secondly, the maximum pressure occurs at the centre of contact at all times and it rises to 
its absolute maximum value during the final rebound period, where the motion of the ball 
reverses. The absolute maximum value of central pressure, depicted by the pressure spike 
in figures 7.4 (b) and (c) should be obtained at the position of contact centre. This 
position is found at the nodal point .!.. M + I . If the centre of the contact is assumed to be 
2 
at the location, corresponding to the .!.. M, then the maximum value of pressure is not 
2 
captured at the exact centre of contact. This appears to have been the problem in the 
central pressure variation in Larson and Hoglund (1995), which erroneously appears to 
give a closer agreement with the experimental work. 
To find the extent of agreement between the numerical predictions and the experimental 
findings of Sa fa and Gohar (1986), it was necessary to recreate the action of the micro-
transducer, rather than using the most refined mesh density and step-size integration. 
Figure 7.4 (b) shows the results of such an attempt to recreate conditions, pertaining to 
the experimental findings of Safa and Gohar (1986). To replicate the conditions 
pertaining to micro-transducer action a computational mesh density of nx x n, = 41 x 41 
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nodes was required. Note that when such a mesh was used, the predicted pressure spike 
had a magnitude of 2.66 GPa, where the corresponding value for the experimental 
pressure peak was 2.4 GPa. This shows a remarkable conformance between the numerical 
predictions and the experimental results of Safa and Gohar (1986). Elsewhere the 
transient pressure values are almost identical. Clearly, if the mesh density was increased, 
a larger number of nodes would fall into the region of the pressure spike and this would 
result in its better resolution (i.e. the predicted magnitude becomes higher). Figure 7.4 (c) 
shows the predicted maximum transient pressure peak for the same period and identical 
conditions, but with a mesh of 151 x IS!. The maximum pressure spike has risen to a 
magnitude of 4.1 GPa. It is obvious that still finer mesh densities would result in a further 
increase in the magnitude of pressure spike. All the remaining results in this chapter use 
the finer mesh density. 
Figure 7.5 shows the transient pressure distribution and the corresponding film shape 
during impact and rebound of the ball upon the lubricant film. Initially, the pressure 
distribution and film shape are reminiscent of pure rigid body motion, see the profiles at I 
=75 f.1S. As the ball further approaches the oily plate, the hydrodynamic reaction increases 
in magnitude, resulting in the elastic deformation of the ball, see film shape at 1=90 f.1S. 
The progressively increasing load causes elastic body squeeze film motion, which yields 
a dimple profile in the central region of the contact. This has also been observed by 
Dowson and Wang (1994) and Larson and Hoglund (1995). The emerging dimple shape 
in the lubricant film grows outwards in the radial direction, as the lubricant is entrapped 
in the expanding contact area. The motion of the ball reverses direction, from one of 
approach to that of separation at around 1=155 f.1S. 
During rebound of the ball, the entrapment of the lubricant in the dimple promotes the 
generation of higher pressures, as evident by the emergence of secondary pressure peaks 
to the sides of the contact, 1>170 f.1S. The cause of the pressure spike can be explained in 
two ways. The first follows the traditional explanation for the formation of a pressure 
spike in elastohydrodynamic conjunctions, where a sharp negative pressure gradient 
occurs for flow continuity from a high pressure region to the atmospheric pressure just at 
the edge of the contact. Another physical explanation for the presence of the pressure 
spike at the side constriction, rather than at the centre of the contact is that whilst a 
plentiful supply of lubricant exists (analogous to a sufficient inlet distance for a fully 
flooded conjunction) at the sides of the contact, the presence of pressure spikes deprives 
----- -------
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the central contact of ingression of lubricant. This leads to the "starvation" of the central 
contact region, particularly as surface separation takes place in rebound. 
After I = 170 jJS, the elastic squeeze film velocity continues to reduce in a "negative" 
sense (i.e. the velocity of normal approach continues to increase from its negative 
minimum value). This means that the contiguous surfaces commence to separate, and the 
extent of dimple reduces accordingly. The lubricant flows outwards, but at a slow rate as 
the presence of pressure spikes at the side constriction also inhibits the outflow. As the 
contiguous bodies separate, the effect of rigid body squeeze begins to dominate, resulting 
in an increasing velocity of normal approach in a "positive" sense. The combination of 
these two effects results in an increased value of the film thickness. Finally, the region of 
dimple shape entrapment diminishes with separation and with reduced contact load, and 
in an increased gap the lubricant film collapses. 
No. Parameters Symbols Quantities 
I Viscosity of lubricant at P -0 1], 0.43 Pa.s 
2 Piezo-viscosity coefficient a 20.1 Gpa'/ 
3 Density coefficient s 5.83xI0· LU Pa 
4 Density coefficient ,; 1.68xI0·' Pa 
5 Young's modulus (glass) EA 71 GPa 
6 Young's modulus (ball, steel) EB 210 GPa 
7 Poisson's ratio (glass) vA 0.25 
8 Poisson's ratio (ball, steel) VB 0.3 
9 Radius of ball R 12.7 mm 
10 Drop height H~ 5 mm 
11 Thickness of lubricant layer H~ 30 f.1nI 
12 Mass of the ball m 0.066 Kg 
Table (7-2): Lubricant and material properties used by Safa and Gobar (1986) 
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A good picture of this process is observed by the squeeze film velocity variation with 
time, see figure 7.6. Note that the initial almost constant negative squeeze velocity is due 
to hydrodynamic rigid body approach. This value is reduced by the gradual deformation 
of the ball, contributing the upward motion of its surface, and representing a separation 
effect. Gradually, the increased contact load results in significant elastic deformation of 
the ball as the downward rigid body squeeze gives way to an elastic squeeze effect, 
dominated by the rate of deformation of the ball. This occurs during the impact ofthe ball 
with a small delay, due to the damping effect of the lubricant. The rate of change of 
elastic film shape causes an entrapment of lubricant. The flow of lubricant is due to the 
equivalence of terms ah = u ah, as described later. The entrapment of lubricant is 
at ax 
ensured by the formation of pressure spikes to the sides of the contact. As the load is 
decreased in rebound of the ball, the contact diminishes in size and the pressure spikes to 
the sides of contact converge to give a single pressure peak, see figure 7.5. 
Figure 7.7 shows the variations of the central and minimum film thickness with time. 
During approach, the central film reduces dramatically, as the contact is initially 
hydrodynamic. Subsequently, the central film thickness remains nearly constant. This is a 
feature of elastohydrodynamic conjunctions, where the lubricant film is insensitive to the 
magnitude of the applied load, which has also been observed by Dowson and Higginson 
(1959) and Mostofi and Gohar (1982). Just at the end of the impact, the central film 
thickness suddenly dropped. Thus, the amazing resemblance to steady state EHL problem 
is observed. This reduction in the central film thickness can be explained by referring to 
figure 7.6, where in this case a large negative central squeeze velocity at the end of the 
impact time should increase the lubricant film thickness. Therefore, any unexpected 
behaviour is related to the increasing rate of the local elastic deformation (elastic recovery 
of the ball) in comparison to the rate of change of rigid body separation. 
Initially, the minimum film thickness is in fact the central film thickness, which 
corroborates the prevailing hydrodynamic conditions. Under elastohydrodynamic 
conditions the minimum film thickness moves to the side constriction and decreases with 
the approach of the ball. During the rebound, the separation of bodies results in an 
increased minimum film thickness, with decreased applied load. The variation of impact 
load with time can be observed in figure 7.8, which also shows the velocity of the ball 
during approach and rebound. The initial impact velocity is -0.313 m/s, and after rebound 
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the ball velocity is 0.270 m/s. Thus, a restitution coefficient of 0.86 can be obtained. This 
coefficient is calculated by dividing the final ball speed (after rebound) to the initial 
impact velocity (i.e. 0.27/0.313). The ball reaches its turning point, i.e., ball speed equal 
zero at t =155 ps. 
In fact, the transient pressure distribution is similar in shape to that obtained under steady 
state entraining motion in rolling contacts (see figure 7.4). In fact, Dowson and Wang 
(1994) have shown the equivalence of the solution for impact dynamics in lubricated 
contacts with steady state entraining, by noting that the Couette flow term can be 
manipulated to find an equivalent squeeze film action in the Reynolds equation (see 
equation (7-55)). Therefore, the squeeze film velocity, ah, is equivalent to the effect of 
at 
entraining action with velocity, u, in a film in which the surfaces are inclined at a small 
angle, :. In other words, in the squeeze mode, distance is replaced by time for the term 
on the right-hand side of Reynolds' equation. 
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7.7.2 Ultra-thin film conjunction 
[n ultra-thin conjunctions, the physics of motion is governed by the combined effect of 
slow viscous action, meniscus formation and molecular interactions between the solids 
and the intervening fluid. The actions of these mechanisms are often inter-related. 
Therefore, it is not always possible to isolate the action of one mechanism in a 
meaningful physical manner to study its effect in isolation. [n general, the influence of 
viscous action is dominant for conditions that promote a continuum, in other words, under 
conditions that advance the formation of a coherent lubricant film. For the case of impact 
of a ball upon an oily plate, the height of drop induces impact force, sufficient to cause 
elastic deformation and lead to the dominance of elastohydrodynamic regime of 
lubrication. When the impact load is insufficient to cause deformation the effect of 
surface forces become important. This has been noted in previous analysis of ultra-thin 
film conjunctions, reported by Matsuoka and Kato (1997) and A[-Samieh and Rahnejat 
(2001 a,b). It is interesting to note the boundary at which the effect of viscous action 
gives way to surface and molecular forces in lubricated impact dynamics. 
For the analysis of impact dynamics in narrow conjunctions, a Mica ball of radius I mm 
was chosen with OMCTS lubricant droplet of initial thickness 10 nm on a flat Mica 
surface. Note that both surfaces were assumed to be molecularly smooth. The lubricant 
and material properties are given in table (7-3). Figure 7.9 shows the results obtained 
when the initial drop height was taken as 2 nm. These conditions are reasonable for 
practical cases in micro-engineering and nano-technology applications such as the flying 
height of the read/write head over the disk platter and where a hard disk drive is subjected 
to small oscillations due to remote cyclic loads. The results show initial hydrodynamic 
action due to rigid body approach. Thereon, the ball undertakes oscillatory behaviour, 
similar to a number of bounces, before the final "equilibrium" conditions, when the 
lubricant reaction equates to the weight of the ball at 0.1 [9 mN (see figure 7.10). In fact, 
the ball never leaves the surface of the lubricant film. With no solvation effect the film 
thickness would tend to diminish, similar to pure squeeze film motion under 
hydrodynamic conditions. However, as the mm decreases the small solvation effect 
shows itself at lower loads and in a diminishing gap of several orders of its molecular 
diameter (see pressure profiles for t>0.109 ms). However, the solvation effect is not 
dominant and the effect of hydrodynamic pressure is quite significant (see figure 7.11), 
where the pressure distribution and the corresponding film shape shown in this figure are 
determined for the case, where the contribution is due to hydrodynamics action alone. 
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This leads to the absence of the familiar layering effect (see figure 7.12). The fall in the 
lubricant film thickness is due to the hydrodynamic action. Referring back to figure 7.9, 
the pressure profiles in the aforementioned region exhibit the emergence of what at the 
first glance appears to be pressure spikes in the side constriction. This, however, is not the 
case as these are not due to lubricant entrapment, but as the result of the oscillatory 
behaviour of the solvation pressure. 
It was found that the effect of solvation pressure became dominant only when the ball 
was placed on the lubricant surface. In this case the ball enters the lubricant layer at a zero 
velocity. Since the lubricant layer is very thin, any small squeeze velocity will bring a 
considerable hydrodynamic force, which affects the ball movement. Therefore, the 
applied force is the small weight of the ball. The lubricant reaction is initially due to 
hydrodynamic action, with the accompanying delay effect. This can be seen by the out of 
phase variation between the hydrodynamic force and the speed of the ball (see figures 
7.13 and 7.14). As the time elapses the effect of delay diminishes as can be seen in the 
figures. In fact, during the first few moments, the ball begins to sink and acquires a 
No. Parameters Symbols Quantities 
I Viscosity of lubricant at P -0 17Q 2.35 mPa.s 
2 Piezo-viscosity coefficient a 10 Gpd l 
3 Density coefficient E 5.83x10-' v Pa 
4 Density coefficient ~ 1.68xlO-> Pa 
5 Young's modulus (Mica) EA 34.5 GPa 
6 Young's modulus (Mica) EB 34.5 GPa 
7 Poisson's ratio (Mica) VA 0.205 
8 Poisson's ratio (Mica) VB 0.205 
9 Radius of ball R 1 mm 
10 Molecular diameter a 1 nm 
I I Drop height Hro (0-2) nm 
12 Thickness of lubricant layer H~ 10 nm 
13 Mass of the ball m 0.0121 g 
Table (7-3): Lubricant and material properties 
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squeeze velocity. The hydrodynamic force increases from zero. When the hydrodynamic 
force is large enough, it resists the ball sinkage more effectively and as a result the ball 
centre reverses its direction upwards. Finally, the ball centre velocity gradually tends to 
zero and the hydrodynamic force approaches the ball weight. This process is 
accompanied by a gradual fall in the film thickness, to a level where the effect of 
hydrodynamic action is replaced by the emerging solvation pressure (see figure 7.15). In 
this figure, it is obvious that with no solvation effect the film thickness would tend to 
diminish. With the solvation effect, the lubricant film thickness had become 3.2-4 nm in 
thickness in the region 0.18s < I < 0.27s. The final film thickness is of the order of2.5 
molecular diameters of OMCTS, and remains so as the net load, insufficient to cause any 
further discretization of the film. Thus, it is clear that, the dominant effect of solvation is 
manifested by the layering of the lubricant film. The film shape and pressure distribution 
history for this condition (Le. ball resting upon the lubricant film) are shown in figure 
7.16. It can be seen that the initial response is due to viscous effect, followed by 
combined viscous and surface force action, which gives the appearance of emerging 
pressure spikes. As the film thickness is reduced, the dominating effect of solvation has 
become more apparent from the shape of the pressure distribution. The lubricant film 
shape is flattened in the Hertzian contact region by elastic defonnation, not due to the 
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traditional elastohydrodynamic action, but due to solvation. A clearer picture can also be 
obtained by referring to figure 7.17, where the pressure distribution and the film shape are 
shown for the case, where the effect of the surface force is excluded in the numerical 
solution under the same operating conditions. 
The above analysis has excluded the effect of meniscus action, in order to observe the 
behaviour of surface force in such narrow conjunctions upon lubricant molecular 
ordering. However, due to the long impact time under the pertaining conditions and in 
such narrow conjunctions, the kinetics of the contact is further complicated by the wetting 
action of the meniscus force. This force is an attractive force, which tends to resist the 
separation of surfaces. When the same conditions (i.e. ball resting upon the lubricant film) 
as those described in the previous paragraph are applied, but with the effect of meniscus 
force instead of solvation, the minimum film thickness history (as shown in figure 7.18) 
decreases in comparison to the film thickness determined from the effect of 
hydrodynamic action alone and reduces gradually from its hydrodynamic initial value to a 
lower thickness without any discretization to an approximate absolute minimum of2 nm. 
Figure 7.19 shows the pressure distribution and the corresponding film shape for the 
above mentioned conditions. The same characteristics are observed as that shown in 
figure 7.17. The only difference is the increase in the value of pressure. This is an 
expected outcome, since the meniscus force is an attractive force (Le. it acts as a 
distributed load), pulling the adjacent surfaces together. The meniscus force determines 
the gap size, maintained by the hydrodynamic pressure. In general, the effect of the 
meniscus force is to diminish the gap. This effect, however, is rather unreal since at this 
narrow conjunction the surface force also plays a role, as shown by Matsuoka and Kato 
(1997) and AI-Samieh and Rahnejat (2001 a,b). 
When the film thickness variation takes into account the effect of all the kinetics in the 
conjunction, the layering effect due to solvation is observed again (see figure 7.20). The 
fundamental action of the meniscus force is the promotion of a film by wetting of the 
adjacent surfaces. This is only possible with molecular action at both the contacting 
solids, thereby resulting in a minimum film of double layer thickness. Referring to 
equation (7-36), the balance of forces under this limiting condition is dominated by the 
meniscus force, which is in excess of the weight of the ball. This condition (see figure 
7.21) can be regarded as the limiting case of meniscus action as one of adhesion. Under 
this condition the repUlsive action of the surface force is contained within the maintained 
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time in ultra-thin film conjunction with and without meniscus (drop height= 0) 
gap by the generation of solvation pressure, see figure 7.22. This is a further proof of the 
effect of meniscus force, since the pressure distribution increases in value in comparison 
to the case illustrated in figure 7.16. 
Finally, the film thickness variation is plotted together under the different aforementioned 
mechanisms in figure 7.23. This figure shows that, when hydrodynamic viscous action is 
considered alone, under a sufficiently long period of time, the lubricant film thickness 
would tend to diminish, similar to pure squeeze film motion. In the early stage of impact 
and with solvation effect, the film thickness is gradually reduced and finally discretization 
of the film thickness appears. When the effect of the meniscus action is taken into 
account, the lubricant film commences from a lower thickness due to the attractive nature 
of the force, pulling the adjacent surfaces together. It is interesting that both physical 
phenomena agree with the ultimate film thickness to remain at its limiting thickness of a 
double molecular layer. It can also be observed that the lubricant discretization takes 
place prior to a film of2 nm thickness. The meniscus force, in effect, imposes a line load, 
corresponding to a film of 2 molecular thickness. The surface force can only discretize 
according to a further increase in the applied force. The limiting load is exercised by the 
meniscus force, which would transform to one of adhesion in dry contact with any further 
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reduction of the gap below a film of 2 molecular thickness, as also shown by Bhushan 
(1998). The presence of viscous action in the simulated conjunction ensures an 
uninterrupted supply of lubricant, but little contribution in terms of load carrying 
capacity. Therefore, the meniscus attraction force leads to repulsive solvation pressure at 
a film of double layer thickness. This finding is also in accord with the tenets of 
Newtonian viscous action, which necessitates a limiting film of double layer of hard 
spherical molecules. An interesting point can be observed, where the very small and 
gradual change in the film thickness is an indication of the insensitivity of the lubricant 
film to applied load under, both elastohydrodynamic as well as solvation effect. 
This kinetic balance can also be understood in the case of a polar fluid in a narrow 
conjunction. The limiting double layer molecular action in such a case is a product of a 
balance between attractive Van der Waals' force and electrostatic repulsion, within the 
established DeIjaguin and Landau (1941), and Verwey and Overbeek (1948) (DLVO) 
theory. Coincidentally, in such a conjunction the limiting electrostatic action tends to a 
negative exponential form, quite similar to that of the solvation force. 
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7.S Closure 
This chapter has shown that physics of motion in lubricated conjunctions, as observed by 
experimental investigations follows the Newtonian slow viscous action through the 
equivalence of squeeze film action with that of entraining in a convergent gap, as 
described by the Couette flow term. Very good agreement has been shown between the 
experimental findings and the current analysis of the elastohydrodynamic conjunction, 
when the computational space-time is carefully chosen to replicate the exact conditions 
captured by the employed instrumentation. 
The physics of motion in ultra-thin conjunctions begin to deviate from the dominant 
viscous action. The chapter has shown the importance of emerging kinetics in molecular 
interactions and the meniscus effect. In particular the macroscopic semi-quantum 
mechanical behaviour of structural force of solvation has been shown to be observable 
even in the presence of the meniscus force. 
Another significant finding relates to the surface acceleration of the lubricant film, due to 
changes in the elastic squeeze film effect. This implies that the motion of fluid elements 
used in the derivation of Reynolds' equation takes place in a curvilinear manner, as 
shown above. One implication of this argument is that the flow behaviour is in 
contradiction of Reynolds' equation. The chapter has shown this not to be the case by the 
use of hyperbolic geometry in a relativistic frame of reference. 
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Chapter 8 
Conclusions and Suggestions for Future Work 
8.1 Overall conclusion 
A study of the mechanism of fluid film fonnation in narrow conjunctions under steady 
state and transient isothennal contact conditions is described in the thesis. A numerical 
solution methodology for such narrow conjunctions under transient events has been 
devised under two cases. The first case includes the effect of viscous action alone, which 
occurs in machine elements such as ball and rolling bearings and cam and followers. The 
second case includes situations, where molecular interactions play an important role in 
detennining the lubricant film thickness, such as in precision gears with very smooth 
surfaces or hard disk drive systems of a computer. This study also includes a combination 
of these two mechanisms. Furthennore, the nature of molecular tribology under such 
narrow conjunctions is studied and the fundamental mechanism for creating such narrow 
conjunctions is discussed. The following general conclusions have been drawn from the 
studies: 
1. A numerical approach for steady and transient conditions in narrow conjunctions under 
the combined action of EHL, surface contact force of solvation and molecular 
interactions due to presence of Van der Waals' force is developed for the problem of 
isothennal point contacts. The numerical results are validated by other numerical and 
experimental findings, where such investigations have been reported. 
2. In conjunctions of the order of a few molecular diameters, solvation pressure 
dominates between smooth surfaces in very close contiguity. It has been shown that 
discretization of film thickness takes place due to the action of structural solvation 
force in diminishing gaps of the order of a few to several diameters of the intervening 
fluid between the adjacent solid surfaces that are molecularly smooth. 
3. The film thickness fonned in under such narrow conjunctions is independent of the 
speed of the entraining motion and changes in film thickness occur in a stepwise 
fashion, whereas it is highly dependent for the case where the hydrodynamic action is 
dominant. 
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4. Discretization of film thickness appears to be semi-quantum mechanical (lubricant film 
layers at given energy levels (i.e. given applied loads) and with given levels of applied 
momenta). 
5. An amendment to the Greenwood Map (1969) is provided, with regard to ultra-thin 
film conjunctions. 
6. When the inlet boundary is set at a distance far away, (i.e. for fully flooded conditions), 
hydrodynamic action dominates. Therefore, no effect from solvation force is noted. 
However, to observe the solvation effect, the conditions must be chosen in a manner 
that do not promote dominant viscous action, such as for combination of applied 
loads, speed of entraining motion and the amount of the lubricant present (i.e. inlet 
distance and meniscus thickness). 
7. In very narrow conjunctions, the term of EHL is inappropriate, since the 
elastohydrodynamic regime of lubrication includes two actions; the elastic 
deformation of the contiguous surfaces due to applied load and the change of 
lubricant viscosity with pressure, whereas, in such ultra-thin conjunctions, only the 
elastic deformation due to surface forces is important. 
8. The lubricant film thickness does not diminish entirely under any period of cessation 
of entraining action, which is otherwise predicted by the classical hydrodynamic 
theory. This is in-line with the experimental findings, such as those by Sugimura et al 
(1996 and 1998), who have attributed this to the entrapment of the lubricant under 
elastohydrodynamic conditions and due to surface undulations. The analysis here 
shows that even for molecularly smooth surfaces, one would not expect to observe dry 
contact of elastic solids in the presence of a lubricant, even at low loads, owing to the 
formation of molecular films. 
9. A numerical method has been developed for solving the impact EHL problems. The 
physics of motion in lubricated impact conjunctions, as observed by experimental 
investigations of Safa and Gohar (1986) follows the Newtonian slow viscous action 
through the equivalence of squeeze film action with that of entraining in a convergent 
gap, as described by the Couette flow term. Very good agreement has been shown 
between the experimental findings and the current numerical analysis of the 
elastohydrodynamic conjunction, when the computational space-time is carefully 
chosen to replicate the exact conditions captured by the employed instrumentation. 
10. The physics of motion in ultra-thin conjunctions begin to deviate from the dominant 
viscous action. This thesis has shown the importance of emerging kinetics in 
molecular interactions and the meniscus effect. In particular the macroscopic semi-
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quantum mechanical behaviour of structural force of solvation has been shown to be 
observable even in the presence of the meniscus force. In fact, the convergence of 
various kinetic actions to a uniform kinetic framework at the double layer molecular 
limit is seen throughout the study. 
8.2 Achievement of aims 
Full numerical solutions for lubricant film thickness and pressure distribution for ultra-
thin film lubrication mechanism, including the combined action of EHL, surface contact 
force of solvation and molecular interactions due to presence of Van der Waals' force, 
under isothermal conditions, are presented in this thesis. The operating conditions, such 
as load and speed of entraining motion promote formation of ultra-thin films, providing 
steady state and transient solutions for both iso-viscous rigid and elastic conditions are 
selected. A numerical algorithm, which combines the Newton-Raphson scheme and low 
relaxation iteration have been applied for solving the convergence of the pressure. 
Furthermore, this thesis provides an amendment to the Greenwood chart (1969), with 
regard to ultra-thin conjunctions. 
The significance of squeeze film action under transient conditions in increased load 
carrying capacity is highlighted for the cases, where the hydrodynamic effect is dominant. 
In fact, the conformance with the experimental findings for the cases, where viscous 
action is dominant, has enabled fundamental understanding of the multi-physics of film 
formation when conditions promoting the formation of ultra-thin films of the order offew 
nanometres have been employed, with the use of a non-polar lubricant. This thesis 
provides the first ever solution of the combined effect of viscous, surface and molecular 
forces under transient conditions 
The mechanisms that contribute to the formation of a lubricant film formed in 
conjunctions of the order of a few nanometres are investigated. It has been observed that 
in such vanishing gaps a lubricant film is formed due to the combined effects of 
Newtonian slow viscous action and molecular and structural forces in the intervening 
fluid and with surfaces in contact. The thesis aimed to explain the behaviour of this 
narrow conjunction in terms of its conformity with quantum mechanical behaviour of 
surface structural forces. In fact, the mechanism of solvation is not in accord with 
classical physics, but is little understood in the structure less environment that ensues 
beyond the continuum that is usually promoted by viscous action. The thesis has provided 
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a much more fundamental understanding of solvation effect in molecular-level tribology 
than that hitherto published. 
Finally, the phenomenon of lubricated impact dynamics of ellipsoidal bodies upon semi-
infinite elastic solids is investigated. The analysis conforms to the numerical predictions 
and experimental findings of others, when the physics of motion of the lubricant can be 
described through Newtonian continuum mechanics, with the dominant viscous action 
embodied in the transient solution of Reynolds' equation. When the investigation is 
extended to the case of ultra-thin film conjunctions of the order of a few to several 
molecular diameters of the intervening fluid layer, the physics of fluid film motion 
through impact involves more complex kinetic interactions. The thesis has shown the 
interplay between these competing kinetics. 
The specific contribution to knowledge are the load and speed dependency of lubricant 
discretization, where in such narrow conjunctions, the solvation pressure dominates and 
discretization of film thickness takes place due to the action of structural solvation force 
in a diminishing gap of the order of a few to several diameters of the intervening fluid 
between the adjacent solid surfaces that are molecularly smooth. This discretized form of 
film thickness appears to be semi-quantum mechanical in nature (lubricant film layers at 
given energy levels). Furthermore, it has shown that the equilibrium conditions have been 
reached between meniscus force, solvation force and inertial effects at the border of 
double layer theory. Finally, the agreement between the numerical results presented here 
and those reported by other numerical and experimental findings in such narrow 
conjunctions, presents the first reported numerical results to show such agreement. 
8.3 Critical assessment 
I. The attractive pressure due to meniscus action is based on the effective area of the 
lubricated surface, which is immersed inside the lubricant layer. The determination of 
this area depends mainly on the meniscus radii and experimental observations. 
Therefore, the use of the meniscus force instead of the meniscus pressure as in the case 
of impact problem has limited the extent of the study to see the effect of the meniscus 
for the other lubricated contact problems. 
2. Lack of experimental data for transient nano-tribology has limited the verification of 
some of the transient multi-physics kinetics in very thin lubricated conjunctions. 
Chapter 8: Conclusions and Suggestions (or Future Work 308 
8.4 Suggestions for future work 
I. All of the numerical results that have been presented in this study include non-polar 
lubricants confined between two molecularly smooth surfaces. In these cases, the 
effects of structural solvation and Van der Waals' forces are dominant in gaps of the 
order of a few to several diameters of the intervening fluid. In many practical cases, 
polar lubricants are widely used. In this case an additional force should be considered. 
This is variously known as electrostatic double layer force or electromagnetic 
interactions. Therefore, understanding the mechanism of film thickness formation 
under such cases is a worthy challenge, particularly for thin film contacts and for many 
machine elements, particularly computer storage media. 
2. The boundary conditions in this study are applied to the case of the mechanisms that 
promote formation of a continuum, in this case the hydrodynamic viscous action. 
Other contributing mechanisms do not advance the formation of a continuum and as 
such are governed by direct molecular interactions. Therefore, it is assumed that the 
boundary conditions should not be applied to the total pressure. The mechanism of 
transition from continuum physics into a structure less environment is not well 
understood at the present. More research regarding the effect of solvation upon 
computational boundary is required. 
3. The determination of the meniscus pressure from the geometry of the meniscus formed 
is important to study the effect of this attractive pressure upon the film thickness 
formation especially in ultra-thin films. 
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AopendixA A.I 
Appendix A 
Experimental Measurements of Surface Forces: 
Since the experimental work by Hom and Israelachvili (1981) and Chan and Horn (1985) 
are fundamental in the analysis carried out in this thesis, this appendix is devoted to the 
description of their work to a required level of detail. The inclusion of this appendix 
ensures the completeness of the understanding of the physics of solvation, together with 
the fundamental work carried out in this thesis to explain the observed phenomenon. All 
the experimental work reported here are due to the above mentioned references. 
The apparatus used by Horn and Israelachvili (1981) and Chan and Horn (1985) to 
measure the surface force is shown in figure A.I. It consists of a small air-tight stainless 
steel chamber in which two molecularly smooth curved Mica surfaces can be moved 
towards or away from each other with control to about 0.1 nm. The two sheets are 
silvered on one side and glued, silvered to the outside of each Mica sheet, i.e., the side 
adjacent to the glass discs, onto two optically polished glass discs, whose surfaces are 
cylindrical. The discs are mounted into the apparatus, facing each other with the axes of 
the cylinders at right angles. 
lighllo 
speciromeler 
microscope objective ----~r"~ 
piezoeleclric tube --t--"':;IH m~~~11'I 
upper micrometer 
f'Iq, ..... ,',;v,'" ,od 
thermistor -~~;;p;tt~*~I+~I-- main support conductivity 
o 
, cm , , 5 , 
white 
lighl 
stilt double 
-+.I-:-"'!:t-- cantilever spring 
:..f'~~- helical spring 
lower micrometer 
driven rod 
Figure A.I: Schematic drawing of apparatus to measure surface forces (after 
Israelachvili and Adams (1978» 
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The upper glass disc is rigidly attached to a piezoelectric crystal and the lower glass disc 
is mounted at the end of a weak cantilever spring of known spring constant (about 100 
Nlm). 
The separation between the two Mica surfaces is controlled by a three-stage mechanism: 
• The upper micrometer driven rod may be moved up and down by use of a two-way 
stepping motor, which allows positioning to an accuracy of about IJ.Un. 
• The lower micrometer driven rod is moved by a similar motorized mechanism using 
a two-way synchronous motor and operates through a differential spring mechanism: 
the double cantilever steel spring is about a thousand times stiffer than the helical 
spring, so that a I J.D1I movement of the motor driven rod is reduced to a I nm 
displacement between the two Mica surfaces. The lower synchronous motor is also 
connected to a high precision linear resistance potentiometer. The calibration of the 
resistance with respect to distance is done optically during an experiment, whence the 
movement of the two Mica surfaces may be measured. 
• The rigid piezoelectric crystal tube is employed, which expands or contracts 
longitudinally. This nonmechanical fine control is used to position the two surfaces to 
betterthan 0.1 nm. 
These fine controls are readily calibrated by measuring how far they move the surfaces in 
the absence of any force, using the distance measuring technique. 
The separation between the Mica surfaces may be measured to within 0.1-0.2 nm by use 
of multiple beam interference fringes. During an experimental run the fringes are 
continually monitored in a spectrometer. The fringes are employed for measuring the 
separations between the surfaces. The shape of the surfaces and any surface deformation 
may also be monitored by these fringes. For the dynamic measurements as in the case of 
the drainage of the thin liquid films between solid surfaces (see Chan and Horn (1985», 
the video camera at the spectrometer exit is used to film the movement of the fringes, 
together with a clock recording. 
Force measurement involve displacing the base of the cantilever spring supporting the 
lower glass disc by a known amount relative to the upper surface, while measuring the 
actual change in the surface separation optically. Any difference in these two values, 
when multiplied by the stiffness of the spring K, gives the force difference, between the 
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initial and final separations. [n this way both attractive and repulsive forces can be 
measured at any separation down to contact with a sensitivity of about 10-7 N . 
The theoretical basis for this method is as follows: referring back to figure A.2, let x = 0 
define the zero (or laboratory reference) position of the lower surface when the two 
surfaces are a large distance apart and there is no interaction force between them. As the 
upper surface is moved downward to x = Do' the interaction force between the two 
surfaces cause the lower surface to move to a new equilibrium position at x = -(D - Do), 
i.e., the spring deflection is (D - Do)' At any equilibrium surface separation D, the 
interaction force between the surfaces F(D) is obtained by the restoring force of the 
spring K(D-Do), so that at equilibrium, 
(A-I) 
Where F(D) >- 0 for repulsion. 
Let the piezoelectric crystal expand by a finite amount Wo, so that Do ---+ Do -Wo, 
leading to a new equilibrium surface separation at (D - W), then from equation (A-I): 
(A-2) 
Equation (A-2) shows that if an expansion of the crystal by an amount Wo causes the 
surfaces separation to change by W, then the force difference between the initial 
position F(D) and final position F(D - W) equals K(Wo - W). If Wo = W there 
is no force difference. 
x: 00 --'---'~=1;;~ upper surface 
lower surface 
Figure A.2: Force balance between two Mica surfaces 
Thus, to measure the force F(D) between the two surfaces using the optical technique, 
one needs only to know: 
• The leaf spring stiffness, K. 
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• The amount the piezoelectric crystal expands or contracts, Wo' This is measured 
optically at large separation where no forces are detected, before each run. 
For example, if the surfaces are initially 100 nm apart, where there is no measurable 
force, and the crystal is expanded by 10 nm; then if the surfaces come to equilibrium at 90 
nm there is, therefore, no force between the surfaces at 90 nm. However, if the two 
surfaces come to equilibrium at, say, 91 nm there is a repulsive force at 91 nm equivalent 
to bending the leaf spring by nm, i.e. a force of 
K(Wo -W) = 10'(10-9)10-' = 10-7 N. By this method, one can start at large 
separations, where no forces are detected, and work one way down to smaller separations, 
and thus measure the force over any region of interest down to contact. 
Over certain distance regimes (usually below 10 nm) the forces are often very large and 
rapidly varying with separation. In these regions of rapidly varying forces, another 
method of force measurement was found to be more suitable. In this method the lower 
surface is now moved by use of the lower rod, driven by the synchronous motor. In this 
way much larger displacements Wo may be attained than possible with the crystal. The 
displacements Wo are obtained from the change of resistance of the potentiometer. 
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Appendix B 
B.1 LapJace equation: 
The derivation of the Laplace equation is given by Adamson and Gast (1997) and 
Middleman (1998) and is shown here as follows. The Laplace equation relates the 
pressure difference across the interface to the surface tension. Figure B.l shows a 
differential element of area within the boundary surface separating a pair of immiscible 
fluids. The area element is bounded by two pairs of parallel arcs of lengths ds, and ds2 , 
having radii R, and R2 • If ds, and dS 2 are small enough, they can be represented as the 
arc of some circle having a radii R, and R2 and included angles dB, and dB2, 
respectively. 
Figure B.1: Differential element of area of an arbitrarily curved surface 
The force balance acting on this differential area is as shown in figure 8.2, where along 
each of the four arcs that define the area, a distributed force acts uniformly, and it has a 
magnitude of y,ds . 
Figure B.2: Surface tension forces acting along tbe edges of tbe differential area 
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Summation of the components of these four forces in the direction of the normal n to the 
surface is most easily calculated by using figure B.3, where the n components of these 
forces acting along the pair of parallel lines of length ds, which is a view normal to ds, 
and parallel to ds, . Therefore, along each of the lines ds" there is a force r ps, tangent 
to the surface. The n component of each force is simply r,ds, sin(dB, 12). 
" 
Figure B.3: Sketch for the force balance acting along the differential area 
The angle dB, is related to the arc ds, through the radius of curvature of the arc R, as 
follows: 
ds, = R,dB, (B-1) 
For small angle, a good approximation to the sine function is 
sin(dB,/2) = dB,/2 (B-2) 
Using equations (B-1) and (B-2), and summing the two forces along the pair of ds, lines 
yields: 
dF, = !.J..ds,ds, 
R, 
Similarly, the n component of forces acting along the pair of ds, lines is 
Therefore, the net component of force due to interfacial tension is the sum of: 
dF, =r,ds,ds,(_1 +_1 ) 
R, R, 
(B-3) 
(B-4) 
(B-5) 
However, if the fluids are static, then the only stresses on either side of the surface, 
separating the two fluids are static pressures, Po and P" where P, is the pressure on the 
concave side (inside) of the interface, as shown in figure B.4. These pressures give rise to 
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forces in the n direction of magnitudes Pods,ds, and - ~ds,ds,. Therefore, at 
equilibrium, the force balance on the differential surface becomes: 
[Po -~ +r{~, + ~)]dS,dS' =0 (B-6) 
Therefore, 
(B-7) 
This relation is known as the Young-Laplace equation. It is valid for any area ds,ds, as 
long as it is a differential area. 
F, 
Figure B.4: Pressures and forces acting on a curved interface 
Physically, from equation (B-7), it is clear that the surface tension causes an increased 
pressure on the inside of a surface, the magnitude of which depending on the radii of 
curvature of the surface. 
B.2 Young-Laplace equation 
For a solid/liquid/vapour interface, there are three interfaces across which an energy (per 
unit of contact area) exists. These energies per unit area are denoted by r" for the bare 
solid-vapour interface, r" for the solid-liquid interface and ri, for the liquid-vapour 
interface. The above mentioned r values are just the surface tensions between each pair 
of phases. The energies act along the interfaces is as shown in figure B.5. A static force 
balance, which assumes that each surface tension corresponds to a force per unit of 
contact line length, acting tangentially to the contact line is obtained by resolving the 
horizontal forces as follows: 
(B-8) 
Equation (B-8) is often referred to as Young's law. The term ri' for the liquid-vapour 
interface is normally refers to as the surface tension of the -liquid. [t is really the 
interfacial tension of the liquid with respect to its own vapour. Since the vapour phase 
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will ordinarily exert no measurable influence on the interface, the term surface tension, 
which implies that r,. is a property only of the liquid, is a common usage. 
When a solid-liquid-vapour interface are in contact, the free energy change in expanding 
their interfacial area by unit area is known as their interfacial energy or interfacial 
tension, r". The total free energy change, r" is: 
rs/ = Y.I'V + Ylv -Wsvl (B-9) 
Where, W n' is the work of adhesion required to separate unit areas of the two media of 
the solid and liquid in a vapour medium from their contact to infinity. 
Equation (B-9) is often referred to as Dupre equation. Combining equations (B-8) and (B-
9) yields: 
r n + r,. - W,.., + r,. cosB = r,. (B-IO) 
Rearranging equation (B-IO) results: 
W". = r",(l +cosB) (B-11) 
Equation (B-1 1 ) is usually known as the Young- Dupre equation, and it is normally used 
to calculate the value of the surface tension, r, .. 
Liquid 
e (Contact angle) 
Y" Solid 
Vapour 
Figure 8.5: Interfacial forces on a drop on a surface 
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